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ABSTRACT

The binding energies of the atomic nuclei 2H, 3H, 3He and ‘He are obtained by means
of the variational method, using as a hasis the M¢ller-Rosenfeld nuclear potential. A simple
choice of the wave function renders the calculation elementary. Agreement with experimental
results is good, except that the binding energy obtained for ¢He is excessive, which mdlcates
the necessity of further improving upon the nuclear potential.

In attempting to understand quantitatively the binding energies of
the atomic nuclei, we face two difficulties. The first concerns the
physical law of nuclear force, of which we still lack precise knowledge.
The second involves the mathematical complexity of many-body problem,
and particularly the failure of individual particle approximation. At the
moment it ssems reasonable to adopt, as a working hypothesis, the law of
nuclear force as derived from the yet provisional meson theory. Our
endeavour here is rather to develop the mathematical technique of dealing
with many-body problems appropriate to the closed packing of the nuclear
particles, the mnucleons, in the nuclei. Guided by comparison with
experimental results, we may then hope to improve upon either our
mathematical technique or the adopted law of nuclear force.

In this paper we adopt, for the potential energy between a pair of
nucleons, say j and %, the Mdller-Rosenfeld expression ;

V=1 8%+ f2(05,02) } (7}, %) @jns } )

pir=rp"texp(—Arp), mp=|r;—rzl.
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The range 4 of nuclear force is related to the rest mass of the meson
by fid=pec. The isotopic spin operator T;= (T, ¥,y Tjz) acts on the
charge wave function P (7) or N (j) in the same way as the spin operator
0;= (0,2 0}y, 0;;) acts on the spin wave function a(7) or 8 (j) of the ]'th
nucleon, namely
0120 (j)=F(7) 1Opeli) =i () omali)= 1 (i)
058 () = () oy B()=—ia(f) 0:B(j)==F0) @)
7 P(j) =N(G) 5 P(j) = iN@G) ‘5. P ()= P()) J
G N()=P(j), w5y N(j)=—iP () 7zN(j)=—N()
The spatial co-ordinate vector of the jth nucleon is given by r;. The
universal constants g7 and f2 have been determined from the energy

values of the lowest S and 1S levels of the *H nucleus, by numerically

integrating the wave equation, with the results
g2/ Fc = 027, f/fic = -009 + -56.u/M, (3)

the latter involving the ratio of the masses u of the meson and M of the
nucleon. We assume w=M/10, so f2/hic=.065. 1In addition we
have the Coulomb potential between a pair of nucleons

AVp= (1 —*—QTJZ) (1 4_2%) f; ;

with &2/hic = 1/137 = -0073. 4)

For light atomic nuclei we shall treat the Coulomb energy as a small

correction. Neglecting for the moment the Coulomb energy, we have,
for the Hamiltonian of the atomic nucleus of mass number 4,

4 4 :
H= 2 Tj"'% 2 Vig, (5)
Jj=1 Jok=t
where the kinetic energy of the jth nucleon is given by the usual expres-

sion T;=p;/2M, P being the momentum. The total momentum, the
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total spin, and the total isotopic spin are all constants of motion

P=2PJ’ G—EUJ’ "=2’”J

=1 j=1

The stationary states can therefore be classified according to various values |
assigned to the quantum numbers 7, My, J and M, defined by i3

Ahopy=TI(T+ Ry, 3hop=MAy,
QhePy=J(T + 1)Ky, 1h o, = Myh.
TABLE 1. Form of

A I My J M; Nucleus ('
4405 S0 05 A TobS N e ¢ (1,2,3,4)(41)~% det [ Pa, P, Ne, Nf]
5% gl oplusge 0 gi(1,258) (3" det [Pa, PB, Na]
5 38 ~HYeripting 0 SHe ¢ (1,2,3)(8!)7% det [Pa, P, N§]
i T R e L L T ¢ (1,2,3)(31)~2% det [P, Ne, Nf]
53 —% 3 —3% H @ (1,2,3)(3!)"% det [PB, Na, Nf]
g GRARHIS. o f1A 10 501 @ (1,2)(21)~2 det [Pe, Na]
S o0 0 90(1,9)(91)—%{ ! et [Pa, NB]
g ,1/2
_dct P, Na}
e [PB, Na]
OFEL{iiee. Ly MuGiochary g>(1,9)(91)—%aet[pﬂ,Nm
oD (e @ (1,2)(2)"% det [Pa, Pf]
2% Om HOS i perose ©2H @(1,2)(2!)"212{;_det[Pa,Nﬂ]
_det Ne, P }
e [ gl
D R0 ¢ 0 ) o @ (1,2) (@)% det [Na, NB]
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For the nucleus at rest, the wave function - involves only the relative
co-ordinates between the nucleons, so p ¥ =0. ~The form of Y is further
restricted by the Pauli principle. For A4 = 4, the % for the lowest states
are of the form as given in Table 1, where the spatial wave function @
is a totally symmetric function of the arguments 7, - - ,» . The charge-
spin wave functions are all of the form of determinants, e.g.
_|PMe(1), P(2)a(2)
det [Py NEY = [0 1), M@ o)

The energy value of the lowest state is to be determined from the
minimum of [ Y* Hydv/{y*yPpdv, where f-.-d7 includes summation
over the spin and charge co-ordinates as well as integration over the
spatial co-ordinates of all the nucleons. After substituting for 7 the
expression given in Table 1, we can evaluate the summation over the spin
and charge co-ordinates by means of (2) and the orthonormal relations
between @ () and B (j), or between P(j) and N (j). Thus we obtain,
after some calculation,

fY*Hvyds _ [¢p*Kodlr) (8)
Tu*yde, - [ofgd{r) " l

where K can be written in the form?

A A
K=>"T;~G% Y ¢
=1 Jok=t
with G =73 gl +3f; for A =2, =1,
f=—g2+5f for A=2 I=0, 9)

G= gi+5f; for d=5o0r A=4

1. It is interesting to note that, for the nuclei considered here, the result (9) also follows

from the more general potential

Vi = § 4+ B(wj. v + C (o o8) + D (@), ) (o) o) } 95

with then the following combinations for g§ and F3, viz.

¥ 1 2
g3=B—C., f°=D—€A+?C.
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The integration [---d(r) includes only integration over the spatial co-
ordinates of all the nucleons. For He nucleus we can now take account

of the Coulomb energy by adding to (8) the correction term

% (o2 3
Mf(;*/;lﬁ(g:)d(r) ’ . R

It appears reasonable to take (a being a parameter)

T(L...,A):exp(——?%ale), (a > 0) (11)

where

S addee 51, 4je 33 (
=) rigs = ri—ri’ 12)
E o e 2.4 & '

is a totally symmetric function of 7, - -,r involving only the relative
co-ordinates. For the evaluation of the integrals (8) and (10), it 1s
convenient to make the following orthogonal change of variables for the

co-ordinates :

. r+re Fl— e
e for#d =19 TRI= = =
( Vv 2 L vV 2
ri+rotrs r—re ri+ro—2rs

(ii) for 4=3: R= S 01 = o 0o = s

ritrotrstr rL—re
i) for 4=4: R = = = m—
( ) ‘/4‘ ’ Ql 1/2
r1+r2—2r3 r1+r2+r3-5r4
92=“_—‘.‘7—€“‘-——_, Osis= 1/1—Q 5 (15)

and also similarly for the momenta. We have

4‘ A=t A A=
=R+ Y o d(n=]] d(;)=4dR) Il de)=2aR)d(e), (14)

Jj=1 =1 j=1 i=1

o 1 &3 fe 2 — of e s Rz_AH 2 15
9—5—2;; i Fre= "j:rk)A =rF—R=3Y o (15

j=1 i=t
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The latter can also be expressed as

=% (= LR (5R=7 2 (16)
Ipee pEE el o)
o b SR 2
that is the sum of the squares of the distances of all nucleons, as measured
from the center of mass of the whole nucleus. Thus the total kinetic
energy is, by introducing @ spherical co-ordinates in the 3 (A4—1)-
dimensional @-space, given by

A
f(p* 2 T;pd(r)

j=t
.fq’*qu(")
h @ (d“ 11 34— 4 i)e—%al(’ 5d—4
g Qo widen oo Wig TN ¢
f‘”e—,/?azgew—afdg
0

212
L (17)

Mf

while the total potential energy is, on comparing with (9), given by

A(A——i)G So*prpd(r)

Jo*gdlr)
A(A—1) Gf l/2“0( _‘/2“01/1/291)(1(9) (18)
2 fe —y/ Zakoy d (o)

Consider now the case of two nucleons only, 4=2. Then we have
o=0, and d(0)=4m@’do, so, with z=v'2 (1 +a)lo and y=v'2 alg,
we get ;

J*0ppde) _ 1 foertzdz (/2 addS et de)
Sp*qd(r) VS =3/ (g gyl J21 e yRlal o o + ap
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and hence
T Kpd(n) _h2A2" "G

= &,

, (20)

ToFpd () M =
with : ~
1 1 &8
(L b o S0 HRIEMIMIE .. 18
8% Sia Qk(l+a)g, (4 =2). (21)

For u=M/10, we have h*A*/M=9-38 Mev, while k=2.76 for /=1
or k=1-68 for /=0. Now & possesses a minimum for some a > 0 only
when k= 1-895, hence the nuclei with .4=2 and I=0 are unstable.®
This is in agreement with experimental finding. For the triplet state,
I=1, the minimum value &= —0-227 occurs at a=2-07, which gives
a binding energy of 2:13 Mev in close agreement with the experimental
data. See Table 2.

For A=5 or A=4, we have d(0)=4m0id o, - 47 03d 0, or d(0)=
4mwoido, - 4mweido, 4w oido;. It suffices to mention that further
change to polar co-ordinates (@,=0 cos 6, 0,=0 sin 8) or spherical co-
ordinates (@, =@ cos 6, 0,=0 sin 8 cos @, 0, =Q sin § sin @) is to be made
for the evaluation of the potential-energy integrals. The results are of
the form (20), with

22 a 4 2 S -1/“—1
85‘4{1 —5;_]:—(;2_——1)_3(8“ +9a 2 50_l/a2_1tan a+1),

(4=3) (22
i 105 a® (

: 7 5 1)
e o0 e :

4
St =a>t —a+ —

=@ —at (4=4, (@)

&=
The numerical value for % is 2-22 both for 4 =3 and for 4 =4, assuming
still u=DM/10. For He nucleus we have to add the Coulomb correction

M & 16 M & 35

dg=— . — a (°He), or de==—+—"

410 “le). 24
@ e 16m © e 108 2 (‘1) (&%)

The minimum of € or &+ Ae¢ is obtained by numerical calculation, with
results shown in Table 2. Similar results calculated for u=M/6 are

ks This conclusion holds for all values of u/DI, hecause for 4 =2, I=0, k is actually
independent of w/NM.
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also contained in this table, as well as comparison with experimental
results. It may be noted that the Coulomb energy turns out to be indeed
a small correction of about 395, for example for “He it is'1:18 Mev for
w=DNM/10 or 1-77 Mev for Ww=DM/6.

TABLE 2 Binding energies

(in Mev units)

State p=M/10 - w=M/6 BExper.

Nucleus | of the £ — ’ — binding
: : binding ; binding B

spin a |sorst+de Sy a |gsore+de e energy
ZH] triplet | 2:07 /| - -227 2:13 1-562 | — -066 157fe) 2:19
°H doublet | 3-59. | — 774 725 285 | — 401 10-44 8:39
3He | doublet| 349 | — 683 6-40 2-80 | -- -358 9-34. 7:65
‘He | singlet | 6:33 | —348 326 5:64 | —2:29 597 28-20
: 74

3 — 3He

-85

1-10




