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ABsTRACT

A brief derivation of the formulae for the cross-sections and angular distribution for the photo-
disintegration of the deuteron is given here by treating protons and neutrons as identical particles.
Wave functions obtained by Hulthén’s variational method are used to calculate the matrix clements
for various transitions.

It is generally expected that some information about the nuclear potential
can be obtained by studying the photo-disintegration of the deuteron. In
this paper, we shall give a brief derivation of the formulae for the cross-
sections and the angular distribution of the disintegrated particles, treating
protons and neutrons as identical particles, called nucleons, which satisfy
Pauli’s exclusion principle. The nuclear potential is taken entirely a central
potential of short range but arbitrary shape.

The photo-disintegration of the deuteron can be described as a transition
of two-nucleon system of total charge ¢, under the absorption of a photon
of momentum #ky (energy Ey=ficky), from the 3§ ground state @, of the
deuteron to a state @, in the continuous energy spectrum which corresponds
to the disintegrated deuteron. The transition probability per second
is given by the well-known formula

r=—27;’ ,<f|le‘> e : @

where W is the interaction between the nucleous and the photon, and p,
is the density of the final states per unit energy. Let the charge wave function 4
for the jth nucleon be denoted by P(7) or N(}) according as the nucleon isa
proton or a neutron.| Similarly, let the spin wave function be denoted by
a (7) and B (7) for the two spin orientations. Let

*Contributions from the Institute of Modern Physics, Academia Sinica, Series A. No. 9,
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—z-'(rl rz)’ { el = s

For the initial state, the wave function @, can be written as

= a(l) a(2)
1
v—s R L[ No-F@NO] | Ll perra@p0], @
- B) B2
with
‘l’ (rr R) == ;:e Tp’ & (47.!1.)1/2 “ gr) 2 : (3)

Here the motion of the center of mass is described by the plane wave function,
normalized in the volume V, with ‘momentum p=0, while #=u(r) is the
radial wave functlon for the 3§ ground state of the deuteron, normalized by.

J.:o Wwdr=1 .
The # satisfies
—‘5-,;‘—-+ M (—c—yinu=0, @)

where M denotes the mass of the nucleon, € ( >0) denotes the bmdmg energy
of the deuteron and V() denotes the nuclear potcnt1a1 appropriate for the *S
state. For the final state, the wave function ¥, is of the form

-1_ {p’ rR1 a(l) a(2)
v ==l S D 1 7 LPo e L [awe@
1y P@) N 1 o= 4%) P (cos LB, 2
(=1) PQ@) ()]e eIy +a(2>ﬁ(1>]
L B(1)BQR)

for a triplet final state, or

v,— L obwel S —‘7% [P V@) + (— 1) 2@ N

=0

=5 0. p(cos k1) = [all) FR—a(2) BD)] ©)
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for a singlet final state. The #=u; (r) satisfies

‘“"+(/e2 My - Lt )y —0 @

with a nuclear potential 7, approprlatc for the spin, together with the bound-
ary condmons

w=0at »=0, u,~sin(/er—-—é~7r+61) as r —» 0, (8)

Here p’ denotes he total momentum of the two nucleons after disintegration,
the relative momentum being denoted by %k directed from the proton to
the neutron. From the conservation laws we have

2 72 2 2
p'=p+hk=hk: and £ = hTWA——ET— Caas ﬁ[ LT S W%[Tc—z

These wave functions #, #, and the plase §; can be approximated quite
accurately by using the variational method of Hulthén', and are of the forms

0= (1 ke e—ﬁ.r) 2 B, e—PAr p—Kr z M T ; (9)

w=c0s 8| 3 €, | Fi()+sin 8| B Conem™] (1=e#P41 G1(), A0)

involving a number of variational parameters B,, C,, C_,, (=0, 1, etc.)
Here 1/ stands for the range of the nuclear potential (so ¥ and ¥, falls off
rapidly for 2, >1) and

i) = (2 )‘” it () ~sin (br — 5) as r—> o0, an

G,(r = (—1) <%>1/2 J-1-% (k) ~ cos (kr — %) asiz. —> oo (12)

For the interaction W between the two nucleous and the electro-magnetic
field of the photon, we use Taylor’s expansion for the field in the neighbor-

1. L. Hulthén, Kgl. Fysiograf. Sillsk. Lund Férhandl. 14 (1944), No, 8, No. 21. See also the
preceding paper by H, W. Peng and Huang Tzu-Chia.
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»

hood of the center of mass of the deuteron. Except for very high energy of
the photon, the multipoles higher than the magnetic dipole and the electric
quadrupole can be neglected. Then we have’ W

2

2 (l) 2
e a5k 1“3 (= R)E—e 3 A8 (R —R)¥.) E,

5 4
-+ 1
Z 2ehc Sl 213 Hp+—ZTL‘u”>61.I{D' (13)

Here p, and g, are the magnetic moments of proton and neutron, respectivc—
ly, in the units of Bohr’s nuclear magneton e#/2Mec. The electric and magnetic
fields E, and H, of the incident photon are evaluated at the center of mass
of the deuteron. The operator 7% operates on the charge wave function,
with the eigenvalue -1 or -1 for P(j) or N(j).

In evaluating the transition matrix element the first two terms of W
give rise to the so-called photo-electric transitions, while the third term gives
rise to the so-called photo-magnetic transitions. The selection rules regarding
the change of spin are different for these two transitions. ‘The photo-electric
transitions always lead from the triplet ground state to a triplet final state
and do not change the spin orientation. The photo-magnetic transitions lead
to both singlet and triplet final states and always involve a change in the spin
orientation. The cross-section for the photo-disintegration of the deuteron is
therefore simply the sum of the cross-sections for the photo-electric and photo-
magnetic transitions, each of which may be calculated separately. Further-
more, since ¥; is an 3S-state, it follows from the integration over angles in
<f|W|i> that the electric dipole transition only leads to a final *P-state and
the electric quadrupole transition only leads to a final 3D-state. Similarly
the magnetic dipole transition only leads to a final 'S-state (not a final
3S-state), the wave function for the final 'S-state is not orthogonal to that
of the °S ground state owing to the spin dependence of the nuclear potential.

By summing over the spin of the nucleons in the final states and
averaging over the spin orientation of the deuteron and over the polarization
of the incident photon in the initial state, we derive from (1) the differential
cross-section for photo-disintegration

do = f(0) d2 = gl— { 2 o +sin%0 [3 04+6 (5 64 0,)Y2 cos (81—82) cosf

+150, coszo] 49, 0= L k, kr, d9 = 2z sin0 0. (14)

\

2. If one qdopts the meson theory for the electromagnetic properties of nucleons, the expansion
for W. used here is still correct for photons of low energy, see L, Rosenfeld, Nuclear Forces (Interscience
Publishers, Inc.,, New York, 1949), Vol. II, p.449.
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Here the electric dipole cross-section o, the electric quadrupole cross-section
o, and the magnetic dipole cross-section o, are given by

o-d::—g-?c—(M)lﬂ Ev 1, [1=j°°ulrudr; (15)
LU Bae, bfare o

2 s :
e e (T

where #;, #, and #, are the radial wave functions of the final °P, D and
15 states. The total cross-section is, by integrating (14),

/

c=oy+o;+o,=omt+oE. (18)

If we use the appropriate wave functions (9) and (10) the integrals
n={"wrtedr (=120

can be evaluated with the aid of the following formula®

@B (I +1)
@+ B n

Jw e~ rty Jiwd Chr) dr =
and
o0
f e~ it J_ g (kr) dr

= (k[2)=9+® . EYEa e ey
T (PFAFIT(—+%) o IF( b sty bl b a2>'

For / =1, 2, or 0, the hypergeometric series terminates and becomes

F(=b =% Itk —*) (2”1)2( )21+1 2i ( )

3. Cf G. N. Watson, Theory of Bessel Functions, 2nd Edition, pp.385, 386.
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Let

s ZHlIE 1 = 1 >
B ) = 2 (Z/f)l”[ LA+ md+ )2+ F2] 1 [(71/1+m/1+/1+lc)2+k2]’+1] :

242 <2/+2> 2I+1)) | (mA+mA+jA+r)?HL
7

S (n, m; D= ; (.—)j 20 B L(nR+md A+ k)24 F2] L I (nym;ji 1)

where

I 2
Ve ! 1 P ;
Lonil)= ; (z) 20+1-2i ( (nh+mA A+ K)? ) ;

Then, we get for [,

I, = coss; > > C, B, R(n,m; 1) + siné; X, >, C-» B, S (1, m; )

7% m

(1=1,2,0) . ' (19)

As regards the angular distribution of disintegrated protons, we have
from (14), neglecting the o, cos? 6 term,

£(0) o= a +sin%0 (1 + acosd), a = ‘g- %L, a = 2(56./04) cos (61 — 82).  (20)

or, in the laboratory system,

f (Olgb) oc @ + 8in’OLap [1 iz (a -2 %_?& (o{o} olab] , B= (—*—E;”—c; )1/2 4

The term @ cos @ arises from the interference between the electric dipole and
electric quadrupole transitions and leads to a forward asymmetry. Several
authors have stated that there is no interference between electric dipole and
clectric quadrupole transitions by arguing that the final states belong to
different charge states and the interference term would vanish on summation
over the different charge states. It has been pointed out!, however, that for
a state of definite angular momentum and spin, the possibility of the charge
state is determined by the Pauli’s exclusion principle, so there is no summation
over different charge states and the interference term should remain. Our

4, J. F.,Marshall and E. Guth, Phys. Rev. 76 (1949), 1879; see also J. F, Marshall and E. Guth,
Phys, Rev. 78 (1950), 738.
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calculation including explicitly the charge wave functions, as given by (5)
and (6), does give rise to this interference term. :

For the radiative capture of neutrons by protons, which is the inverse
process to the photo-disintegration of the deuteron, the capture differential
cross-section can be obtained from that of the photo-disintegration of the
deuteron, namely (14), by the formula® :

2 |
docasaues = 5 —hr (ELY'£(6) der . @)
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5. Cf. H. A, Bethe, Elementary Nuclear Theory (John Wiley and Sons, Inc., New York)- p. 61. 1
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