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1
12 =a)t,(1) = Lﬁ = E_a EZ = - wld)lt - woqblt:gl - T(d)i + d)?) + d)?z) s
[gk @
(13)
- ki ~ w;
k; = 0= (1) F, = - 2w,0,¢,, -20, Vo, * Vo,
2
ol o A1 g 5900 S TR A TR ) R, K, = T6 (b v (14)
E =—a)d),—a)(¢,+d)ﬂ§')
2T (= mon) FE K, B AT Lo T
‘ 0o bl + bod + bl
2 . .
k, == = k;sinf, = k;,,
L, - V(bl . Vd)2 - Vd)l . Vd)u, (15)
k, =2L1T = kycos, = i (2) Fy == 20,000,
o y _Zwl[wo(d)m[ + (blzllgl) + Vd)l * V(i)“]
_20)0[ Vd)l * Vd)21 + Vd)z * Vd)lz
+£1( Vd)lz : Vd)n + Vd)] : Vcblzr)J

BT XU R A5 S B S R

BAE , R e e P 2 o 7 e R A B AR G
AL (I R S)
Vg =0 (-h<z<{), (3)

(rod + o (@401 + ) =0 (z=0), (4)
b -0l - (bl +6L) =0 (=0, ()

$. =0 (z=-h), (6)
ﬁ$,V=G}§Aﬁ,W=ﬁé+ﬁzf§
y 0z 0x ay 0z
B b, o BEATUNN BN TT
¢ =ed, + 32(152 T,
=&l + ‘9252 o
W =w, *ew, +&w, + . (7)

K B b R A 2 = 0 4b#EAT Taylor JEJT,
AR (o= 1,2,3 ) 4560 B 4L, D A] K

Vg, =0 (-h<z<0), (8)
{, +wd, =E (z=0), (9)
b. +wd, = F, (z=0), (10)
$.=0 (z=-h), (11)
Hrp,
E, =F =0, (12)

2 2 1
- wl(;bltf - wo(gld)Zm + .sz)l.-n + 7{?‘#11.%)

{1t + by + Lﬁd)lm
( 3401)

1
- Ve V(Yo (16)
3. Z
3.1. E—Hf#
l, =a,cosa, +b cosB, + a,cosa,
+ b,cosB,, (17)
B coshk 7 ( ) b )
b, _a)mcoshkmh a, sina, + b, sinf
coshk Z ) b i
+ m(a"sman + nSll’lB">
(Z =z+h), (18)
w; =tanhh, (19)

=

w;
o, =k, (iyx —i,y) - —t,
Wy

. . w;
B, :ki(llx"'Lzy) -,
w

w. =k tanhkh . (20)
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ZEF X LU R K 2 B % 1 v B8 4R I O R Al
JR TR IE , /I

fi)f:jzﬂd)s(y,z,t) sintcosydidydz

= —2¢.7 (tanhh)'?, (21)
Horpr, ¢, Fl e, MR SRAE 37 % 1Y 2 B SR PR I . )=
SR PRI 12 B X v 38 v B i T M — P, O R AR
FpE

tanhph .
B =1«

=2,j=1). 22
tanhh p )] ) (22)

3.2. EMi#E

{ =6, (acos2a, + bl cos2B,)
+ G, (alcos2a, + b cos2B,)
+ G a,b, cos(a, +8,)
Gl ab, cos(a, +8,)
+ G, a,b cos(a, —B,)

mm ~'m~ m

+ G, a,b,cos(a, —B,)

+G! la,a,cos(a, +a,)

+b,b,cos(B, +B,)]

+6G. la,a,cos(a, —a,)

+b,b,cos(B, -B,) ]

+ G, lab, cos(a, +8,)

+b.a,cos(B, +a,)]

+G, [ab, cos(a, —8,)

-a,) ], (23)

= +at+ F, (a’sin2a
2 0 0 2m m m

+b,a,cos(B,

+ bfﬂsinZﬁm ) coshk,, Z
+ F, (a’sin2a, + b’sin2B,) coshk,, Z
)coshk 7

m mm

+F a b, sin(a, +8

mm m m
+ .
Flab sin(a, +B,)coshk, Z

+F la,assin(a, +a,)

mn

+b,b sin(B, +8,) Jcoshk’ Z

m~n

+F  la,a,sin(a, - a,)

mn

+b,b,sin(B, - B,) lcoshk, 2

mn

+ F: [ab, sin(a, +8,)

nm

+b,a,sin(B, + a,) Jcoshk’ Z

n'm nm

+F  [ab,sin(a, -B,)
+b,a,sin(B, - a,) Jcoshk Z, (24)

n~’m nm

w, =0, (25)
Horfr, B, R —H . & 1% 3 SR BRI S BRI R
O T BAT 7] 55 2R 38 08 200 A4S X8 BRI, A5 o
LR bR m A0
Gy (ay + b)) + Gy (ay + b))

m

(26)

)
Wy

G;;) =A21(wm,')’;.>, (27)
G, =Ny (o, ,’}/:, ) +2w,F,, coshk, h, (28)

m

G =A,(w,,y.) +2w,F,, coshk, h, (29)

mm

Gy;m :AZI(wmy’y.;>9 (30)
G;n =Ay (wm , Tt w, ")’:m)
+ (0, + w,) Fcoshkl b, (31)
G =An(£0,,0,,7.)
+ (w, +w,)F] coshk h, (32)
AZm
2m . 2 ’ (33)
2k, sinhk, h — 8w, coshk, h
A
Frw =——— 3 e (34)
k. sinhk’ h — 4w _coshk h
. AL,
Fo = 3 —,(35)
k> .sinhk. h — (o, * w,) coshk h
. A,
Ko = 3 —.(36)
k. sinhk h - (0, * @, ) coshk, h
k,, =2k,, (37)
k. =2k m,, (38)

kh, = [k, +k, 2y, (39)
ki, = [k, +k, 2y, (40)
o, BTE] AR R ECh

Ay =T (0, k,,7,) (41)
Apy =T (w0, k,y,) (42)
Iy(o, kb, y,) = M (43)

w,
Yo =k (m} £m), (44)
A =T, (w,, tw, .k, 2k, £y.), (45)

A: :iFZS(iwn’wm9 ikn’km’ i"y;m)’ (46)

nm
+
FZS ( wm ’wn ’km ’kn 9’)’[““)

_ (o, —k o, -k
_a)mwu(wm + a)n) + 5 +
w

2

@

m n

),

m n
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y;n :')’:m = k,k,(mn, £m,n,), (48)
4 +
N [
Ay (w,,y,) = ——5—, (49)
4o,
M 2
Ap(w,,y,) = ——5—, (50)
4o

Ay (@,,0,,Y0)
=%(wil +a)i +w, 0, _a;y%) (51)
ATLLE LR B —— ¢, 5 &, M AR M
AEAEXS N T 38 5 AP AR o, 8., a, B, , P
P LU R U Fpot sCH A e — L - Wk A A : 2e,, ,
2B,.,2a, 2B, ;A A2 : a, =B, ,a, +B,; 55
FRREA 2 a, £ «,,B, £ B.; 7 I 5+ & B Al
#:a, £8,a, 8,
SR b 3V b R AS 1 25 [ 4 AH 21 AT AG
FIAT, I AT RN R FRPE A A P 55 B Uk

3.3. E=Mf&

{ =6a,c08a, + Ga,cosa, + G,b,cosB,

3 3
+ G, b,cosB, + G, (a,cos3a, + b, cos38,)

On“n

+ G, (alcos3a, + blcos3p,)

+ G, [a, b’ cos(a, —28B,)

m2m m~ m

+b a cos(B, - 2a,) ]

mm

+ G, [abicos(a, —28B,)

n2n n”n

+b,a’cos(B, - 2a,) ]

n'n

+ G,

2mm

[anb,cos(2a, +B,)
+ bila"lcos(zﬂnl + arll) ]

+ G;nn[a:bncos(Za“ +8,)
+bya,cos(2B, +a,)]

+ Gl [a,aicos(a, +2a,)

m2n mn

+ bybicos(B, +28,) ]
+ 6o la,a;
+b,b,cos(B, -28,) ]
+ G, [d’a,cos(2a, +a,)
+b2b,cos(2B, +8,) ]
+G, [daa,cos(2a, —a,)

+ bilbnc()s(ZBm -B,)]
+ G [anbfncos(an +28,.)

n2m

cos(a, - 2a,)

+ba cos(B, +2a,) ]

n'm

+ Gpula,blcos(a, -28,)
+b,a;cos(B, - 2a,) ]
+ Gyl aib,cos(2a, +B,)

+ biamcos(Zﬁ" +a,)]
+ G, [d’b, cos(2a, -B.)

2nm L @n Oy
2
+b,a,cos(2B, - a,) ]

+6G; la,ab cos(a, +a, -B,)

mnm m~n~ m

+b.b.a,cos(B, +8, —a,)]

m~n~"m

+6G. . la,ab cos(a, —a, -B,)

mnm mn~ m

+b,b,a,cos(B, - B, - a,)]

+ G la,ab, cos(a, +a, -8,)

mnn m“n~’n

+b,b,a,cos(B, +B, - a,)]

+6G, . la,ab, cos(a, —a, +8,)

mnn m“n~n

+b,b,a,cos(B, -8, +a,)]
+6G! la,b, brcos(a, +B8, +8,)

mmn m~m~n

+a,b,a,cos(a, +B, +a,)]

m~’m"n

+6G,, . la,b brcos(a, +B8, —B,)

mmn m~m "~ n

+a,b,a,cos(a, +B, —a,)]

+6G! [ab, bcos(a, +8,

nmn n”’m

+B,) +a,a,bcos(a, +a,+p,)]

m

+6G. [ab, bcos(a, -8B, +8,)

nmn n’m”n

+a,a,b cos(a, —a, +8,)], (52)

n“m~”n

b, =F, ( a sinda,, + b?"sin3,8 ) cosh3k 7

m m

+ F, (asin3a, + b)sin3B,)cosh3k Z
+F, [a, b’ sin(a, —28,)

m2m m~ m

+ bma,znsin(Bm - 2a, ) Jcoshk_, Z
+ F, [a,blsin(a, -2B,)

+b azsin(,B,, -2a,) Jcoshk, Z

nn

+ F;

2mm

[alb,sin(2a, +B.)
+bla,sin(2B, + a,) Jcoshk; Z

m~m 2mm

+ F;

2nn

[ aib“sin(Zan +B,)

2nn

+bla,sin(2B, + a,) Jcoshk, Z
+ F;

m2n

+b,blsin(B, +2B,) Jcoshk!, Z

m~n m2n

[ amaisin( a, +2a,)

- 2
+ FmZn [ ama’n

sin(a, - 2a,)

+ b, blsin(B, -2B,) Jcoshk, Z

m2n

+ F;

2mn

[a’a,sin(2a, + a,)
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+b,b,sin(2B, +B,) Jcoshk,, Z w,a’ )

- 2 Wy =~ 20 F37 ( me ’ Gmm ’ Gmm ’
+ 1, la,a,sin(2a, - a,) @
+b2b,sin(2B, - B,) Jcoshk, 7 Fo s ks @3 ¥ )

+ 2 . w bil
+ F..zm[llnbmsln(an + Z,Bm) _ 2"&) F3()(F2m’GZm’kZm’km’wm)
+b,a,sin(B, +2a,) Jcoshk ), Z |

- 2 woai . _ . _
+ Fan[anbmSin(an - ZBm) - 20 F38(an9 - an’Gnmacnma

2 . - "
* b"a"‘Sln('B" - zam ) :| COShk"sz k:m ’kr:m 7kn 7km ’wn 7wm "Yr:m "}/: )
+ F)Lab,sin(2a, +B,) o B
0%n + - + -

+ biamsin(zﬁn +a,) Jcoshk; Z T % Iy(F, F., GG,

Wy

+ F,,,lab,sin(2a, - B,)

+bla,sin(2B, - a, ) Jcoshk; 7

2nm

+F! la,ab sin(a, +a, -B,)

mnm m~n”m

+b,b,a,sin(B, +B, —«,) coshk Z

m~n"m mnm

+F,  la,ab, sin(a, —a, —B,)

mnm m~“n~m

+b,ba,sin(B, -B, - «,) ] coshk, 7

m~“n"m

+ k. la,absin(e, +a, -B,)

mnn

+b,ba,sin(B, +B8, - «a,) |coshk’ Z

m~n mnn

+F, la,absin(a, —a, +8,)

mnn m“n”n

+b,ba,sin(B, -B, +a,) |coshk, 7

wbua, man
+Fola,b,bsin(e, + B, +B,)

m~ m mmn

+a,b,asin(a, +8, +a,) coshk’ 7

+F,  la,b, bsin(a, +8, —-B,)

mmn m~ m~n

+a,b,asin(a, +8, —«a,) Jcoshk, 7

m~ m"n mmn

+F lab,bsin(a, +8, +8,)

nmn

+a,a,bsin(a, +a, +B,) Jcoshk, 7

nmn

+F, [ab,bsin(a, -8, +8,)

nmn n’m

+a,a,bsin(a, - a, +8,) ]coshk, Z,(53)

n"’m nmn

wya,

2
_7F36(F2n1’02m’k k,,o )

2wm 2m 2 "¥'m 9 m
2
wobm . . _ N
- 2&) F37 ( me 4 Gmm > Gmm ’ kmm >
m
ks, ¥ m,)
2
wya,

+ - + -
F38 ( an 7an ’ Gmn ’ Gmn ’

- 2w,

LA N wn’wm")/;m?,)/:) -

mn 2 “mn %" n % m?

2
w(lbn + - + -

FSS(an s T an anm 9Cnm )
2w,

LN Y Y S IO T N ) I8 (54)

nm 2 “nm %" n % m? n?

m

ks b b 0,0, Y00y ), (55)

mn ?™“mn ™0 Mmo

2
w,a,, N _ . _
Wy =~ 2 F}S(an ’an’Gmn7Gmn5
w(l

kioko ok ko, 0,y

mn? “mn % m?% " n?

2
wobm + _ . _
_2 F38(an7_an9Gnm’Gnm’
wn
+ - - +
knm ’knm ’km ’kn s Wy s Wy s Y om ”Ym)
w a2
0n
) I'(F,, .G, k) k, 0,)
a)n
2
w()bn + + -
_2 F37(an’cnn’cnn?
wﬂ
+ -
kb ,o,y,0m0) (56)
w az
0@ + _ . _
Wy =~ 2 FSS(an’ _an’cnm’Gnm9
wn
+ - - +
knm ’kmn 9km ’kn s W@y s Yam s Ym )
2
w()bm

+ - + -
F38 ( an b an b Gmn ’ Gmn b
2w

n

kioko ky ko, 0,y Y

mn? “mn % m?% " n?

woalzl + + -
2w Iy (FL, 6,6,
k;mk“,wn,’y;’n])

w,b’
_#]ﬂ}ﬁ(}?z;;’GZrl’kzn’k",wn), (57)

ol 4% 4 33 o BCRAT 56 5 0 R R RURE , % T B
7 7126 63595 3 1 TEAS X4 B0 1050 95 2 F A7 m
9390 -

Cro =2 4 @2 Ay (Fuy s Gop gy o 0,)

2m *Ym o
W

+bIAL(F: G Go okl ko

mm mm % mm % “mm * " m

+ A, (F: F. G |G

mn ? mn % mn ? mn ?

m,)

m 9

k+ k7 + + +)
mn %" mn ’wm ,(l)" "y'nn "Ym "}/n
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7 N Y
+ biAn ( F:m s T Fr:m ’ G:m ’ Gr:m ’
LY RGN I T N DI (58)
w
Gy, = aTZ + ai.A32 ( F.:.m s Gn:m 3G s
0
k;m ’km ’wm ’ml )
+ bvznA3l (FZm ’ GZm 7k2m 9k|n 7wm)
+ (liA33 ( F:m s Fr:m ’G:m ’Gn_m )
F s B s @ @Y sV s V)
+ b, Ay (F L F GG
Fo s s @ @ Yo s Vs V) s (59)
G, :%F2mk2mwmsinhk2mh
- inmkimcosthMh + 3w, F,,cosh3k h
1 1 .
+ 5 Cawl gV (60)
_ 1 .
GmZm :?FkamemSlnthmh
Yo . .
- —F,,coshk, h —w,F, coshk, h
wm
1 - 2
+ (6, +6,,)w,
2
bR G -8, (61)
N 3 .
G =7F2mk2mwm51nhk2mh
Y 3 0 s —
- FZmCOSthmh + ?mekmmwmSlnhkmmh
k+ 2
- MF;mcoshk;mh
4w,
+ 3w F, coshk, h
l + 2
+5(6,, +6,,)o,
2
+%kf“(11 -8m}), (62)
0:2" =A34( + F2n’F:n’GZn’G:m’ + Ky
k:h 9k|n7 i kl\’a)m’ i(l)l\’ iyr:h 7’)/:)
+ (o, *2w,)F;, coshk>, h, (63)
G;mn = A34 ( F2m ’ F;n ’ GZm ’ G:m ’kZm ’k;n ’
th,k,, 0,0, Y.,7.)
+ 2w, *w,)F,, coshk; h, (64)
GrTZm = A34 ( FZm ’ + FITHI ’ GZm ’ GrTm 7k2m ’klfﬂl ’

Gt

2nm

+

mnm

+

mnn

G*

mmn

+

nmn

F:

m2n

+

2mn

+

n2m

+

2nm

+

mnm

Fi

mnn

- +
th ok, 0,0, *y.,Y.)

+ (o, £2w, ) F, coshk’, h, (65)
:A34( 2 F,, * Fle’GZn’Grin’ tk,y,,

k:m ’km b i kh ’wm ’ i a)n ’ i ’y;m ”y: )

+ 2w, £ w,)F,, coshk] h, (66)
=A (F., FF.G...G. .G k..,

k:m’ il‘;n’(l)m’ i('()n’ i’)/l:n7 i’yr:]n’

£y,,Yn) tw F. coshk> h, (67)
=A,(F,,, F F.G,,6...G.,

k. ,kfm ko, to, 0, 2y Yo,

* Y ,7;) + me;nnCOShk;nnhv (68)

=A (F)

mm

F: , +F: G G  G:

nm % mm ? mn % nm %

+ *

* +
knm ’kl“ b i kn 9wm b i a)ll b i ’Ymn 9
£ Yo Y100 Y0)

+ Qw, *w,)F:, coshkl h,

mmn mmn

=A (xF!  F. ,+F G G G

nn mn nm % nn % mn % nm %

(69)

+ k" Ok kT o+ k

nn % "mn nm n >

N
km’ + wn’wm’ * y(l!ll’

* 711111 ’ + YII ’7:) )

+ Qw, *w,)F], coshk h, (70)
A
= s , (71)
3k, sinh3k h — 9w, cosh3k h
A
N ; m2m . ; , (72)
k ,.sinhk_, h — w_ coshk_, h
A+
S . 2mm . - ’ (73)
k, .sinhk, h — 9w coshk, h
Ao
=X 3 —, (74)
k>, sinhk , h — (w, +2w,) coshk , h
Az
= 3 —, (75)
ky..sinhky h - (2w, + w,) coshk, h
A
= 3 —, (76)
k, sinhk, h - (w, + 2w, ) coshk}, h
A
= 3 —, (77)
ky . sinhky h - (2w, * w,) coshk, h
Ai
N T . (78)
ksinhk,  h — @ coshk  h
At
S T . (79)
k; sinhk® h — w_coshk’ h
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. (80) Horp Frg | A pR L HAR R B B0 51 A B9 R
o k‘f‘m"Sinhk“ﬁ‘"‘“h - (20)"‘ to, )ZCOShk;"‘“h’ A}l ( F2m ’ GZm 7k2m ’km ’wm)
- A (81) L F b, w sinhk, h
= b =5 m m lnSln m
"k sinhkl b — (o, +20,) coshk?, h g et On PR
o = (kmml)z * (3kmm2)2’ (82) - éFzmkimCOShkzmh
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Third-order theory for bichromatic bidirectional water waves
partially reflected from vertical breakwaters”

Yang Li  Huang Hu'
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Abstract
To overcome the internal limitation of standing wave forces on vertical breakwaters and describe multichromatic
multidirectional water waves in front of the breakwaters, a third-order theory, including the classical solutions of two-
dimensional long-crested waves and monochromatic unidirectional short-crested waves, for bichromatic bidirectional water
waves partially reflected from the breakwaters is developed. A universal law applicable to a higher-order multichromatic
multidirectional wave system is proposed, that is, the even-order frequencies are zero, the numbers of the odd-order

frequencies constitute a geometric progression.

Keywords: bichromatic bidirectional waves, a third-order theory, a universal law, partially reflected waves
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