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1 Ú ó

ÙKê�´�«±Ï5��mØé¡(�, Ù
¥ÙKâf�DÑd�
�²ïL§5°Ä, X	
å!zÆ³�!§�� [1−6]. �âù
ØÓa.
�°Äå, ÙKê�Ì�©¤naµÉå5Ó!
zÆê�Ú9°Äê�. Feynman � [7] ÄkJÑ

¤¢ “95Ó” �9°ÄÙKê��.. ��,
Velasco � [8] ïÄ
¤ù5Ó3��õÇÚ��
�ÇÅ�e�`z5U; Büttiker[9], van Kampen[10]

Ú Landauer[11] �©OlØÓ��ÝïÄ
d�þ
!§Ý|°Ä�ÙKê��âf6Ú9åÆ5U.

Cc5, �X�B�Eâ�uÐ9ì���.
z, <�é§�°Ä�ÙK9Å�ïÄ�)
ßþ
�,�. ~X, Derényi � [12] �ÄÙKâf3p$
§¥�m$Ä�, âf�ÄUCz¬�)Ø�_9
6, l
K�ÙK9Å��Ç; Asfaw � [13−15] ï
Ä
§�°ÄÙKê���ÇÚ5UA5, 3O·
�4�eÙK9Å��Ç��kì�Ç; �k�

ÆöïÄ
�m±Ï5ü³^ç¸³|¥ÙKâ
f��9ÅÚ�eÅ�9åÆ5U, duÙKâf
ÄUCzÚå�Ø�_96, ¦�3O·�4�e

ÙK9Å��ÇÚ�eÅ��eXêÑ�Ø�k
ì� [16−25]; Gao � [26] ?�ÚÚ\
p!$§¥
�m�9¦5L«N\�Ø�_96, �9¦�3
�ÙK9Å��Ç��ü$.

�
~�Ø�_96�K�, JpÙK9Å�
�Ç, 3�ÄâfÄUCzÚå�96�, Asfaw[27]

?�Ú?Ø
3Å50�¥[©ç¸³éÙK9
Å�ÇÚ�eÅ�eXê�K�, �Ñ�ç¸³[
©§Ý���k�UJpÙK9Å��Ç. É�[
©ç¸³�éu, �©3§Ý±Ï>.?O\��
ç¸³^, ïá��±Ï5V³^ç¸³¥�ÙK
9Å�., ïÄÙKâf3Å50�¥�$Ä, $
^ÄåÆ�§�Ñ
­�6!õÇÚ�Ç�L�
ª. �ÄÙKâfÄU�Cz±9p!$§¥�
m9¦��3, ¿ÏLê�O�©Û³^pÝ!³
'!	å�ëêéÙK9Å�Ç�K�.

2 �.�nØ©Û

�ÄÙKâf3±Ï5V³^ç¸³¥$Ä,
Å50�÷�m�I x ����O/�p!$§
9¥�>. âfÉ�÷ x K����5	å f ��
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^. Xã 1 ¤«.
3«m −L1 6 x < L1 S, V³^ç¸³©Ù

�

Us(x) =



− U2

L1 − L2
(x + L2) (−L1 6 x 6 −L2),

U1

L2
(x + L2) (−L2 6 x 6 0),

−U1

L2
(x − L2) (0 6 x 6 L2),

U2

L1 − L2
(x − L2) (L2 6 x 6 L1).

(1)
Ù¥, U1, U2 ©O�p!$³^�pÝ, L = 2L1 �
V³^ç¸³�±Ï�Ý. §Ý­� T (x) kXe
/ª:

T (x) =

 Th (−L1 6 x < 0),

Tc (0 6 x < L1),
(2)

Ù ¥ Th, Tc © O � p ! $ § 9 ¥ � § Ý. ³
| Us(x) Ú § Ý T (x) P k � Ó � ± Ï L, ¦
� Us(x + L) = Us(x), T (x + L) = T (x). 	
å f � ) � � � ³ � fx, o � � � ç ¸ ³ C
� U(x) = Us(x) + fx.

ã 1 ÙK9Å«¿ã

3±Ï5�þ!§ÝÚ	å�°Äe, ÙKâ
f�½�$Ä¿�ª/¤��­�6 J . ­�6�
��Ú��dL��.�ëêû½. ÙKâf3�
þ!0�¥�ÄåÆ�§d Smoluchowski �§L

«� [28]

∂

∂t
P (x, t) =

∂

∂x

[
1

γ(x)
(U ′(x)P +

∂

∂x
(T (x)P ))

]
,

(3)
Ù¥ P = P (x, t) � t ��uyâf3 x ?�VÇ
�Ý, U ′(x) = dU(x)/dx, γ(x) � x ?��ÞXê.
�À�[ù~ê kB = 1, ­���ð½6�

J = − 1
γ(x)

[
U ′(x)Pss(x) +

d
dx

(T (x)Pss(x))
]
, (4)

Ù¥ Pss(x) � x ?�­�VÇ�Ý. b½Å5
0�¥�?��ÞXê�Ó, |^±Ï5>.^
� Pss(x + L) = Pss(x) ±9�©¥¤�½�ç¸
³|Ú§Ý­�, ���­�6�L�ªµ

J =
−F

G1G2 + HF
, (5)

Ù¥ F ,G1,G2,H �äNL�ª3N¹¥�Ñ. Ù
Kâf��Ý υ �­�6�'X� υ = JL.

��9Å�.�, ­�6�u 0(=ÙKâf
�m$Ä). 3XÚ¥kü«96µ�«�p!$
§¥�m�9¦, ��� k(Th − Tc), k �9¦X
ê [26]; ,�«�ÙKâf$Ä¤�)�96, �)
ÙKâf�Ñ³^!	å±9Å5{å�áÂ�
9þ (U1 − U2) + (γυ + f)L1 Ú§Ý>.?duÙ
KâfÄUCzÚå�96 (Th − Tc)/2[12]. Ïd,
3±Ï�m t = L/υ S, lp§¥¥º�Ñ5�9
þ�

Qh = (U1 − U2) + (γυ + f)L1 + (Th − Tc)/2

+k(L/υ)(Th − Tc); (6)

Ó��, ·���$§¥áÂ�9þ�

Qc = (U1 − U2) − (γυ + f)L1 + (Th − Tc)/2

+k(L/υ)(Th − Tc). (7)

9Å�õÚ�Ç©O�

W = 2(γυ + f)L1, (8)

η =
W

Qh
=

2(γυ + f)L1

(U1 − U2) + (γυ + f)L1 + (Th − Tc)/2 + k(L/υ)(Th − Tc)
, (9)

u´9Å�õÇ�

P = W/t = 2(γυ + f)L1υ/L = (γυ + f)υ. (10)

3 9Å��ÇA5

�
Bu©Û, ·�é�.¥�ëþ?1Ãþ

j?n. - u = U1/Th, τ = Tc/Th, λ = fL1/Th,
l = L2/L1, α = U2/U1, ±9 J0 = Th/γL2

1 = 1.
|^ (9) ª·���
ÙK9Å��Ç­�ã, X
ã 2—5 ¤«.

ã 2 ��Ç η �9¦Xê k �'X­�, Ù¥
ëê u§α§λ§τ§l Ñ®�½. �Ç η �9¦X
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ê k üN4~¼ê; k ���Ç��, � k = 0 �,
�Ç�����; 
 k �½�, §���, �Ç��.

ã 2 �Ç η �9¦Xê k �'X­� u = 3, α = 0.4,
λ = 0.5, l = 0.6

ã 3 �ØÓ9¦Xêe�Ç η �³^ u �'X
­�, Ù¥ëê α, λ, τ , l, k Ñ®�½. �3��³
^�� u = umin, � u > umin �, XÚ�9Å�..
k = 0 �, �Ç η �³^ u üN~�, 3 u = umin

? η �����. k > 0 �, �Ç η �³^ u ¥�Ô
�.­�'X, �3�`� uopt, 9Å�Ç���
��; �X9¦Xê k �O�, ���Ç~�, uopt

O�; 3 u = umin ? η = 0, umin � k ���Ã'.
� u é��, ÙKâfÃ{�Ñ³^�m$Ä, 9
ÅØó�.

ã 3 �Ç η �³^ u �'X­� α = 0.4, λ = 0.5, l = 0.6,
τ = 0.5

ã 4 �ØÓ9¦Xêe�Ç η �	å λ �'
X­�, Ù¥ëê u, α, τ ,l, k Ñ®�½. �3�
�	å�� λ = λmax, � λ 6 λmax �, XÚ�
9Å�.. k = 0 �, �Ç η �	å λ üNO�,
3 λ = λmax ? η �����. k > 0 �, �Ç η �
	å λ kO��~�, �3�`� λopt, 9Å�Ç

�����; �X9¦Xê k �O�, ���Ç~
�, λopt ~�; 3 λ = λmax ? η = 0, λmax � k �
��Ã'. � λ = 0 � (=Ã	å�^), ÙK9Å�
�±ó�, d�ÑÑõ^5¦ÙKâf�ÑÅ5{
å�m$Ä.

ã 4 �Ç η �	å λ �'X­� u = 3, α = 0.4, l = 0.6,
τ = 0.5

ã 5 �Ç η �³' α �'X­� u = 3, λ = 0.5, l = 0.6,
τ = 0.5

ã 5 �ØÓ9¦Xêe�Ç η �³' α �'
X­�, Ù¥ëê u, λ, τ , l, k Ñ®�½. �3�
�³'�� α = αmax, � α 6 αmax �, XÚ�
9Å�.. k = 0 �, �Ç η �³' α üNO�,
3 α = αmax ? η �����. k > 0 � k é��,
α �O�¦9Å��ÇkO��~�, ¿3 αopt ?
9Å�Ç�����; �X9¦Xê k �O�, �
��Ç~�; � k ���, �X α �O�, 9Å�Ç
üN~�; 3 α = αmax ? η = 0, αmax � k ���
Ã'.

ã 6 �õÇ P ��Ç η �'X­�. lã¥�
±wÑ, �9¦�3�, 9Å�õÇ�ÇA5��
4Ü�'X­�, �²;�Ø�_9Å�q [29,30].
�9¦�"�, 9Å��$�ÇØ�", õÇ�Ç
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A5��m.�'X­�, ¿�3­�6�"��
����Ç, �duÙKâfÄU�Cz, 9Å�
���Ç�,�ukì�Ç.

ã 6 õÇ P ��Ç η �'X­� α = 0.4, λ = 0.5, l = 0.6,
τ = 0.5

4 ( Ø

ïÄ
V³^ç¸³e, Å50�¥$Ä�Ù
Kâf. �Ñ
XÚ­��õÇ P Ú�Ç η �L�
ª. �ÄÙKâfÄU�Cz±9p!$§¥�m
9¦��3, ÏLê�O�©Û³^pÝ!³'!
	å�ëêéÙK9Å�Ç�K�. ïÄL², �
�Ä9¦�, ÙK9Å©ª´Ø�_�, �Ç�u
kì�Ç; ¿��9¦é��, §Ý±Ï>.?ç
¸³^�Ú\±9³'�O��3�½§Ýþ~
�Ø�_96�K�, ?
JpÙK9Å��Ç;
9Å�õÇ�ÇA5��4Ü�'X­�. �Ø�

Ä9¦�, 9Å�õÇ�ÇA5��m��'X­
�, �duÙKâfÄU�Cz, 9Å��Ç�,
�ukì�Ç.

N ¹

�ÄÙKâf3±Ï5³|¥$Ä, Ù¥³|­�,

§Ý|­�d©¥ (1) Ú (2) ª�Ñ, o����ç¸
³ U(x) = Us(x) + fx. ÙKâf�ÄåÆ�§�

∂

∂t
(P (x, t)) =

∂

∂x

[
1

γ(x)
(U ′(x)P +

∂

∂x
(T (x)P ))

]
.

­���ð½6�

J = − 1

γ(x)

[
U ′(x)Pss(x) +

d

dx
(T (x)Pss(x))

]
.

|^±Ï5>.^�Ú8�z^��¦�­�6�

J =
−F

G1G2 + HF
,

Ù¥µ

F = eφ(L1) − 1,

G1 =

∫ L1

−L1

e−φ(x)

T (x)
dx,

G2 =

∫ L1

−L1

eφ(x)γ(x)dx,

H =

∫ L1

−L1

e−φ(x)

T (x)
dx

∫ x

−L1

eφ(x′)γ(x′)dx′,

φ(x) =

∫ x

−L1

U ′(x)dx′/T (x′).

·�ÏL?�ÚO�¦�µ

F = e[(U1−U2+fL1)/Th−(U1−U2−fL1)/Tc] − 1,

G1 =
(L1 − L2)

(−U2 + f(L1 − L2))
[1 − e−(−U2+f(L1−L2))/Th ] +

L2

(U1 + fL2)
e−(−U2+f(L1−L2))/Th [1 − e−(U1+fL2)/Th ]

+
L2

(−U1 + fL2)
e−(U1−U2+fL1)/Th [1 − e−(−U1+fL2)/Tc ]

+
(L1 − L2)

(U2 + f(L1 − L2))
e−[(U1−U2+fL1)/Th+(−U1+fL2)/Tc][1 − e−(U2+f(L1−L2))/Tc ],

G2 =
γTh(L1 − L2)

(−U2 + f(L1 − L2))
[e(−U2+f(L1−L2))/Th − 1] +

γThL2

(U1 + fL2)
e(−U2+f(L1−L2))/Th [e(U1+fL2)/Th − 1]

+
γTcL2

(−U1 + fL2)
e(U1−U2+fL1)/Th [e(−U1+fL2)/Tc − 1]

+
γTc(L1 − L2)

(U2 + f(L1 − L2))
e[(U1−U2+fL1)/Th+(−U1+fL2)/Tc][e(U2+f(L1−L2))/Tc − 1],

H = t1 + t2 + t3 + t4 + t5 + t6 + t7,

t1 =
γ(L1 − L2)

(−U2 + f(L1 − L2))

[
(L1 − L2) +

Th(L1 − L2)

(−U2 + f(L1 − L2))
[e−(−U2+f(L1−L2))/Th − 1]

]
,

t2 =
Aγ

Th
e−(U1−U2+fL1)/Th

[
−ThL2

(U1 + fL2)
[e−(U1+fL2)/Th − 1]

]
,
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t3 =
γL2

(U1 + fL2)

[
L2 +

ThL2

(U1 + fL2)
[e−(U1+fL2)/Th − 1]

]
,

t4 =
(A + B)γ

Tc
e−(U1−U2+fL1)/Th

[
−TcL2

(−U1 + fL2)
[e−(−U1+fL2)/Tc − 1]

]
,

t5 =
γL2

(−U1 + fL2)

[
L2 +

TcL2

(−U1 + fL2)
[e−(−U1+fL2)/Tc − 1]

]
,

t6 =
(A + B + C)γ

Tc
e−[(U1−U2+fL1)/Th+(−U1+fL2)/Tc]

[
−Tc(L1 − L2)

(U2 + f(L1 − L2))
[e−(U2+f(L1−L2))/Tc − 1]

]
,

t7 =
γ(L1 − L2)

(U2 + f(L1 − L2))

[
(L1 − L2) +

Tc(L1 − L2)

(U2 + f(L1 − L2))
[e−(U2+f(L1−L2))/Tc − 1]

]
,

A =
Th(L1 − L2)

(−U2 + f(L1 − L2))
[e(−U2+f(L1−L2))/Th − 1],

B =
ThL2

(U1 + fL2)
e(−U2+f(L1−L2))/Th [e(U1+fL2)/Th − 1],

C =
TcL2

(−U1 + fL2)
e(U1−U2+fL1)/Th [e(−U1+fL2)/Tc − 1].
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Brownian heat engine driven by temperature
difference in a periodic double-barrier

sawtooth potential∗
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Abstract

This paper has studied the thermodynamic performance of a Brownian heat engine, which is driven by temperature difference.

Brownian particles move in the periodic double-barrier sawtooth potential with an external load force and contact with an alternating

hot and cold reservoir. The kinetic energy change of the Brownian particles and the heat leak between hot and cold reservoir are

considered simultaneously. The influence of the main parameters, including the height of barrier, the ratio of the low barrier to high

barrier and the external load force, on the efficiency of Brownian heat engine is discussed in detail. When the heat leak between the two

reservoirs is taken into account, the Brownian heat engine is irreversible, the efficiency is less than the Carnot efficiency. When the heat

leak is small, the ratio of the low barrier to high barrier can increase the efficiency. The curve of the power output versus the efficiency

is a loop-shaped one. When the heat leak is negligible, the curve of the power output versus the efficiency is an open-shaped one. The

efficiency is still less than the Carnot efficiency, because the heat flow via kinetic energy change of the particles is irreversible.

Keywords: Brownian heat engine, double-barrier sawtooth potential, heat leak, thermodynamic performance
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