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1 Ú ó

Cc5, ØÓªÇ±Ï&ÒÓ�-ye��
5XÚ��A¯KÚå
<��4�,�, ù´
Ï�ØÓªÇ�&Ò3ÃXMÄåÆ [1]!-1
Ôn [2]!(Æ [3]!ÏÕEâ�¯õ+�kX2
��A^d�. Ï~, &Ed�f�$ª&Ò�
�, 
pª&Òé&E�DÂåN��^. Landa

Ú McClintock[4] É�Å�� (stochastic resonance)

y� [5] �éu, ^ê��{ïÄ
Épª&ÒÚ
�f$ª&ÒÓ�-y���5V­XÚ, uy
XÚé$ª&Ò��AÌ�OÃÚpª&Ò�Ì
��m´�«��5'X. �Xpª&ÒÌ��Å
ìO�, XÚé$ª&Ò��AÌ�OÃ¬Ñy�
��, ¥y “��” y�, l
¦�f$ª&Ò��
��. ù«��aqu�Å�� (XÚÑÑ�&D
'ÚD(rÝ�m¥y��5'X), ¡��Ä�
� (vibrational resonance). d�, �
ïÄ©z©O
^)Û�{ [6−10] Ú¢��{ [11,12] y²
�Ä�
�y���3, ÙïÄ���l{ü�V­XÚ*
�� ²ÄåXÚ [13]!Êg��fXÚ [7,8] 9p
���äXÚ [14].

'u�Ä����#ïÄ?Ð´|^�¢�

"¢yé�Ä�����, ±9Äu�Ä���n
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Ú Liu[15] ïÄuy, 3Ú\�¢�"���5X
Ú¥, XÚé$ª&Ò��AÌ�OÃ�X�¢ë
ê�Czu)±Ï5Cz, �Cz�±ÏTÐ�u
Ñ\pª&Ò�±Ï, ,
3z�±ÏS�AÌ�
OÃ¤éA����ØÓ, ¦�òù«y�¡��
¢�"Úå�O±Ï�Ä��. Yao Ú Zhan[16] ï
Ä
ü�ÍÜ�V­XÚ, uyÏLN!\3z�
��fü�þ�pª&Ò, �±¦�^31���
fü�þ��f$ª&Ò¤õ/DÑ�����
�fü�þ. ù«/Ïpª&Òr¦�f$ª&
Ò3�fS�¥DÑ�Eâ, Ù�âÒ´�Ä�
��Ån.

©z [15] ¥�,ÐÚ&?
�¢�"é�Ä
���K�, ����=´�
ê�(J, �©¥
�¢ëê�������. Ïd, 3�¢ëê��
�����^)Û�{ïÄ�¢ëê�XÚ�A
Ì�OÃ�m�'X´�~7��. �©±¹�5
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��Ó�äkü«ØÓ�±Ï5, �XÏLê��
ý�y)Û(J��(5, ���Ñ�'�(Ø9
?Ø.

2 �¢�"éL{ZV;XÚ¥�Ä
���K�

Vª&Ò-ye, 3L{ZV­XÚ��5 
£�þÚ\�¢�", =

d
dt

x(t) = −x3(t) + x(t − α) + f cos(ωt)

+ F cos(Ωt), (1)

Ù¥, �¢ëê α > 0, &ÒÌ� f ¿ 1, &Òª
Ç ω ¿ Ω, =ü&Ò©O�$ªf&ÒÚpª&
Ò. 3Ã�¢�" (α = 0)�, �â²;��Ä��
nØ [4], ÏLN!Ñ\pª&Ò�Ì�, XÚ�A
3ªÇ ω ?�Ì�¬Ñy��y�,¦$ªf&Ò
3XÚÑÑ¥��^��Or. �Ä�¢�"�,

Yang Ú Liu uy [15], �ü&ÒÑ�½ØC�, ÏL
N!�¢ëê�±k�/���Ä��, l
��
$ªf&ÒéXÚ��A. Ï~±XÚé$ª&Ò
��AÌ�OÃ5Ýþ�Ä���§Ý, Ù½Â�

Q =

√
Q2

s + Q2
c

f
, (2)

Ù¥ Qs Ú Qc ©O�XÚÑÑ3ªÇ ω ?��u
Ú{u Fourier ©þ,

Qs =
2

mT

∫ mT

0

x(t) sin(ωt)dt,

Qc =
2

mT

∫ mT

0

x(t) cos(ωt)dt, (3)

T = 2π/ω, m´��ê. ½Â (2)ªL��´�f
$ª&ÒÏLXÚ�����§Ý, Ù©fÜ©Ò
´�A3ªÇ ω ?�Ì�.

2.1 ���¢¢¢���"""ééépppªªª&&&ÒÒÒ---yyy¤¤¤ÚÚÚååå���AAA
���±±±ÏÏÏ555KKK���

Äk, ��Äpª&Ò��^, = f = 0 ��
/, d��§ (1) C�

d
dt

x(t) = −x3(t) + x(t − α) + F cos(Ωt). (4)

XÚ��AÌ�d	-&Ò��^Úå, duÉ�

�5��K�, b½�§£4¤�)�

x(t) =
∞∑

n=1

[An sin(nΩt) + Bn cos(nΩt)], (5)

½ö

x(t) =
∞∑

n=1

Cn sin(nΩt + Φn), (6)

Ù¥

Cn =
√

A2
n + B2

n,

Φn = atan
(Bn

An

)
. (7)

r�§ (5) �\�§ (4), ��'u An, Bn ��X
��§|, Ù¥'u A1, B1 ��§|�

3A3
1 + 3A1B

2
1 − 4A1 cos(Ωα)

− 4B1 sin(Ωα) − 4B1Ω = 0, (8)

3B3
1 + 3A2

1B1 − 4B1 cos(Ωα) + 4A1 sin(Ωα)

+ 4A1Ω − 4F = 0. (9)

)��5�§|´���~(J�¯K, �â�
§ (8) Ú (9) �J�Ñ A1 Ú A2 �äN)Ûª, �
ØJuy A1 Ú B1 �)´ Ω, F , sin(Ωα), cos(Ωα)

�¼ê. ?
�Ñ C1 �AT´ Ω, F , sin(Ωα),
cos(Ωα) �¼ê, =

C1 = F1

[
F,Ω, sin(Ωα), cos(Ωα)

]
, (10)

Ù¥ F1[·] L«¼ê���P{. 3�§ (10) ¥, N
´uy

C1(α + 2π/Ω)

= F1

[
F,Ω, sinΩ(α + 2π/Ω), cos Ω(α + 2π/Ω)

= C1(α), (11)

dd��XÚÑÑ3ªÇ Ω ?�Ì�´±Ï5C
z�, �Ù±ÏTÐ�upª&Ò�±Ï, = 2π/Ω.

²LÓ��í��±y², XÚ�ÑÑ3ªÇ nΩ

(n = 2, . . . . . . ,∞) ?�Ì����¢ëê±Ï5
Cz, Ù±Ï� 2π/(nΩ). Ïd, XÚépª&Ò
��A´�¢ëê α �±Ï¼ê, Ù���±Ï
� 2π/Ω. ¯¢þ, 3XÚ (4)ÑÑ¥, Ù�Ì�ªÇ
¤©8¥3 Ω ?, 3Ù¦ªÇ?, �A�Ì�4Ù
�f.

2.2 ���¢¢¢���"""ééé$$$ªªª&&&ÒÒÒ---yyy¤¤¤ÚÚÚååå���AAA
���±±±ÏÏÏ555KKK���

�Äü�&ÒÓ��^uXÚ, = F 6= 0,

f 6= 0 ��/. �{B$�,�XÚ�AäkXe/
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ª�Cq) [7−9]

x(t) = y(t) + Λ sin(Ωt + Θ) (12)

Ù¥ y(t)´��mºÝ TL = 2π/ω �A�$ª�
C¤©, Θ L«� ,Λ´I�(½�~ê. Ï��
mºÝ TL = 2π/ω ��u TH = 2π/Ω, Ïd3 0—

TH ��mãS, �±r y(t), y(t−α) Ú f cos(ωt) �
�~ê?n. ò (12)ª�\ (1)ª, ¿é t 3 0—TH

��mãS?1È©, z{���
d
dt

y(t) − y(t − α) + y3(t) + 3Λ2/2y(t)

= f cos(ωt). (13)

aqu 2.1. !é�§ (4) �©Û,��§ (13) �C
q)�

y(t) =
∞∑

n=1

[
an sin(nωt) + an cos(nωt)

]
, (14)

½ö

y(t) =
∞∑

n=1

cn sin(nωt + φn), (15)

Ù¥

cn =
√

a2
n + b2

n, φn = atan(bn/an). (16)

ò�§ (14) �\�§ (13), ��'u an, bn ��X
��§|, Ù¥'u a1, b1 ��§|�

3a3
1 + 3a1b

2
1 − 4a1 cos(ωα) − 4b1 sin(ωα) + 6a1Λ

2

−4b1ω + 4f = 0, (17)

3b3
1 + 3a2

1b1 + 4a1 sin(ωα) − 4b1 cos(ωα)

+6b1Λ
2 + 4a1ω = 0. (18)

�â�§ (17) Ú (18) �� b1, b2 �)´'u Λ, f ,

ω, sin(ωα), cos(ωα) �¼ê, ¤± c1 �´'u Λ, f ,

ω, sin(ωα), cos(ωα) �¼ê, P�

c1 = f1[Λ, f, ω, sin(ωα), cos(ωα)]. (19)

� α1 = α + 2π/ω�,

f1[Λ, f, ω, sin(ωα1), cos(ωα1)]

= f1[Λ, f, ω, sin(ωα), cos(ωα)]. (20)

ùÒy²
 c1 äk±Ï5, =XÚ�A3ªÇ ω

?�Ì���¢ëê α �mäk±Ï5, Ù±Ï
� 2π/ω.

2.3 êêê������ýýý(((JJJ���©©©ÛÛÛ

�â�§ (2) �½Âª, ��é�§ (1) ?1
ê��ý, ©Û�¢�"é�Ä���)�K�

¿�yXÚé$ª&Ò�A�Ì�OÃäkü«
ØÓ�±Ï5. �!æ^©z [17] ¥�U?. 4

� Runge Kutta �{, lÑúª�

k1 = −x(n)3 + x(n − i∆α/∆t)

+f cos(ωn∆t) + F cos(Ωn∆t),

k2 = −[x(n) + 0.5k1]3 + [x(n − i∆α/∆t)

+0.5k1] + f cos(ωn∆t) + F cos(Ωn∆t),

k3 = −[x(n) + 0.5k2]3 + [x(n − i∆α/∆t)

+0.5k2] + f cos(ωn∆t) + F cos(Ωn∆t),

k4 = −[x(n) + k3]3 + [x(n − i∆α/∆t) + k3]

+f cos(ωn∆t) + F cos(Ωn∆t),

x(n + 1) = x(n) +
1
6
(k1 + 2k2 + 2k3 + k4)∆t (21)(

n = 1, 2, . . . , N, N =
t

∆t
,

i = 1, 2, . . . ,M,M =
α

∆α

)
,

Ù¥ ∆α, ∆t ©OL«�¢Ú�Ú�mÚ�. (21)

ª¤I«�U?. 4 � Runge-Kutta �{�IO 4

� Runge-Kutta �{�O�°Ý�ÉØ�, ��B
u¢�êâ�?n, �©z [18,19] L²¦^�!
��{�¦^�{ü� Euler �{?1ê��[¤
���(Ø´���. 3�©�ê��ýO�¥,

À� m = 30.

ë�½Âª (2), ½ÂXÚéÑ\�pª&Ò
��AÌ�OÃ�

R =
√

R2
s + R2

c/F, (22)

Ù¥ Rs Ú Rc ©O�XÚÑÑ3pª&ÒªÇ Ω

?��uÚ{u Fourier ©þ,

Rs =
2

mT

∫ mT

0

x(t) sin(Ωt)dt,

Rc =
2

mT

∫ mT

0

x(t) cos(Ωt)dt. (23)

ã 1 �Ñ
�á��¢«m (α < 2π/ω) S, X
ÚéüÑ\&Ò��AÌ�OÃ Q Ú R ��¢ë
ê α �m�'X­�. ã 1(a) L², XÚéüÑ\
&Ò��AÌ�OÃ�X�¢ëê�Czäk�
Ó�±Ï5, Ù±Ï� 2π/Ω. 'u R ��¢ëê α

�m�±Ï5'X, ã 1(a) �ê�(J� 2.1. !¥
�Ñ�(Ø´���, �y
)Û©Û��(5. Q

��¢ëê�Czäk 2π/Ω �±Ï5, �±(Ü
DÚ��Ä��nØ?1)º, =XÚé$ª&Ò
��AÌ�OÃ�Ñ\pª&Ò�Ì�¥y��
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5'X. )Û©ÛÚê�(JÑL², N!�¢ë
ê�ÓuN!Ñ\pª&ÒÌ�Úå��A, Ïd
XÚÑÑ3ªÇ Ω ?�Ì���¢ëê± 2π/Ω

�±Ï?1CzÒ�Óu3Ã�¢�"�XÚ¥
Ñ\pª&Ò�Ì�± 2π/Ω �±Ï?1Cz, ¤
±Úå
XÚÑÑ3ªÇ ω ?��AÌ�OÃ�
± 2π/Ω �±Ï?1Cz. ã 1(b) �ê�(J�y

ù�)º. 3 α = a ?, XÚ�A3ªÇ ω ?�
Ì�����, UYO� α ��J�Óu3DÚ�
�Ä��nØ¥UYO�Ñ\pª&Ò�Ì�, �

 Q ¬~�. � R ������, �ÓuÑ\�p
ª&ÒÌ������, ¤± Q ­�3 α = b ?Ñ
y��Å�. UYO� α �Óu~�Ñ\pª&Ò
�Ì�, ¤± Q ¬UYO���Ñy,��¸�.

ã 1 L{ZV;XÚéüÑ\&Ò��AÌ�O
Ã��¢ëêCzþ¥y±Ï� 2π/Ω �±ÏA5
f = 0.02, F = 1.0, ω = 0.01, Ω = 4.0

ã 2 L{ZV;XÚé$ª&Ò��AÌ�OÃ��¢
ëêCz¥y±Ï� 2π/ω �±ÏA5 f = 0.1, F = 1,
ω = 0.1, Ω = 4.0

3���¢±Ï 2π/Ω S, Q ¬Ñyü�¸�´Ï
��¢ëê�Cz¦�XÚÑÑ¥kü�pª&
Ò�Ì�¬Úå�Ä��y�, ¸����u)C
z´Ï�XÚé$ª&Ò��AØ=�pª&Ò
Úå��AÌ�k', 
�Ù�����É��¢

�"�K�.
ã 2 �Ñ
3����¢«m (α > 2π/ω) S,

XÚé$ª&Ò��AÌ�OÃ Q ��¢ëê α

�m�'X­�. �X�¢ëê�Cz, Q ¥y±
Ï5Cz, Ù±Ï� 2π/ω, �y
 2.2. !¥)Û©
Û��(5. 3©z [15] ¥, du�¢ëê���
����, �uyù«±Ï5.

3 �¢�"é Duffing �fXÚ¥�Ä
���K�

Vª&Ò-ye, ©O3äkV³² (V­�)

Úü³² (ü­�) � Duffing �fXÚ��5 £
�þÚ\�¢�", ���§

d2

dt2
x(t) + δ

d
dt

x(t) − ω2
0x(t − α) + βx(t)3

= f sin(ωt) + F sin(Ωt), (24)
d2

dt2
x(t) + δ

d
dt

x(t) + ω2
0x(t − α) + βx(t)3

= f sin(ωt) + F sin(Ωt), (25)

Ù¥�¢ëê α > 0, δ ´{ZXê, � δ, ω0, β Ñ
��¢ê, ü±Ï&ÒäkÚ1 2 !�±Ï&Ò
�Ó�A5. �!¦^½Â (2) ªéXÚ (22) Ú
XÚ (23) ��?1ê��ý, ïÄ�¢ëêé�
Ä��y��K�. 3ê��ý�L§¥, �'ë
êÀ�� ω0 = 1, δ = 3ω0/

√
2, β = 10, f = 0.1,

ω = 0.1.
�Ø�Ä�¢�", = α = 0 �, ã 3(a) Ú

ã 3(b) ©O�Ñ
XÚ (22) ÚXÚ (23) é$ª&
Ò��AÌ�OÃ Q �pª&ÒÌ� F �m�
¼ê'X. ã 3(a) L²V; Duffing XÚ¥�3²
;��Ä��y�, � Ω ����, �����¤
I F �����. éu Ω = 3, � F < 1.3 �, Q

� F �O�
�ú/O�¶� 1.3 < F < 1.75�,

Q � F �O�×�O�¶� F = 1.75�XÚ��
���Z§Ý¶� F > 1.75�� F �O� Q ü
N~�. ã 3(b) L², 3À��!��ýëê�, Ï
LN! F ØUÚu�Ä��y�, Q � F �O�
üN~�. ©OéAuã 3(a) �u)��Úu)�
���/, ã 4 �Ñ
XÚ (22) �A��mS�.

��u)���, XÚ�ÑÑ�Û�3Ð©^�¤
(½�³²¥, �Ñy³²�m�B�, $ª&Ò
ØU���. ���u)�, XÚ�ÑÑ¢y
ü
³²�m�B�, $ª&Ò�k�/��.
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ã 3 Ø�Ä�¢�" (α = 0)�, (a) V­ Duffing XÚ¥�²;�Ä��y�; (b) ü­ Duffing XÚ¥�Ñy�Ä��y�

ã 4 Ø�Ä�¢�" (α = 0)�, (a) V­ Duffing XÚ¥�²;�Ä��y�; (b) ü­ Duffing XÚ¥�Ñy�Ä��y�

ã 5 V­ Duffing XÚ¥�¢ëêCzÚåXÚé$
ª&Ò�AÌ�OÃ�±Ï5Cz Ω = 3

ã 6 V­ Duffing XÚ¥, F = 1.0, Ω = 3�, (a) Ø�
Ä�¢�"��Ä���u)���mS�, α = 0; (b)
�¢�"Úu�Ä�����mS�, α = 60.7
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ã 7 ü­ Duffing XÚ¥�¢ëêCzÚåXÚé$
ª&Ò�AÌ�OÃ�±Ï5Cz Ω = 3

ã 8 ü­ Duffing XÚ¥, F = 1.0, Ω = 3�, (a) Ø�
Ä�¢�"��Ä���u)���mS�, α = 0; (b)
�¢�"Úu�Ä�����mS�, α = 28.6

�Ñ\�Vª&Ò�½ØC�, ã 5 �Ñ
�

¢ëê α é$ª&Ò�AÌ�OÃ Q �K�. ã 5

L²�X�¢ëê�O�, XÚé$ª&Ò��A
Ì�OÃÓ�¥yü«ØÓ�±Ï5, §�©O�
üÑ\&Ò�±Ï. é'ã 5(a) Úã 3(a) ��±u
y,¦^N!�¢�"��{U
¦XÚ���r
���§Ý. ã 6 �Ñ
�¢ëêéXÚ (22)ÑÑ
��mS��K�. 3ã 6(b) ¥, ��¢�"Úu
���, XÚ�ÑÑ��ÅXÚ¥u)�Å���
ÑÑ��mS�4��q, ù�l��ý¡`²

�Ä����Å���m��q5.

ã 3(b) ®²L², 3ü­ Duffing XÚ (23) ¥
Ø�3²;��Ä��y�. 3ã 7 ¥, �±Ù{
ëêØC, ÏLN!�¢ëê, 3XÚ (23) ¥¢y

±Ï5��Ä��, ù?�Ú�N
|^�¢�
"���Ä���­�5, §�±3��Ø�3�
Ä���XÚ¥pu�Ä��y�, ?
���f
$ª&Ò. ã 8 �Ñ
�¢ëêéXÚ (23)ÑÑ�
mS��K�, uy=¦3ü­XÚ¥, �Ä��
u)�XÚÑÑ3/ªþ��±¢yaquV­
XÚ¥5Æ5� “B�”.

k' Duffing XÚ¥�¢ëêCzÚå�±Ï
5�Ä���)Ûy², Ù�{�1 2 !�y²�
{�Ó, �!Ø2Kã.

4 o(�?Ø

©OïÄ
pª&ÒÚ�f$ª&ÒÓ�-
ye¹�¢�"�L{ZV;XÚÚ Duffing XÚ
¥��Ä��y�. ��¢�"\3�5 £�
þ�, nØ©ÛÚê�(JÑL²XÚé$ª&
Ò�A�Ì�OÃ��¢ëê�CzÓ�¥yü
«ØÓ�±Ï5, §�©O�uÑ\�pª&Ò
Ú$ª&Ò�±Ï. éuØ�3²;�Ä���ü
­ Duffing XÚ, ÏLN!�¢�"ëê, ��±p
u�Ä��y�. |^N!�¢�"��{Ø=�
±k�/����5XÚ¥��Ä��y�, 
�
��±?�ÚOrXÚé�f$ª&Ò��A. �
©�(J3�ÆÚó§+�¥é&Ò���9�
f$ª&Ò�uÿÚ��¯KJø
�«g´.

8c, k'�¢�"3Éõª&Ò-y���
5XÚ¥¤Úå�ÄåÆ�A�ïÄ�?uÐ?
�ã, �©¤?Ø��´�{ü��/. Äk,�¢
�"�/ª´�5�, éu¹��5�¢�"��
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¹K�E,�õ, 
��¢�"��3 £�þ,

3�Ý�þ¹�¢�"��/q�XÛ�k�u
?�Ú�?Ø. Ùg, �©�XÚ´�{ü��/,

?ØÌ�´�éL{Z�/?1�. éuj{Z�
/, XÚ�AK�U¬Ñy·b, uÑ, ÓÚ�õ«
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Abstract

Under the excitations of the high-frequency and weak low-frequency signals, the effects of linear time delay feedback on the

vibrational resonance in overdamped bistable system and Duffing systems are investigated respectively. Both the analytical and the nu-

merical results show that the response amplitude of the system to the low-frequency signal varies periodically with the delay parameter

simultaneously (with two different periods, i.e., the periods of the two exciting signals). Numerical results also indicate that the delay

feedback can induce vibrational resonance in the monostable Duffing system in which there exists no traditional vibrational resonance.

By adjusting the delay parameter, not only the vibrational resonance can be effectively controlled, but also the response of the system

to the weak low-frequency signal can be further improved.
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