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3²þ|nØÚü�Cqe,ÏL*	ÙØê���m�üz, ±9ÙØê��²þ���5�p�^ëê�
Cz, ïÄ
é¡V³²±9³²mpªN�� Fermi �6íN3 unitarity «�Ú Bose-Einstein và«��gÐ¼
y�. �Ñ
ÑygÐ¼y��>.^�; uypªN�3�½N���S¦gÐ¼y��N´¢y. ��ïÄ

Ð�égÐ¼�K�, uyÐ��ýé� |s(0)| �O\�k|ugÐ¼�¢y.

'�c: Fermi �6íN, gÐ¼y�, pª±ÏN�
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1 Ú ó

Bose-Einstein và (BEC) �¢y [1] �<�Ð
«
�~�<�A^cµ. ��<�3¢�ÚnØ
þ?1
éõk¿Â�ïÄ [2−10]. 
 Fermi fU

�é/¤äkaüg^ÀÚf5�� Cooper é,

3§Ýé$��ÿ, §U
/¤ÚÀÚfaq�v
àN, aqu BEC. �Eó�öé�6 Fermi và
Näk�éõþfy���
�\�ïÄ [11−16].

Feshbach ��Eâ�±ÏLN!âfm-E

�)� s ÅÑ��Ý asc, l
¦� Fermi �
6 íN? u ØÓ� « �, � Ñ � � Ý é � � �
ÿ (asc → +0), Fermi �6íN?u BEC «�,

�Ñ��Ýé���ÿ (asc → +∞), Fermi �6í
N?u unitarity «�. �©òïÄ Fermi �6íN
?uùü«4��¹��gÐ¼y�.

V³²3ÔnÆïÄ¥´���~k^��
., |^T�.<�C²uy
�e�f�Nõ
þfy�, X��5­½���3 [17], rÍÜ±
Ï°Ä [18], Mott ý�G��UÌ [19], ±9ü²m
� Landau-Zener �By� [20−22] �. BEC �gÐ

¼y�®²�ïÄ [23], �´é�k'u Fermi �
6íN3ü�«� (BEC Ú unitarity) �gÐ¼y
��XÚïÄ.

�©¥, ·�æ^V³²�., 3²þ|nØ
Úü�Cqe, ÏL*	ÙØê���m�üz,

±9ÙØê��²þ���5�p�^ëê�C
z, ïÄ
V³² Fermi �6íN�gÐ¼y�. ï
ÄuyÃØ3³²é¡�´3³²m\pªN�
��¹, Ñ�3��.���5ëê, ���5ë
ê�uù��.��, âfê3ü�³²m¥yÑ
±Ï5��, ÙØê���m�²þ� 0, gÐ¼y
�vkÑy. Ó�uypªN�3�½��S¦g
Ð¼y��N´¢y. ��ïÄ
Ð�égÐ¼�
K�, uyÐ��ýé� |s(0)| �O\�k|ug
Ð¼�¢y.

2 ��5ü��.

¹ k � þ â f � Fermi � 6 íNXÚ, 3
§Ýé$� �ÿ, ÷vXe��Ã þjzÄå
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Æ�§ [24,25][
−1

2
∂2

∂x2
+ V (x)

+µ(n, a) − i
∂

∂t

]
Ψ(x, t) = 0, (1)

Ù¥ V (x) =
1
2
x2 + Ae−kx2

£ã
XÚ�§B
³, m ´ Fermi f / ¤ Cooper é � � þ, µ ´
z Æ ³, Ψ(x, t) � £ ã Fermi � 6 íN� Å ¼
ê. þ¡?nL§¥|^
��fÃþjzü
  (~ = ω = m = 1), ¤k��Ý!�m±9Å¼
ê Ψ ©O^

√
~/(mω), ω−1 Ú

√
N ?1
Ãþj

z?n.

�©¥·�©O�Ä unitarity «� (Qsc →
+∞) Ú BEC «� (asc ¿ 1) ��¹, Ù¥ asc ��
6 Fermi íN� s ÅÑ��Ý. éu Fermi íN�z
Æ³, CAck'Æö®²�
éÐ�ïÄ [26−28],

�©ÀJzÆ³÷vXe�§

µ = C0n
γ0(1 + C1n

γ1), (2)

ª ¥ é u unitarity « � Ú BEC « �, (γ0, γ1)

© O � u (2/3,−1/3) Ú (1, 1/2), [C0, C1] © O

�u
[
4πα0~2

βm
,

γ

βasc

]
Ú

[
4π~2asc

m
,

32
3
√

π
a
3/2
sc

]
, Ù

¥ α0 = 32/(3π), β = 4πα0/22.22[27,28].

æ^ü�Cq [28−30], Å¼ê��Xe/ª

Ψ(x, t) = ψ1(t)φ1(x) + ψ2(t)φ2(x), (3)

Ù¥ φ1,2 ©O�ü�²��¼ê, §�÷v8

� z^�:
∫

φi(x)φj(x)dx = δij . ψ1,2(t) ÷ v:

|ψ1,2(t)|2 = N1,2(t), N1,2(t) ©O�ü²¥�âf
ê. r�§ (3) �\�§ (1), ¿é�mÈ©, ·��
� ψ1,2(t) ÷v±e�§ [27]

iψ̇1 =
γ

2
ψ1 + (U1N

γ0
1 + V1N

γ0+γ1
1 )ψ1 − kψ2, (4)

iψ̇2 = −γ

2
ψ2 + (U2N

γ0
2 + V2N

γ0+γ1
2 )ψ2 − kψ1, (5)

ª¥, γ ´ü²U?�, k ´ü²m�ÍÜXê, U1,

U2, V1, V2 ´� C0, C1 k'�L�ª, §�ÑL�

 Fermi f�m��p�^. �
O�{ü, �©
3O��, � U1 = U2 = U , V1 = V2 = V .

rÅ¼ê��: ψ1,2 =
√

N1,2eiθ1,2 , Ú\ÙØ

ê� s =
N2 − N1

N
, Ú�é�  θ = θ2 − θ1. lù

é�ÝCþÑu, ��Xe�§
ds

dt
= −2k

√
1 − s2 sin θ, (6)

ds

dt
= γ + c0[(1 + s)γ0 − (1 − s)γ0 ]

+c1[(1 + s)γ0+γ1 − (1 − s)γ0+γ1 ]

+
2ks√
1 − s2

cos θ. (7)

|^�KC�
ds

dt
= −∂H

∂θ
, dθ

dt =
∂H

∂s
, ·��

±�� Fermi XÚ�²; Hamilton þXe:

H = γs +
c0

1 + γ0
[(1 + s)1+γ0 + (1 − s)1+γ0 ]

+
c1

1 + γ0 + γ1
[(1 + s)1+γ0+γ1

+(1 − s)1+γ0+γ1 ]

−2k
√

1 − s2 cos θ, (8)

Ù¥, c0 =
(

N

2

)γ0

U1, c1 =
(

N

2

)γ0+γ1

V1. ·�u

y��5ëê c0 Ú c1 �6uâfê N Ú�m�
¥ φi(x)(i = 1, 2), 
�¥q�6u	³| V (x) Ú
zÆ³ µ(n, asc). �©3O��, � k = 1.

3 ê�O�(J9Ù©Û

ù�!¥·�òïÄÄu±þ�.� Fermi

�6íN�gÐ¼y�. 3�©¥·�¤`�g
Ð ¼ y�, ´ � Ù Ø ê � � � m � ² þ Ø � 0,

= 〈s〉 6= 0. ½ö`âfêÙØ��m�üz3
ü�³²¥m©Øé¡©Ù. �©3O��, ·�
Äkr¤kâf��3��³²¥, ,�ÏLU
C��5ëê (=�p�^ëê) 5*	âfêÙ
Ø��m�üz, l
��gÐ¼��gÐ¼�>
.^�.

3.1 ³³³²²²ééé¡¡¡������gggÐÐÐ¼¼¼yyy���

Äk·�± Fermi �6íN3 unitarity «�
�~, ,�·�^Ó���{?Ø Fermi �6íN
3 BEC «��gÐ¼y�.

���5ëê c1 = 0 �, éuØÓ���
5ëê c0/k, ÙØê���m�üzXã 1(a) ¤
«, ·��±wÑ, ���5ëê c0/k < 2.85 �,

ÙØê���m�üz3 –1 � 1 �m¥yÑ±
Ï5��. §�NÑ3��5ëê����¹
e, âf3ü�³²m5£��. 
���5ë
ê c0/k > 2.85 �, ÙØê���m�üz¥yÑ
3 –1 � x (−1 < x < 0) �m�±Ï5��, ù�
N
��p�^ëê���, âfê3ü�³²¥
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m©Øé¡ÙØ, =m©ÑygÐ¼y�. ù«é
uØÓ��p�^ëê, ÙØê���m�ØÓü
z�±ÏLâfê²þ5�N.ã 1(b) �Ñ
ÙØ
ê���müz�²þ©Ù��p�^ëê c0/k

�Cz. �±wÑ, éu c1/k � 0 �, �3���
.: c∗0/k = 2.85, � c0/k < c∗0/k �, ÙØê��
�m�²þ� 0, �N3ã 1(a) ¥Ò´âfê3ü
�²�m��. 
� c0/k > c∗0/k �, ÙØê���
m�²þØ� 0, §�N
âfê3ü�³²mm
©
Øé¡©Ù, =Ñy
gÐ¼, ùÚã 1(a) �
ÎÜ.

ã 1 (a) c1 = 0 �, ÙØê���m�üz; (b) ÙØê�é�
m�²þ���5�p�^ëê c0 �Cz

±þ?ØÑ´Äu��5ëê c1 = 0 ��¹,

e¡·�òéØ� 0 ��¹Ðm?Ø. �c¡�q,

·�©O�ØÓ���5ëê c1, ,��
ÙØ
ê��²þ©Ù� c0 �Cz, Ó��uy
�.
: c∗0. ã 2(a) �Ñ
 c0, c1 Ø� 0 �gÐ¼y�Ñ
y�>.. ·�uyù�>.÷v�55Æ. �e
5·�ÏL�½�í�L§, ò¬��ù�>.�
)ÛL�ª.

é u ² ; � Hamilton XÚ, é uã 1(a) ¥
�±Ï��, ·��±�����±Ï T , T =∫

∂θ

∂H
ds[30]. éuÐ©^� s(0) = ±1, ·��±

�� Hamilton þ� H(s = ±1) =
c0

1 + γ0
21+γ0 +

c1

1 + γ0 + γ1
21+γ0+γ1 = H0. ·�l�§ (8) ��

−2k
√

1 − s2 cos θ = H0 − H1 (9)

ùp

H1 = − c0

1 + γ0
[(1 + s)1+γ0 + (1 − s)1+γ0 ]

− c1

1 + γ0 + γ1
[(1 + s)1+γ0+γ1

+(1 − s)1+γ0+γ1 ]. (10)

Ï
·��±��

T = − 1
2k

∫
ds√

1 − s2 − 1
4k2

(H0 − H1)2
, (11)

þª�
��¢�, 7L÷v 1 − s2 − 1
4k2

(H0 −

H1)2 > 0. Ïd·���ÑygÐ¼�>.^�

2k =
c0

1 + γ0
(21+γ0 − 2)

+
c1

1 + γ0 + γ1
(21+γ0+γ1 − 2). (12)

é u unitarity « �, lã 2(a) � ± w Ñ, �
§ (12) �Ñ�>.^�Ú·��ê�(J��
ÎÜ.

Ú unitarity «�aq, ·�éu Fermi �6í
N BEC «��gÐ¼y�, Ó�ÏLïÄÙØê
���m�üzÚÙØê��²þ���5�p

ã 2 ÑygÐ¼�>.^�� c0 Ú c1 �'X ¢��L)
Û(J, :�Lê�(J; (a), (b) ©O�L unitarity Ú BEC «�
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�^ëê�Cz, *	�
���5ëê���,

ÙØêé¡©Ù, ���5ëê���, Ñy
g
Ð¼y�.ã 2(b) �Ñ
3T«����5ëê c0

Ú c1 Cz�, ÑygÐ¼«�Ú�gÐ¼«��>
.^�. ÏLê�Ú)Û(J�é', ·�uy�
öÎÜ��~Ð.

3.2 ³³³²²²mmmpppªªªNNN���ééégggÐÐÐ¼¼¼���KKK���

þ¡?Ø
é¡V³²¥�gÐ¼y�, ù
��!p, ·�ò3ü�³²m\þpª±ÏN
� (= γ = A sinωt), ÏLUC�p�^ëêÚp
ªN�ëê, 5*	gÐ¼y�, l
�Ñ3pª
N��ÑygÐ¼y��>.^�. ·�3ùp¤
`�pª´� ω > 10k.

Úé¡V³²��, ·��
� A/ω = 1,

c1 = 0 �, éuØÓ���5ëê c0, ÙØê��
�m�üz (Xã 3(a)), ±93ù«�¹eÙØê
��²þ���5ëê�Cz (Xã 3(b)). Ó�·
�uy�3���.: c∗∗0 , � c0 �uù��.:
�, gÐ¼y�vkÑy, 
��uù�:�, Ñy

gÐ¼y�.

ã 3 (a) pªN��ÙØê���m�üz; (b) pªN��
ÙØê�é�m�²þ���5�p�^ëê c0 �Cz

ÑygÐ¼y���.^��±ÏLN! c0,

c1 Ú A/ω UC.ã 4(a) �Ñ
 A/ω = 1 �, gÐ¼
u)�>.^�� c0 Ú c1 �Cz. �±wÑ, §�
�'XE,÷v�½��5'X, ù�'X·�ò
3�¡�Ñ)Û(J.Ó�, � c1 � 0 �, ·��Ñ

ÑygÐ¼�>.^� c0/k � A/ω �'X (X
ã 4(b)). Ó��±wÑ§�÷v�½�'X. e¡
�?Ø¥, ·�¬�Ñ)ÛL�ª.

ÏL�Ø\N���(J'�, ·�uyp
ªN�¬¦u)gÐ¼�>.^�~�, l
¦
� Fermi �6íN�gÐ¼y��N´¢y. ±
þ?ØÑ´Äu Feimi �6íN3 unitarity «�
��¹, 
éu3 BEC «���¹, ·���

ê�O�, uyÚ unitarity «���¹éaq. 3
ã 4(c) Ú (d) ¥, ©O�Ñ
 A/ω = 1 �, gÐ¼u
)�>.^�� c0 Ú c1 �CzÚéuØÓ� A/ω

Ú c0/k ÑygÐ¼�>.^�, §�Ó�÷v�
½�'X. e¡·�ÏL{ü�í�, 5�Ñpª
N��u)gÐ¼�>.^�.

· � r Å ¼ ê � � ψ1 = ψ′
1e

i(A/2ω) cos(ωt),

ψ2 = ψ′
2e

−i(A/2ω) cos(ωt). l
�§ (4) Ú (5) C
�

iψ̇′
1 = (U1N

γ0
1 + V1N

γ0+γ1
1 )ψ′

1

−ke−i(A/ω) cos(ωt)ψ′
2, (13)

iψ̇′
2 = (U2N

γ0
2 + V2N

γ0+γ1
2 )ψ′

2

−kei(A/ω) cos(ωt)ψ′
1. (14)

|^pªCq [29]

eix cos(ωt) =
∑

Jn(x)(±i)ne±inωt, (15)

ª¥ Jn(x) ´ n � Bessel ¼ê, �ÑÙpg� [29],

k��p�^C�: kh = k|J0(A/ω)|.
Ïd, �·�r£ãé¡V³²m�p�^�

ëê k ^ kh �O�, þ��!¥£ã�>.^�
E,·^upªN��ÑygÐ¼�>.^�, =
k

2k|J0(A/ω)| =
c0

1 + γ0
(21+γ0 − 2)

+
c1

1 + γ0 + γ1
(21+γ0+γ1 − 2). (16)

ê�Ú)Û(J�é'Xã 4(a)—(d), ·��
±wÑÃØ´3 BEC «��´3 unitarity «�, �
öÎÜ��~Ð.
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ã 4 pªN��ÑygÐ¼Ñy�>. ¢��L)Û(J, :�Lê�(J; (a), (b) �L unitarity «�, (c), (d) �L BEC

«�

ã 5 c1 � 0 �Ð�égÐ¼�K� (a), (b) ©O�LØ\N�ÚpªN����¹

3.3 ÐÐÐ���ééégggÐÐÐ¼¼¼���KKK���

þ¡ü�!3?Ø��ÿ, Ñ�ÙØê� s

�Ð�� 1 ½ –1, =3m©râf�Ü��3�
�³²¥. ù��!·�?ØÐ�égÐ¼�K
�. ·�± unitarity «��~, � c1 = 0, ��{ü

�?Ø.

ã 5(a) �Ñ
é¡V³²¥Ð©^�égÐ
¼�K�. �±wÑ, �Xü²mâfêÙØ��
�~� (ã¥ s(0) �ýé��~�), ÑygÐ¼�
>.��5ëê c0 ØäO\, =gÐ¼�5�J
¢y. ã 5(b) �Ñ
³²mpªN��, Ð©^�
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égÐ¼�K�.Ó�wÑ�Xü²mâfêÙØ
���~�Øä~�, ÑygÐ¼�>.��5ë
ê c0 �ØäO\. é'ã 5(a) Ú (b), ·�Ó�u
y, pªN�¬¦u)gÐ¼�>.~�, �é{
`, pªN�¦�gÐ¼�N´¢y.

4 ( Ø

�©3²þ|nØ�e, ÏLü�Cq, í�
Ñ
 Fermi �6íN3 unitarity «�Ú BEC «�
¤÷v�ÄåÆ�§. ,�ÏLÚ\�é�ÝC

þ, ¿é§���KC�, ��
 Fermi �6XÚ�
Uþ. ,�ÏL*	ÙØê���m�üz, ±9
�ã�mSÙØê��²þ���5�p�^ë
ê�Cz, ��
�V³²é¡±9³²m\pª
N��ÑygÐ¼�>.^�. ��ïÄ
Ð©�
ÙØê��ØÓégÐ¼�K�. ïÄuy, ��
5�p�^ëê c0, c1, Ð� s(0) ±9pªN�ë
ê A/ω égÐ¼k�½�K�. �½��S�p
ªN��±�k|ugÐ¼�¢y,Ó�Ð��ý
é� |s(0)| �O\��k|ugÐ¼�¢y.
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The self-trapping of superfluid Fermi gases in the
Bose-Einstein condensation regime and in unitarity∗
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Abstract

In the mean-field theory and two-mode approximation, we study the self-trapping of superfluid Fermi gases in the BEC regime and

in unitarity by observing the evolution of the population imbalance with time and the variation of the average of population imbalance

with several non-linear interaction parameters. The high-frequency modulations of both the symmetric double-well potential and the

potential well are studied. The boundary conditions of the self-trapping and non-self-trapping are given. We find that high-frequency

modulation in a certain range of modulation can make the self-trapping phenomenon easier to achieve. Finally, we study the influence

of the initial value on self-trapping, and find that the increase of the absolute of the initial value can make the self-trapping more

conducive to the realization.

Keywords: Fermi superfluid gases, self-trapping phenomenon, high-frequency modulation
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