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1 Ú ó

©ê��È©®k 300 õc�{¤, ÙuÐA
���ê��È©ÓÚ, �du�Ïvk¢SA^
�µ
uÐ�ú. 1983 c Mandelbort[1] Äg�Ñ

g,.9¯õ�ÆEâ+�¥�3�þ�©ê�
¯¢, �3�ê��È©�©ê��È©nØ£ã
�ÄåÆXÚ�m�3g�qy�. ��©/AÛ
Ú©ê��ÄåÆÄ:, ©ê��È©m©¼�#
�uÐ¿¤��cISþ�ïÄ9:.

�C, ©ê�·bXÚ��
2��'5. ï
Äuy, Ü©�ê�·bXÚ��êC�©ê�,
XÚE¥y·b1�, ��U�NXÚ¤¥y�
Ôny�, X©ê� Chua >´ [2]!©ê� Duffing
XÚ [3]!©ê� Jerk �. [4]!©ê� Lorenz X
Ú [5]!©ê� Chen XÚ [6]!©ê� LüXÚ [7]!
©ê� Rössler XÚ [8]!©ê�Ú�XÚ [9] �.

,��¡, gl Pecora Ú Carroll[10] Äg3>
fÆ>´�¢�¥¢y
ü�·bXÚ�ÓÚ±
5, Òiå
·bÓÚ�ïÄ9� [11−18]. du
©ê�·b&Ò3\�5Uþ�d3`³, ¦�
©ê�·bXÚÓÚ3��Ï&!&Ò?nÚX

Ú���+�NyÑã��A^cµ. 8c, <
�®JÑNõ©ê�·bÓÚ�{, XÌÄ��
�{ [19,20]!w�C(����{ [21,22]!g·A
���{ [23,24]!Ã
���{ [25]!óÀ���
{ [26,27] �. Ù¥óÀ��U
^é����óÀ
=U	½·bXÚ, �2�A^u·bXÚ�­
½�ÓÚ. 3ÓÚL§¥, �AXÚ�I¼�°Ä
XÚóÀ���G�&E=�¢yÓÚ��, ù�
�ü$
Dx&E�»È��U5, Jp
��
5 [28−34].

�©Äk�é�ê��·b Chen XÚ, æ^
�AXÚ�°ÄXÚG�CþØ���5�"�
�óÀ��&Ò, l
¢yü��ê��·b Chen
XÚ��ÛìCÓÚ, �©z [26] ïÄ(J�',
¤J�{Ø=ü$
�ÛìCÓÚ^���Å5,

�*�
óÀmå�­½«�, ���{{ü¯
��·^u�õê;.��·bXÚ. Ùg, 3þ
ã(JÄ:þ, �é©ê��·b Chen XÚóÀ
ÓÚ¯K, �©ÏL�E#��AXÚ, ò�©ê
�·bXÚÓÚ¯K=z��ê�ÓÚØ�XÚ
�óÀ��¯K, �Ñ
©ê�·bÓÚ#�m�
©Û�{, ��ÏLê��ý(J�y
þã�{
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�k�5.

2 �ê��·bXÚ�óÀÓÚ

�ÄXe�·b Chen XÚ [35]:

ẋ1 = a(x2 − x1),

ẋ2 = bx1 + cx2 − x1x3 − x4,

ẋ3 = x1x2 − dx3,

ẋ4 = x1 + g,

(1)

Ù ¥ xi (i = 1, 2, 3, 4) � X Ú G � C þ, � ë
ê a = 36, b = −16, c = 28, d = 3 Ú g = 0.3
�, XÚ (1) ¥y·b1�, Ù·báÚfXã 1 ¤
«. XÚ (1) ��L«¤XeG��m/ª:

ẋ(t) = Ax(t) + φ(x(t)), (2)

Ù¥ Ax � φ(x) ©O�XÚ��5Ú��5Ü©,
=

A =


−a a 0 0

b c 0 −1

0 0 −d 0

1 0 0 0

 , φ(x) =


0

−x1x3

x1x2

g

 .

-XÚ (2) �°ÄXÚ, ��Ä�Ó(��·
bXÚÓÚ�, ��Xe/ª��AXÚ:

ẏ(t) = Ay(t) + φ(y(t)), (3)

Ù¥ y(t) ∈ R4 ��AXÚ (3) �G��þ.

ã 1 �·b Chen XÚ (1) �·báÚf

�lÑ��8Ü {tk} ÷v 0 < t1 < t2 < · · · <

tk < tk+1 < · · · , limk→∞ tk = ∞, �Ð©�� t0 ÷
v 0 6 t0 < t1. æ^XÚ (3) �XÚ (2) G�Cþ
Ø���5�"��óÀ��&Ò, K��Xeó
À���AXÚ: ẏ(t) = Ay(t) + φ(y(t)), t 6= tk, k ∈ N,

∆y = y(t+k ) − y(t−k ) = Bke(tk), t = tk,
(4)

Ù¥ t+k � t−k ©OL«óÀ�� tk c��]�,
limh→0+ x(tk + h) = y(t+k ), limh→0+ y(tk − h) =
y(t−k ) = y(tk) L«G� y(t) 3 tk ��÷v�
ëY, e(t) = y(t) − x(t) = [y1(t) − x1(t), y2(t) −
x2(t), · · · , yn(t) − xn(t)]T �ÓÚØ��þ, Bk ∈
R4×4 �óÀ��OÃÝ
.

dXÚ (2) Ú (4), ±9°ÄXÚ�G�ëY
5 (= x(tk) = x(t−k )), ��XeÓÚØ�XÚ: ė(t) = Ae(t) + ψ(x(t), y(t)), t 6= tk,

∆e = e(t+k ) − e(t−k ) = Bke(tk), t = tk,
(5)

Ù¥

ψ(x, y) = φ(y) − φ(x)

=


0

x1x3 − y1y3

y1y2 − x1x2

0



=


0 0 0 0

−x3 0 −y1 0

x2 y1 0 0

0 0 0 0




e1

e2

e3

e4


= N(x, y)e,

N(x, y) ´dG� x Ú y û½��êk.Ý
, �
Ü©;.�·bXÚþ�÷v ψ(x, y) = N(x, y)e,
X�·b Lorenz XÚ!�·b Rössler XÚ!�·
bÚ�XÚ�. ·��8IÒ´�O��OÃ Bk

�óÀmå τk = tk − tk−1 ¢yÓÚØ�XÚ (5)
��ÛìC­½, =¢yäkØÓÐ©^��óÀ
���AXÚ (4) �°ÄXÚ (2) ��ÛìCÓÚ.

555ººº 1 �â·bXÚ�G�k.5, �3~
ê M > 0 ÷v |x2| 6 M, |x3| 6 M.

½½½nnn 1 - βk Ú λ ©O� (I + Bk)T(I + Bk)
Ú 0.5(A + AT) ���A��.

i) XJ 2λ +
√

2M > 0, ��3~ê γ > 1 ÷
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vXeØ�ª

γβk exp((2λ +
√

2M)τk) 6 1, (6)

ii) XJ 2λ +
√

2M < 0, ��3~ê ρ (0 6
ρ < −(2λ +

√
2M)) ÷vXeØ�ª

βk 6 exp(ρτk), (7)

KÓÚØ�XÚ (5) ´�ÛìC­½�, =óÀ�
��AXÚ (4) ìCÓÚu°ÄXÚ (2).

yyy²²² � Lyapunov ¼ê� V (e) = 0.5eTe, K
éu t ∈ (tk−1, tk], k ∈ N, V (e) ÷Ø�XÚ (5) �
)¦���

V̇ = 0.5ėTe + 0.5eTė

= 0.5(Ae + N(x, y)e)Te + 0.5eT(Ae + N(x, y)e)

= 0.5eT(A + AT)e + 0.5eT(N(x, y) + NT(x, y))e.

- N(x, y) + NT(x, y) ���A��� λN , Kd

N(x, y) + NT(x, y) =


0 −x3 x2 0

−x3 0 0 0

x2 0 0 0

0 0 0 0

 ,

�� 0 6 λN =
√

x2
2 + x2

3 6
√
M2 + M2 =

√
2M,

¤±

V̇ 6 λeTe + 0.5λNeTe

6 λeTe +
√

2
2

MeTe

= (2λ +
√

2M)V (e).

(8)

u´k

V (e(t)) 6 V (e(t+k−1)) exp((2λ +
√

2M)(t − tk−1)),

t ∈ (tk−1, tk], k ∈ N. (9)

,��¡, � t = tk �,

V (e(t+k )) = 0.5((I + Bk)e(tk))T(I + Bk)e(tk)

= 0.5eT(tk)(I + Bk)T(I + Bk)e(tk)

6 βkV (e(tk)). (10)

éu t ∈ (t0, t1], dØ�ª (9) ��

V (e(t)) 6 V (e(t+0 )) exp((2λ +
√

2M)(t − t0)),

u´k

V (e(t1)) 6 V (e(t+0 )) exp((2λ +
√

2M)(t1 − t0))

Ú

V (e(t+1 )) 6 β1V (e(t1))

6 β1V (e(t+0 )) exp((2λ +
√

2M)(t1 − t0)).

aq/, éu t ∈ (t1, t2], Kk

V (e(t)) 6 V (e(t+1 ))exp((2λ +
√

2M)(t − t1))

6 β1V (e(t+0 )) exp((2λ +
√

2M)(t − t0)),

Ïd, éu t ∈ (tk, tk+1], ��

V (e(t)) 6 V (e(t+0 ))β1β2 · · ·βk

× exp((2λ +
√

2M)(t − t0)). (11)

i) XJ 2λ +
√

2M > 0, ��3~ê γ > 1, K
d (6) Ú (11) ª��

V (e) 6 V (e(t+0 ))β1β2 · · ·βk

× exp((2λ +
√

2M)(t − t0))

6 V (e(t+0 ))β1β2 · · ·βk

× exp((2λ +
√

2M)(tk+1 − t0))

= V (e(t+0 ))β1 exp((2λ +
√

2M)(t1 − t0))

× β2 exp((2λ +
√

2M)(t2 − t1)) · · ·

× βk exp((2λ +
√

2M)(tk − tk−1))

× exp((2λ +
√

2M)(tk+1 − tk))

6 V (e(t+0 ))
γk

exp((2λ +
√

2M)(tk+1 − tk)).

(12)

ii) XJ 2λ +
√

2M < 0, ��3~ê ρ (0 6
ρ < −(2λ +

√
2M)), Kd (7) Ú (11) ª��

V (e) 6 V (e(t+0 ))β1β2 · · ·βk

× exp((2λ +
√

2M)(t − t0))

6 V (e(t+0 )) exp(ρ(tk − t0))

× exp((2λ +
√

2M)(t − t0))

6 V (e(t+0 )) exp((ρ + 2λ +
√

2M)(t − t0)).
(13)

d (12) Ú (13) ª��, � t → 0 (= k → 0) �,
V (e(t)) → 0, e(t) → 0. KXÚ (5) 3�:´�Ûì
C­½�, =XÚ (4) �XÚ (2) ´�ÛìCÓÚ
�, y..

555ººº 2 ©z [26] ïÄ
��©�Ó��·
b Chen XÚóÀÓÚ¯K, �©z [26] �', ½
n 1 �Ñ
�g�Å��â, ?
�¼�óÀ��
���­½�. Ì�U?�?3uUõ
©z [26]
¥�Ü©Ø�ª �^�, äNXe:

i) 3©z [26] ¥, |^·bG��k.5,
Ú\�~ê M ¿÷v |xi| 6 M Ú |yi| 6 M ,
i = 1, 2, 3, 4. �'�e, �©½n 1 ¥éA��~
ê M �I÷v |x2| 6 M Ú |x3| 6 M(�5 1), w
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,k M 6 M ¤á.

ii) 3é Lyapunov ¼ê�¦�L§¥, d©
z [26] � (13) ªk V̇ (e) 6 2(λ + M)V (e). �'�
e, �©½n 1 ÏLÚ\éÝ
 N(x, y)+NT(x, y)
��A����O (� (8) ª), �� V̇ (e) 6 (2λ +√

2M)V (e).
d±þ?Ø��, 3�·b Chen XÚóÀÓ

ÚïÄ¥, ©z [26] Ú�©½n 1 �Ñ�¿©^�
©O� γβk exp((2λ+2M)τk) 6 1 Ú γβk exp((2λ+√

2M)τk) 6 1, ?
���A�óÀ��­½
� (=�óÀ��OÃ βk �½^�e�¼���
�óÀmå τk) ©O� τk 6 − ln(γβk)/(2λ + 2M)
Ú τk 6 − ln(γβk)/(2λ +

√
2M). w,, �©½n 1

�Ñ
�©z [26] �g�Å�¿©^�, �±¼�
���óÀ��­½�.

555ººº 3 d©z [26] ¥� (13) ª (= V̇ (e) 6
2(λ + M)V (e)) ��, 3é Lyapunov ¼ê�ê�
�O¥, =�Ä
 λ + M > 0 ��¹, 
3?Ø
ØÓXÚ½�ÓXÚØÓëê�ÓÚ¯K�, �
�U�3 λ + M < 0 ��¹. �éT¯K, �©
½n 1 ¥¿©�Ä
±þÎÒ�Ø(½5, ©O
�Ä 2λ +

√
2M > 0 Ú 2λ +

√
2M < 0 �«�

¹ (� (12) Ú (13) ª), ±¦¤��â�\ÎÜ¢S
XÚ��¹.

�Ä�¢SA^¥��ì��¢y5��ö
�5, óÀmåÚ��OÃ~À�~ê, u´�â
½n 1 �¼�Xe(J.

íííØØØ 1 b½ τk = τ , � Bk = B, β Ú λ ©O
� (I + B)T(I + B) Ú 0.5(A + AT) ���A��.

i) XJ 2λ +
√

2M > 0, ��3~ê γ > 1 ÷
vXeØ�ª

γβ exp((2λ +
√

2M)τ) 6 1, (14)

ii) XJ 2λ +
√

2M < 0, ��3~ê ρ (0 6
ρ < −(2λ +

√
2M)) ÷vXeØ�ª

β 6 exp(ρτ), (15)

KÓÚØ�XÚ (5) ´�ÛìC­½�, =óÀ�
��AXÚ (4) ìCÓÚu°ÄXÚ (2).

3 ©ê��·bXÚ�óÀÓÚ

©z [26, 27] ©O�Ä
©ê��·b Chen
XÚ�©ê� Newton-Leipnik XÚ�óÀÓÚ¯
K, ,
, ±þ©z¥¤�O�óÀ��ì=·^

u�ê�·bXÚ, =3ê��ýÜ©ò¤�O�
��ì^u©ê�·bÓÚ, "�nØ�â. Äu
d, �!òÏL�E#��AXÚ, ¢y©ê�Ø
�XÚ=z��ê�Ø�XÚ, �Ñ©ê�·bX
ÚóÀÓÚ�m�©Û�{ [36,37].

�ÄXe©ê��·b Chen XÚ

Dαx(t) = Ax(t) + φ(x(t)), (16)

Ù¥

Dαx(t) =
1

Γ (1 − α)
d
dt

∫ t

0

x(τ)
(t − τ)α dτ

L« Riemann-Liouville ©ê��ê [38], Γ (α) �_
ç¼ê, α ∈ (0, 1], Ý
 A ���5¼ê φ(x(t)) Ó
XÚ (2), � α = 0.9 �, ÙéA·báÚfXã 2
¤«.

ã 2 ©ê��·b Chen XÚ (16) �·báÚf

�ïÄ©ê��·b Chen XÚÓÚ¯K, �
òXÚ (16) ��°ÄXÚ, ¿ÀJXe/ª��A
XÚ:

Dαy(t) = Ay(t) + φ(y(t)). (17)

æ^XÚ (17) �XÚ (16) G�CþØ���5�
"��óÀ��&Ò, K��XeóÀ���AX
Ú: Dαy(t) = Ay(t) + φ(y(t)), t 6= tk, k ∈ N,

∆y = y(t+k ) − y(t−k ) = Bke(tk), t = tk,
(18)
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dXÚ (16) Ú (18) ��XeÓÚØ�XÚ: Dαe(t) = Ae(t) + ψ(x(t), y(t)), t 6= tk,

∆e = e(t+k ) − e(t−k ) = Bke(tk), t = tk.
(19)

�éXÚ (16) Ú (18) �ÓÚ¯K, Ï~�ÏLïÄ
Ø�XÚ (19) �­½55¢y. ,
, â�ö¤�,
�é/XXÚ (19) �©ê�óÀ�©XÚìC­
½5©Û¯K, 8c�vk¤Ù�nØ. �)ûT
¯K, �!òÏL�E��#�óÀ���AXÚ,
±ò©ê�óÀXÚ (19) =z��ê�óÀXÚ,
äN/ªXe: ẏ(t) = Ay(t) + φ(y(t)) + η(x(t)), t 6= tk,

∆y = y(t+k ) − y(t−k ) = Bke(tk), t = tk,
(20)

Ù¥ η(x(t)) = ẋ(t) − Dαx(t), ẋ(t) � Dαx(t) �5
guXÚ (16)(5¿�3éXÚ (16) ?1©Û��
ýL§¥, Dαx(t) ���¼�, du�ê�´©ê
��A~, K��g α = 1 �, Dαx(t) = ẋ(t) ´�
3�, dd¦��E#��AXÚ (20) ¤��U).
u´dXÚ (16) Ú (20), ��Xe#�ÓÚØ�X
Ú: ė(t) = (A + N(x(t), y(t)))e(t), t 6= tk,

∆e = e(t+k ) − e(t−k ) = Bke(tk), t = tk.
(21)

w,, ÏL�E�AXÚ (20), ©ê�·bXÚÓ
Ú¯K=z��ê�ÓÚØ�XÚ (21) �óÀ�
�¯K. 5¿�Ø�XÚ (21) � (5) äk�Ó�/
ª, Ïd, ·�N´¼�Xe(J.

½½½nnn 2 - βk Ú λ ©O� (I + Bk)T(I + Bk)
Ú 0.5(A + AT) ���A��.

i) XJ 2λ +
√

2M > 0, ��3~ê γ > 1 ÷
vXeØ�ª

γβk exp((2λ +
√

2M)τk) 6 1, (22)

ii) XJ 2λ +
√

2M < 0, ��3~ê ρ (0 6
ρ < −(2λ +

√
2M)) ÷vXeØ�ª

βk 6 exp(ρτk), (23)

KÓÚØ�XÚ (21) ´�ÛìC­½�, =óÀ�
��AXÚ (20) ìCÓÚu°ÄXÚ (16).

íííØØØ 2 b½ τk = τ , � Bk = B, β Ú λ ©O
� (I + B)T(I + B) Ú 0.5(A + AT) ���A��.

i) XJ 2λ +
√

2M > 0, ��3~ê γ > 1 ÷
vXeØ�ª

γβ exp((2λ +
√

2M)τ) 6 1, (24)

ii) XJ 2λ +
√

2M < 0, ��3~ê ρ (0 6

ρ < −(2λ +
√

2M)) ÷vXeØ�ª

β 6 exp(ρτ), (25)

KÓÚØ�XÚ (21) ´�ÛìC­½�, =óÀ�
��AXÚ (20) ìCÓÚu°ÄXÚ (16).

4 ê��ý

dã 1 ¤«��·b Chen XÚ·báÚf,
�� M = 30. 
d

0.5(A + AT) =


−36 10 0 0.5

10 28 0 −0.5

0 0 −3 0

0.5 −0.5 0 0


�� λ = 29.5321. � γ = 1.1, Bk = B = −0.8I , K
k β = 0.04. díØ 1 ¥ (14) ª, �¼�Xe�­
½��� (=#N���óÀmå):

0 6 τ 6 −ln(γβ)/(2λ +
√

2M) = 0.0308.

� ° Ä X Ú Ð � � [4, 1, 5, 2]T, � A X Ú Ð �
� [7, 4, 2, 5]T, óÀmå� τ = 0.03, �ý(J�
ã 3.

ã 3 τ = 0.03 Ú B = −0.8I ��·b Chen XÚ�ÓÚØ�
­�

Ón, dã 2 �©ê��·b Chen XÚ�·
báÚf, �� M = 30. � γ = 1.1, Bk = B =
−0.7I , Kk β = 0.09. díØ 2 ¥ (24) ª, �¼�
Xe���óÀmå:

0 6 τ 6 −ln(γβ)/(2λ +
√

2M) = 0.0228.
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ã 4 τ = 0.02 Ú B = −0.7I �©ê��·b Chen XÚ�Ó
ÚØ�­�

� ° Ä X Ú Ð � � [4, 1, 5, 2]T, � A X Ú Ð �
� [7, 4, 2, 5]T, óÀmå� τ = 0.02, �ý(J�
ã 4.

5 ( Ø

�©�é�a�ê� (©ê�) �·bXÚ�
ÓÚ¯K, JÑ
U?�óÀÓÚ�{. T�{æ
^�AXÚ�°ÄXÚG�CþØ���5�"
��óÀ��&Ò, °Äü��·bXÚ���Û
ìCÓÚ, Ó��Ñ�g�Å���¢^��Ûì
CÓÚ�â. ÏL�EÜ·��AXÚ, �ò©ê
�·bÓÚ¯K=z��ê�Ø�XÚ�­½5
©Û¯K, Jø
�«k��m�©Û�{. éu
©ê�·bXÚ�óÀÓÚ¯K, �8(�©ê�
óÀ�©XÚ�­½5©Û¯K, 8cT¯K��
���, �ö�ò�éT¯KÐm�YïÄ.
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Abstract

The improved impulsive control method is proposed to realize the complete synchronization of integral and fractional order

hyperchaotic systems. Some effective sufficient conditions are produced to realize the asymptotical stability of synchronization error

system. In particular, some simple and practical conditions are derived in synchronizing the chaotic systems by choosing constant

impulsive distances and control gains. Compared with the existing results, the main results are less conservative by relaxing some

unnecessary inequality constraints. Simulation results show the effectiveness and the feasibility of the proposed impulsive controller.
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