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1 Ú ó

3¢SA^¥, �
õÔn|õºÝ¯K�ê
Æ�.Ñ�8(�ÍÜØ�Ø 6|�Ñ$�§.

~X, £ãpàÔ©f�^å����§ [1,2]!�
¬àÜÔE,6Ä���Üþ�§ [3,4] ÑäkX
e�Ñ$�§/ª

∂

∂t
τ (x, t) + u · ∇τ (x, t) = F (x,u, τ ), (1)

Ù¥ τ (x, t) ´ÜþÑ$¼ê, 
� F (x,u, τ ) ´
'u u � τ ���5¼ê,u ´dXeÃþjÅ
ð�§

∇ · u = 0, (2)

∂u

∂t
+ u · ∇u = −∇p + ν∇2u (3)

(½�6|�Ý, ùp p ´Øå, ν ´ Newton ÅÝ
Xê. ïÄTÍÜ6|�Ñ$XÚLk¦)6|�
§ (2), (3), ,�3dÄ:þ�Ä�AÑ$�§ (1)

�¦)üÑ.

�f Boltzmann �{ (lattice Boltzmann method,

{P� LBM)[5,6] ´�«¦)6|�§�0*ê�

�{. LBM �Ä�üz�§�l Boltzmann �§�
Ñ, q�²õºÝÐmEâ����Cq� Navier-

Stokes �§, §U���/�N6N�Ôn��.

T�{g 20 ­V 80 c�JÑ�ÚåÆö�2�
�,�, y®�A^uë6!õ�6!�íÄåÆ
Ú�
äkzÆ�AÚE,>.6|�O� [7,8].

u´, 3 LBM ¦)6|�µee, XÛ�EÍÜ
6|Ñ$�§ (1) �ê��.��
NõÆö�
'5.

Denniston � [9] 3�[�¬àÜÔ�6Ä¯
K¥, �éÑ$�§ (1) JÑXe¦)g�: éu
6|Åð�§Ú\Iþ©Ù¼ê fi(x) �E LBM

�ª, 
éu/X�§ (1) �SÜþÑ$�§, K
ÏLüÕÚ\Üþ©Ù¼ê Gi(x) 5�EÑ$¼
ê τ (x, t) � LBM �ª. ,
d�{�3XeÛ
�5: (1) �uÄþ�§Ú��Üþ�§��m
ºÝØÓ, L�Ù¥����mºÝ���my
©, �¦ÙO��Ç$e; (2) duÚ\Üþ©Ù¼
ê Gi(x), ��O�¤I��;þé�, ¤±éu¢
S�E,¯Kò¡�ã�]Ô. �
�ÑÚ\Üþ
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©Ù¤Iã�;þ�":, Marenduzzo � [10,11] 3
�[ÿQ7¬�)�L§�ïÄ¥JÑ LBM ÍÜ
k��©{ (finite difference method, {P� FDM)

�g�¦)Ñ$�§, =éu6|Åð�§Ú\I
þ©Ù¼ê fi(x) �E LBM �ª, 
éu/X�
§ (1) �SÜþÑ$�§Kæ^k��©{?1¦
). Marenduzzo �æ^ý����ª�k��©{
�IO� LBM ÍÜ, ¤±k��©{�Uæ^I
O��©�ª, =�f�{Ú�©{�^�@��.

�éuäkE,«��¯K, ù«�{ÍÜ�·A
5��, eæ^�IO� LBM, Ò7L�Ä,	�
«Ü·�k��©{.

Alexander [12] 3�[� Newton 6N�ë65
��, �éTÑ$¯KJÑXe�{: éu6|Å
ð�§Ú\Iþ©Ù¼ê fi(x) �E LBM �ª,

,���|^6|�.�©Ù¼ê fi(x) �EÑ
$¼ê τ (x, t) � LBM lÑ�., ÙÌ�g�´
ÏL Taylor Ðm�{5ïáÑ$�§�6|�Ý

©Ù¼ê fi(x) �m�éA'X. ù«�{äk±
e�`:: Ø=�Ñ
 Denniston �üÕÚ\Üþ
©Ù¼ê
��ã��;þ�":, 
��;�

 Marenduzzo ��k��©{�IO LBM ÍÜ
·A5��Øv. �´, Alexander ��ª=äk�
�°Ý, ê�ÑÑ�~²w. ��Ñ Alexander �
{�Øv, �©3 Alexander �ª�Ä:þ, JÑ�
«Äu LBM µe���°ÝU?�ª. T�.Ø
=�±é�§Ý/�Ñ Alexander �ª�ê�ÑÑ
5, 
��Ñ
DÚ�{¤Iã��;þ�":.

2 LBM ê��.

2.1 ������ØØØ���ØØØ666|||��� LBGK ���...

Ä k 0 � ¦ ) � � Ø � Ø   6 | Navier-

Stokes � LBGK �.. �Ä�� D2G9 �. [13](X
ã 1 ¤«) ��Ý��, âf�Ý eα �±L«�

eα =


(0, 0) α = 0,

c
(
cos[(α − 1)]

π

2
, sin[(α − 1)]

π

2

)
α = 1, 2, 3, 4,

√
2c

(
cos[(2α − 1)]

π

4
, sin[(2α − 1)]

π

4

)
α = 5, 6, 7, 8,

(4)

Ù¥ c =
δx

δt
L«�f�Ý, δx L«�f��mÚ

�, δt L«�mÚ�.

ã 1 D2Q9 �f�.

üz�ª´

fα(x + eαδt, t + δt) − fα(x, t) = Ωα(f(x, t)), (5)

ùp, fα(x, t) L«3 t ���m: x ?�âf©
Ù¼ê, Ωα(f(x, t)) � BGK -E�., =

Ωα(f(x, t)) = − 1
λ

[fα(x, t)

−f (eq)
α (x, t)], (6)

Ù¥ λ ´tµ�m, f
(eq)
α (x, t) ´²ï�©Ù¼ê,

Ù½ÂXe:

f (eq)
α (x, t) ≡ Eα(u)

=


ρ0 − (1 − ω0)

p

c2
s

+ s0(u), α = 0,

ωα
p

c2
s

+ sα(u), α = 1, · · · , 8,
(7)

ùp

sα(u) = ωα

[
eα · u

c2
s

+
(eα · u)2

2c4
s

− u · u
2c2

s

]
, (8)

�Xê

ω0 =
4
9
, ω1, · · · , ω4 =

1
9
,

ω5, · · · , ω8 =
1
36

, c2
s =

c2

3
, (9)

Ù¥ cs = c/
√

3 ´(�, p Ú u ©O´6N�Øå
Ú�Ý.

÷*Ônþ½ÂXe

ρ0 =
8∑

α=1

fα(x), (10)
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u =
8∑

α=1

eαfα(x), (11)

p =
c2
s

1 − ω0

(
8∑

α=1

fα(x) + s0(u)

)
. (12)

LBGK � . Ú 6 N Ä å Æ Navier-Stokes � § ´
é 6 N X Ú Å ð 5 3 Ø Ó º Ý þ � £ ã. Ï
L Chapman-Enskog õºÝ©Û [13] �±�y�
ö3 (10)—(12) �^�e´�d�, d��§ (3)

¥ ν = c2
s(λ − 1/2)δt L«Å5Xê.

2.2 ÑÑÑ$$$���§§§��� LBM ���������ªªª

�{z¤¦¯K�E,5, ùp=�ÄÑ$�
§ (1) ¥
� F (x,u, τ ) = 0 ��¹. �¦lÑ�
.í�L§�\{', ùpòé6�L«�Üþ©
þ�/ª, =

u · ∇τ (x, t) = ui(x, t)
∂

∂xi
τ (x, t), i = 1, 2, (13)

��§ (1) =z�Xe/ª�é6¯K
∂

∂t
τ (x, t) + ui(x, t)

∂

∂xi
τ (x, t) = 0. (14)

éu�§ (14), ©z [12] ¥�ÑXe��lÑ�ª:

τ (x, t + δt)

=
m∑

α=1

τ (x − eαδt, t)fα(x − eαδt, t), (15)

�±y²lÑ�ª (15) Cq%Cu�§ (14), ��
mþäk o(δx) �°Ý. Úó¥®²J�, ©z [12]

����ª�3î­�ê�ÑÑ5. ��Ñ©z
¥�{�":, �©?�Ú�Ä
��ü�âf
é�câfüz&E�K�, JÑXe��°ÝU
?�ª

τ (x, t + δt) = τ (x, t) +
m∑

α=1

τ (x − eαδt, t)

×fα(x − eαδt, t)

−
m∑

α=1

τ (x, t)fα(x, t)

−

[
0.5

m∑
α=1

τ (x, t)fα(x, t)

−
m∑

α=1

τ (x − eαδt, t)fα(x − eαδt, t)

+ 0.5
m∑

α=1

τ (x − 2eαδt, t)

fα(x − 2eαδt, t)] . (16)

ÏL Taylor Ðm�{�±y²lÑ�ª (16) Cq
%Cu�§ (14), ��mþäk o(δx)2 �°Ý, �
[í�ë�N¹.

3 ê��~�?Ø

��y�© LBM ��ê��ª¦)ÍÜØ
�Ø 6|Ñ$�§�k�5, e¡�éIþÑ
$XÚ

∂

∂t
τ(x, t)+u·∇τ(x, t) = 0,x ∈ [0, 10]×[0, 1] (17)

?1ÿÁ. Ù¥ u(x, t) ´²�Ï�¥�6Ä�Ý.

ã 2 �Ñ
��²�Ï�6Ä�«¿ã, Ï��°
Ý� h = 1, �Ý� L = 10 h. � t < 0 �, 6|·
�, �ÝÚAåþ� 0; � t = 0, 3\�?�\��
�Ý u(y), 6N3ù��Ý°Äe6Ä. ê�O�
¥� Re = 1.0, 6N3Ï�¥6Ä�, >.^��
½Xe:

1) b ½ 6 | 3 \ � ? ¿ © u Ð, � ½ �
Ý u(y) = 0.1y(1 − y);

2) b½+�v
�, 6|3Ñ�?¿©uÐ,

KÑ��ÝU¿©uÐ^�?n, �©æ^�²ï
	í�{ [5] (½;

3) 6N3+9Ãw£.

Ñ$�§�>.^�: τ(0, y, t) = τ(10, y, t),

τ(x, 0, t) = τ(x, 1, t) = 0. Ð©^��

τ(x, 0) = τ(x, y, 0) = e−
(x−5)2

0.25 e−
(y−0.5)2

0.05 .

ã 3 �Ñ
Ñ$¼ê τ Ð©������ã.

ã 2 ²�Ï�6Ä«¿ã

ã 3 Ñ$¼ê τ Ð©������ã
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ã 4 �Ñ
 LBM ¦)��Ø�Ø²�Ï�6
Ä u �Ý�ê�(J. 3��²�Ï�6¯K¥,

u �ÝéÑ$XÚ�üzåÌ��^, ¤±ùp�
�ÑØÓ�� u �Ý�©Ù. ã 5 �Ñ
|^�©

��U?�ª¦)ÍÜ��Ø�Ø²�Ï�6Ñ
$XÚ (17) �ê�(J. Ù¥ã 5(a)—(d) ©O´�
X6|üzÑ$¼ê�3ØÓ��©Ù����
ã. ã 4 Úã 5 O�(J���ºÝþ� 80×800.

ã 4 ØÓ�� u �Ý����ã (a) t = 2000∆t; (b) t = 3000∆t; (c) t = 4000∆t; (d) t = 5000∆t

ã 5 ØÓ��Ñ$¼ê τ ����ã (a) t = 2000∆t; (b) t = 3000∆t; (c) t = 4000∆t; (d) t = 5000∆t

�
`²��U?�ª¦)Ñ$�§ê�(
J���5, e¡æ^©z [10] ¥�{�ê�(
J���©�'��â, �¡ë�) (Reference,

REF). 3©z [10] ¥, 6|æ^ LBM ¦), 
Ñ$
�§|^ FDM ¦). ã 6(a)—(d) ©O�Ñ3ØÓ
�� y = 0.5 �¥¶?, �©���ª!©z [12]

���ª¦)Ñ$¼ê τ �ê�(J�ë�)�
'�. dã 6 �±wÑ, �© LBM ���ª¦)Ñ

$¼ê(J�ë�)��ÎÜ, =�y
�©�{
���5. Ñ$�§ (27) ´��CXê�ÅÄ�
§, Ônþ�N
Å/�²1£Ä, �ÅÌÃ?Û
P~�$ÄL§. �©�.�(J�ÎÜT¯K�
Ôn¿Â. ,	dã 6 ´�, ����ª�)�',

©z [12] ���ªê�)�Å¸��X�m�ü
z¥yÑ�~²w�P~ª³, =Ñy�~î­�
ê�ÑÑ, ½¡b*Ñ.
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ã 6 3ØÓ�� y = 0.5 �¥¶?, LBM ���ª!���ª�ë�)�(J'� (a) t = 2000∆t; (b) t = 3000∆t;

(c) t = 4000∆t; (d) t = 5000∆t

ã 7 3 y = 0.5 �¥¶?, Ñ$¼êÅ¸� τmax ��müz�P~L§'� (a) ���ª; (b) ���ª

�?�Ú�Ä�©���ªÚ©z [12] ��
�ªê�ÑÑ5�m��É, ã 7 �Ñ y = 0.5 ?,

ØÓ��eü«�{¦)Ñ$¼êÅ¸���m

üz�P~L§'�. dã 7 ��, æ^���ª
�, ¦^ 80×800 ���, O�(J®�ë�)�~
�C, vkÑy²w�ê�ÑÑ. 
æ^���ª
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�, ¦^ 80×800 ����ÑÑ§Ý$�puæ^
���ª�¦^ 20×200 ���ÑÑ§Ý. T(J
L², 3�Ó��y©e, æ^���ª�ê�Ñ
Ñ5��puæ^�©�.�ê�ÑÑ. ¤±, �
©z [12] ®k��{�'�, �©���ê��ª
�±é�§Ý/�ÑO�L§¥�ê�ÑÑ.

L 1 ©Ù¼êCþ�;þ�DÚ�{ [9] �'�

D2Q9 �. D3Q15 �.

©Ù¼ê Ñ$Üþ ©Ù¼ê Ñ$Üþ

�©�{ 1×9 3 1×15 5

©z [9] 1× 9
3

1× 15
5

��{ +3× 9 +5× 15

,	, �DÚ©z [9] ��{�'�, �©�{
���âÑ`:´!�ã���;þ. 3¢SÔn
¯KA^¥, Ñ$¼ê��´��Üþ, =õCþ
¯K. ùpÞ����é¡Üþ�~f5`². L 1

�Ñ
©Ù¼êCþ�;þ�ê�'�. lL¥�
êâ�±uy, éun�¯K, ©z [9] ��{I�
�; 6×15 �Cþ, 
�©��{�I�; 1×15

�Cþ. du©z [9] Ú\Üþ©Ù¼ê, ��O�
¤I��;þé�, ¤±éu)û¢S�E,¯K
ò¡�ã�]Ô. 
�©JÑ��.U
!�ã�
��;þ, �±·A��XÚ��[.

�©JÑ�¦)ÍÜE,6|Ñ$�§�ê
��.´�«���0*ºÝ�{. 3DÚ��{
¥ [9], 6|éÑ$�§��^ÏL÷*þ�Ý u ¢
�. 6|�§� LBM �.�müzCþ´0*º
Ý, 
Ñ$�§��müzCþ´÷*ºÝ. �u
�öÍÜ��mºÝØÓ, �L�Ù¥����m
ºÝ���my©, �¦DÚ��{O��Ç$e.


3�©��.¥, 6|éÑ$�§��^ÏL0
*ºÝ��Ý©Ù¼ê5D4, dd;�
�ö�
mÍÜ��mºÝ�É.

4 ( Ø

3�
¢S�õÔnõºÝÍÜ¯K (X�¬
àÜÔ½p©fàÜÔE,6Ä) ¥, ~¬���
aÍÜE,6|�Ñ$�§. �©�ÑTÑ$�§
� LBM ê�¦)�{. ÙÌ�ó�´36| LBM

µe�Ä:þ, �ï
�«#�¦)Ñ$�§��

�ê��ª. �éÍÜ��Ø�Ø 6|²�Ï�
6�Ñ$�§?1
ê��[. ÏL�ë�)�
é', �y
�©���ª�°�5. ?�Ú©Û
��, �©z [12] ¥����ª�', �©��{
�±é�§Ý/;�O�L§¥�3�î­ê�
ÑÑ. T�.´�«���0*ºÝ�., ;�

�§�mÍÜ��mºÝ�É. 
�, Ù�DÚ�
{ [9] �'�U
!�ã���;þ, �±·A�
�5�XÚ��[.

N¹: U?�.�êÆí�

©¥�Ñ�U?�.�Ä
��ü�âfé�câf
üz&E�K�, � δx = δt, @olÑê��. (16) Cq
%Cu�§ (14), ¿��mþäk o(δx)2 �°Ý. e¡�Ñ
äN�í�L§.

d D2Q9 �.�6|�Ý��

ui(x, t) =

8∑
α=1

(eα)ifα(x), (18)

�â (18) ª, k

∂

∂xi

m∑
α=1

τ (x, t)fα(x, t)(eα)iδt

= δt
∂

∂xi
τ (x, t)

m∑
α=1

fα(x, t)(eα)i

= δt
∂

∂xi
(τ (x, t)ui(x, t)) . (19)

ò
m∑

α=1

τ (x − eαδt, t)fα(x − eαδt, t) 3�m: x − eαδt

��� x ??1 Taylor Ðm, �
m∑

α=1

τ (x − eαδt, t)fα(x − eαδt, t)

=

m∑
α=1

τ (x, t)fα(x, t)

− ∂

∂xi

m∑
α=1

τ (x, t)fα(x, t)(eα)iδt

+0.5
∂2

∂xi∂xj

m∑
α=1

τ (x, t)

×fα(x, t)(eα)i(eα)j(δt)2 + o(δt)2. (20)

2ò
m∑

α=1

τ (x − 2eαδt, t)fα(x − 2eαδt, t) 3�m: x −

2eαδt ��� x ??1 Taylor Ðm, �
m∑

α=1

τ (x − 2eαδt, t)fα(x − 2eαδt, t)

=

m∑
α=1

τ (x, t)fα(r, t)
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− ∂

∂xi

m∑
α=1

τ (x, t)fα(x, t)(eα)i(2δt)

+0.5
∂2

∂xi∂xj

m∑
α=1

τ (x, t)

×fα(x, t)(eα)i(eα)j(2δt)2 + o(δt)2. (21)

ò�§ (20) ü>Ó¦± 2, ¿�ò�§ü>Ó�~��
§ (21) �ü>, �= 2×(20)—(21), �

0.5
∂2

∂xi∂xj

m∑
α=1

τ (x, t)fα(x, t)(eα)i(eα)j(δt)2

=

m∑
α=1

τ (x − eαδt, t)fα(x − eαδt, t)

−0.5

m∑
α=1

τ (x, t)fα(x, t)

−0.5

m∑
α=1

τ (x − 2eαδt, t)fα(x − 2eαδt, t). (22)

ò (22) ª�\ (20) ª, �n�

−δt
∂

∂xi
(τ (x, t)ui(x, t))

=

m∑
α=1

τ (x − eαδt, t)fα(x − eαδt, t)

−
m∑

α=1

τ (x, t)fα(x, t)

−0.5
∂2

∂xi∂xj

m∑
α=1

τ (x, t)

×fα(x, t)(eα)i(eα)j(δt)2 + o(δt)2

=

m∑
α=1

τ (x − eαδt, t)fα(x − eαδt, t)

−
m∑

α=1

τ (x, t)fα(x, t)

+

m∑
α=1

τ (x − eαδt, t)fα(x − eαδt, t)

−0.5

m∑
α=1

τ (x, t)fα(x, t)

−0.5

m∑
α=1

τ (x − 2eαδt, t)

×fα(x − 2eαδt, t) + o(δt)2. (23)

dØ�Ø^�
∂

∂xi
ui(x, t) = 0 (24)

��

∂

∂xi
(τ (x, t)ui(x, t))

= ui(x, t)
∂

∂xi
τ (x, t) + τ (x, t)

∂

∂xi
ui(x, t)

= ui(x, t)
∂

∂xi
τ (x, t). (25)

��é ∂

∂t
τ (x, t) ?1���clÑ, �

∂

∂t
τ (x, t) =

τ (x, t + δt) − τ (x, t)

δt
+o(δt). (26)

?
�â (23), (25), (26) ª�

τ (x, t + δt) = τ (x, t) +

m∑
α=1

τ (x − eαδt, t)

×fα(x − eαδt, t) −
m∑

α=1

τ (x, t)fα(x, t)

−

[
0.5

m∑
α=1

τ (x, t)fα(x, t)

−
m∑

α=1

τ (x − eαδt, t)fα(x − eαδt, t)

+ 0.5

m∑
α=1

τ (x − 2eαδt, t)

×fα(x − 2eαδt, t)] . (27)

u´lÑ�ª (16) %Cu�§ (14), ��mþäk o(δx)2
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Abstract

In this paper, an improved numerical scheme based on the lattice BGK method (LBM) is proposed for solving the advective

transport equation coupled with an incompressible flow. We utilize the LBM to solve the equations of flow field and build a second

order discrete scheme for the advective transport equations using the probability density function of LBM. Meanwhile, the validity of

the method is verified by an advective transport in a planar channel flow. Numerical results show that the method reduces the numerical

dissipation efficiently and it involves consistently smaller memory requirements compared with previous studies.
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