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± [001]c Ú [011]c 4z�� �Y - v�Y¬N�ïÄé�, |^fÅnØéÙÃ��gd��¥DÂ
� Lamb Å�ÚÑ9�ª��A5?1
ïÄ. uy�k [001]c 4z�¬N¥�é¡��é¡�ª Lamb Å�mÑ
y
õg��, ¿�Cz5Æ��y�Y - v�Y��/�Ó. Lamb Å� A0 Ú S0 �ª���´dOp�}�Å
úÝ��õ�'XÚå�, d�Ù x3 ���Åê3�½��S�3�é�XJê�E�Ý�. |^d(Øí�
Ñ A0 Ú S0 �ª����5~êI�÷v�^�, ��ä��!o�é¡5¬N¥ Lamb Å� A0 Ú S0 �ª´Ä
��Jø
�«�*!{B��{.

'�c: ÚÑ, � �Y - v�Y, úÝ�, �ª��

PACS: 77.65.Bn, 77.65.–j, 46.40.Cd

1 Ú ó

C c 5, d u � y � Y - v � Y (1 − x)Pb

(Mg1/3Nb2/3)O3-xPbTiO3 (PMN-PT) Ú� �Y -

v�Y (1 − x)Pb(Zn1/3Nb2/3)O3-x PbTiO3 (PZN-

PT) X�ü¬äk`É�Ø>5U�É<��
'5 [1−4]. ~X÷¬N [001]c ��4z� PMN-

0.33PT ü¬�Ø>Xê d33 �� 2820 pC/N, >Å
ÍÜXê k33 �� 94%, ùÑ��`uDÚc>¬
NÚØ>>b�d�5U. PMN-PT Ú PZN-PT X
�ü¬á��uy´c>+�U PZT >buy±
5�q��â», ùa¬N4kF"¤�e��
°�!p(¯Ý!p©EÇ�Æ�(Å�UìÚ
� £�°Äì�>Åì��Ø%á�.

Lamb ÅÏÙP~�, ¿�é(��ú�~¯
a�A:3�(Ã�iÿ+���FÃ2��
A^. Ó�qduÙõ�ª5ÚªÑA5, ��3
Ù&Ò�-y!DÂ!�Â9?n��¡C��
~E,, ù����
 Lamb Å3ó�¥�2�A
^. �
3Ã�uÿ¥�\k�/A^ Lamb Å, 7

L
) Lamb Å�Ä��nÚA:, ¿�â Lamb

Å�A5(½uÿ�Y. õc5, <�é Lamb Å?
1
�þ�ïÄ [5−7], Ù¥éd Lamb Å�ªÑÚ
õ�ªA5Úå�ÍÜ¯K�?1
�A�ïÄ.

Li Ú Thompson[8] ïÄ
.¡gd��G�Ø>
á�¥ Lamb Å�ª���¯K. Toda Ú Motegi[9]

ÏL<�UCá�ëê��{ïÄ
E\�N
¥���¥¦ Lamb Å�ÚÑ�m�ÍÜ¯K.

Valier-Brasier � [10] ïÄ
äko÷L¡���Ó
5��¥ Lamb ÅÍÜ�)ÛL�ª. �´du
Ø>á��E,5, ¦�Ø>á�¥ Lamb Å�ª
m����ÍÜC��\E,, Ïd�8c��
é Lamb Å�ªm���ÍÜ�ïÄ�==Û�3
�Ø>á�¥, Ø>á���Ø>á�¥� Lamb

Å´ÄÑlÓ��Cz5ÆE´�¦¯, ¬N�Ø
>5é�ªÍÜ��z�¯KÑØ²(. ¿�d
u PMN-PT Ú PZN-PT ¬Näk�~`û�Å>
5U, ¦Ù3 Lamb Åì��+�äk2,�A^
cµ, Ïdéù
¬N¥� Lamb Å?1ïÄw�
�~7�.
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d c · � ® � � 
 Ã � � PMN-PT ¬ N
¥ Lamb Å��ÚÑA5, ����¬N�',

Ù Lamb Å�ÚÑ����ªmÑy
õg��
��ÍÜ [11,12], ù� Lamb Å3¢S¥�A^�
5
ã��(J. �?�ÚïÄØ>á�¥ Lamb

Å�ª���åÏ, ¿&?d�5�Ø>á��
Ñ�(Ø´ÄE,·^uØ>á�, �©± [001]c
Ú [011]c 4z� PZN-7%PT ¬N�ïÄé�,ïÄ
ÙÃ����¥DÂ� Lamb Å�ÚÑA5, ¿é
��ªm�ÍÜ����¯K?1�[�©Û. Ï
Ld�ïÄ, &¢ PZN-PT �Ø>¬N¥ Lamb Å
�ª����Ï, l3�O�Æ�(�Uì�Ø
>ì��, ÏLÜn�O¬N��.!4z��5
;��ªm����ÍÜ, l��{zÙA^�
JÝ. ,��¡, lÄ:ïÄ�Ý5ù, éÙ�ª�
�åÏ�ïÄk|u·��Ð/
) Lamb Å�5
U, l�Ð/éÙ?1|^.

2 ÚÑ�§�í�

2.1 fffÅÅÅ{{{

�{zå�, �©=±>.gd�Ã���
��ïÄé�, ïÄ [001]c Ú [011]c 4z� PZN-

7%PT ¬N¥ Lamb Å�DÂA5, æ^�nØ�
{�fÅ{. [001]c 4z� PZN-7%PT ¬Næ^�
�IX� x1 →[100]c, x2 →[010]c Ú x3 →[001]c,

 [011]c 4z� PZN-7%PT ¬Næ^��IX
� x1 →[01̄1]c, x2 →[100]c Ú x3 →[011]c. � Lamb

Å÷X ¬ N � � � � I X � x1 ¶ D Â, Ï d
é [001]c Ú [011]c 4z� PZN-7%PT ¬N, Ù¥
»²¡ (x1-x3 ²¡) Ú¥
¡ (x3 = 0 ²¡) Ñ´
ºé¡�, �Ò´`3ù«�¹e, Lamb ÅÚY²
}� (SH) Å�±©�é¡�ªÚ�é¡�ª, ¿
�üaÅ�mÃÍÜ, ù´�©¥�?Ø Lamb Å

�cJ^�.

éØ>á�, Ù�5ÅÄ�§�±��

ρ
∂2uj

∂t2
− cijkl

∂2uk

∂xi∂xl
− ekij

∂2ϕ

∂xi∂xk
= 0, (1a)

eikl
∂2uk

∂xi∂xl
− εik

∂2ϕ

∂xi∂xk
= 0,

(i, j, k, l, = 1, 2, 3) (1b)

Ù¥ uj ´fÅ £, ϕ ´>³, ρ ´0���Ý,

cijkl ´�5fÝ~ê, ekij ´Ø>~ê, εik ´0>
~ê.

é���5XÚ, âf� £Ú>³�±L�
��
fÅ��5|Ü [13], ù
fÅ�/ª�±
��

uj = αj exp(ikbx3) exp[ik(x1 − vt)], (2a)

ϕ = α4 exp(ikbx3) exp[ik(x1 − vt)], (2b)

Ù¥ v ´(Å���Ý, k ´Å¥ k ���, b ´�
½�P~Xê.

ò (2) ª�\ (1) ª, ·���:
Γ11 − ρv2 0 Γ13 Γ14

0 Γ22 − ρv2 0 0

Γ13 0 Γ33 − ρv2 Γ34

Γ14 0 Γ34 Γ44




α1

α2

α3

α4

=0,

(3)

Ù¥

Γ11 = c55b
2 + c11, Γ22 = c44b

2 + c66,

Γ33 = c33b
2 + c55, Γ13 = (c13 + c55)b,

Γ14 = (e15 + e31)b, Γ34 = e33b
2 + e15,

Γ44 = −(ε33b
2 + ε11).

d (3) ª�±wÑ SH �ª� Lamb Å�ª�
m´ÃÍÜ�. Ïd (3) ª�±©)�ü�Õá�
�§:

c55b
2 + c11 − ρv2 (c13 + c55)b (e15 + e31)b

(c13 + c55)b c33b
2 + c55 − ρv2 e33b

2 + e15

(e15 + e31)b e33b
2 + e15 −(ε33b

2 + ε11)




α1

α3

α4

 = 0, (4a)

(c44b
2 + c66 − ρv2)α2 = 0. (4b)

� § (4a) Ú (4b) © O L � Lamb Å � ª Ú SH

� ª. é Lamb Å � ª, (4a) ª ä k � " )
� ^ � ´ � § � > é u � X ê Ý 
 �1� ª
�":
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∣∣∣∣∣∣∣∣∣
c55b

2 + c11 − ρv2 (c13 + c55)b (e15 + e31)b

(c13 + c55)b c33b
2 + c55 − ρv2 e33b

2 + e15

(e15 + e31)b e33b
2 + e15 −(ε33b

2 + ε11)

∣∣∣∣∣∣∣∣∣ = 0. (5)

é?¿�½���Ý�, �±d (5) ª)� 6

� b �, z�� b �L�
Ù�AÅ©þ3Ø>0
�¥÷ x3 ¶���P~'X. é��k�þÝ�
Ø>��, ¤kù 6 � b �ÑAT�3, Ïd Lamb

Å� £Ú>³�±L�� [13]

uj =

{
6∑

n=1

Cnα
(n)
j exp(ikb(n)x3)

}
× exp[ik(x1 − vt)], (6a)

ϕ =

{
6∑

n=1

Cnα
(n)
4 exp(ikb(n)x3)

}
× exp[ik(x1 − vt)]. (6b)

ØJuy (5) ª��) b2 �, Ïd 6 � b �|
¤
 3 é, z�éÑ´����, ÎÒ��:

bq+1 = −bq(q = 1, 3, 5). (7)

��Bå�, ·����¥�1��©þ� 1,

ò��¥?18�z. |^ù«8�z�±ò 6 �
��¥��

α(q) =


1

A
(q)
2

A
(q)
3

 , α(q+1) =


1

−A
(q)
2

−A
(q)
3

 ,

(q = 1, 3, 5) (8)

éué¡�ª, x2 Ú x3 ��� £3ü���L
¡?÷vXe^�:

u1

(
−d

2

)
= u1

(
d

2

)
, (9a)

u3

(
−d

2

)
= −u3

(
d

2

)
. (9b)

ò�§ (9) �\� (6) ª¥, �

2i
6∑

m=1

α
(m)
1 sin

(
kb(m) d

2

)
Cm = 0, (10a)

2
6∑

m=1

α
(m)
3 cos

(
kb(m) d

2

)
Cm = 0. (10b)

éX (7) ªÚ (8) ª, K (10) ª�±��

2i
∑

q=1,3,5

α
(q)
1 sin

(
kb(q) d

2

)
(Cq − Cq+1) = 0,

(11a)

2
∑

q=1,3,5

α
(q)
3 cos

(
kb(q) d

2

)
(Cq − Cq+1) = 0.

(11b)

3þª¥ α
(q)
1 sin

(
kb(q) d

2

)
Ø�Uo�", Ïd�

k Cq+1 − Cq = 0(q = 1, 3, 5). ùL²é¡�ª÷
v: Cq+1 = Cq(q = 1, 3, 5). ²Laq�í�, �±
���é¡�ª÷v Cq+1 = −Cq(q = 1, 3, 5).

|^þ¡�(Ø�±ò £Ú>³#��:

é¡�ª

u1 = 2

{
1,3,5∑

q

Cqα
(q)
1 cos(kb(q)x3)

}
× exp[ik(x1 − vt)], (12a)

u3 = 2i

{
1,3,5∑

q

Cqα
(q)
3 sin(kb(q)x3)

}
× exp[ik(x1 − vt)], (12b)

ϕ = 2i

{
1,3,5∑

q

Cqα
(q)
4 sin(kb(q)x3)

}
× exp[ik(x1 − vt)]; (12c)

�é¡�ª

u1 = 2i

{
1,3,5∑

q

Cqα
(q)
1 sin(kb(q)x3)

}
× exp[ik(x1 − vt)], (13a)

u3 = 2

{
1,3,5∑

q

Cqα
(q)
3 cos(kb(q)x3)

}
× exp[ik(x1 − vt)], (13b)

ϕ = 2

{
1,3,5∑

q

Cqα
(q)
4 cos(kb(q)x3)

}
× exp[ik(x1 − vt)]. (13c)

2.2 ÚÚÚÑÑÑ���§§§

du��L¡´Aågd�, Ïd3 x3 =
±d/2 ?Aå�n�©þ7L�u". éá´�¹,

>³ φ 3���þeL¡?�AT�u". Ïdg
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d��� 6 �>.^��

T31 = 0, T33 = 0, φ = 0,

(
x3 = ±d

2

)
, (14)

Ù¥Aådeª�Ñ:

T3j = c3jkl (∂uk/∂xl) + ek3j (∂φ/∂xk) . (15)

�±y², ÃØ´é¡�ª�´�é¡�ª,

þL¡ÚeL¡?�>.^�´�d�, �Ò´�
^Ù¥��L¡�>.^�=�. Ïd, é?¿�
«é¡5��ª, 6 �>.^�¥�k 3 �´Õá
�.

éué¡�ª, d>.^��:



L
(1)
12 sin

(
kb(1) d

2

)
L

(3)
12 sin

(
kb(3) d

2

)
L

(5)
12 sin

(
kb(5) d

2

)
L

(1)
34 sin

(
kb(1) d

2

)
L

(3)
34 sin

(
kb(3) d

2

)
L

(5)
34 sin

(
kb(5) d

2

)
L

(1)
56 cos

(
kb(1) d

2

)
L

(3)
56 cos

(
kb(3) d

2

)
L

(5)
56 cos

(
kb(5) d

2

)




C1

C3

C5

 = 0, (16a)

é�é¡�ª, d>.^��:

L
(1)
12 cos

(
kb(1) d

2

)
L

(3)
12 cos

(
kb(3) d

2

)
L

(5)
12 cos

(
kb(5) d

2

)
L

(1)
34 cos

(
kb(1) d

2

)
L

(3)
34 cos

(
kb(3) d

2

)
L

(5)
34 cos

(
kb(5) d

2

)
L

(1)
56 sin

(
kb(1) d

2

)
L

(3)
56 sin

(
kb(3) d

2

)
L

(5)
56 sin

(
kb(5) d

2

)




C1

C3

C5

 = 0, (16b)

Ù¥

L
(q)
12 = c55b

(q)α
(q)
1 + c55α

(q)
3 + e15α

(q)
4 ,

L
(q)
34 = c13α

(q)
1 + c33b

(q)α
(q)
3 + e33b

(q)α
(q)
4 ,

L
(q)
56 = α

(q)
4 .

�¦ (16) ª¥� Cq k�"), �§�>�X
êÝ
éA�1�ª7L�u". dd=���'
uÅ¥ k Ú��Ý v �ÚÑ'X:

é¡�ª ∣∣∣∣∣∣∣∣∣
L

(1)
12 sin

(
kb(1) d

2

)
L

(3)
12 sin

(
kb(3) d

2

)
L

(5)
12 sin

(
kb(5) d

2

)
L

(1)
34 sin

(
kb(1) d

2

)
L

(3)
34 sin

(
kb(3) d

2

)
L

(5)
34 sin

(
kb(5) d

2

)
L

(1)
56 cos

(
kb(1) d

2

)
L

(3)
56 cos

(
kb(3) d

2

)
L

(5)
56 cos

(
kb(5) d

2

)
∣∣∣∣∣∣∣∣∣ = 0, (17a)

�é¡�ª ∣∣∣∣∣∣∣∣∣∣∣∣∣∣

L
(1)
12 cos

(
kb(1) d

2

)
L

(3)
12 cos

(
kb(3) d

2

)
L

(5)
12 cos

(
kb(5) d

2

)
L

(1)
34 cos

(
kb(1) d

2

)
L

(3)
34 cos

(
kb(3) d

2

)
L

(5)
34 cos

(
kb(5) d

2

)
L

(1)
56 sin

(
kb(1) d

2

)
L

(3)
56 sin

(
kb(3) d

2

)
L

(5)
56 sin

(
kb(5) d

2

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0. (17b)

L 1 [001]c Ú [011]c 4z� PZN-7%PT ¬N��5~ê

4z��
�5~ê cE

ij /1010 N·m−2

cE
11 cE

22 cE
33 cE

44 cE
55 cE

66 cE
12 cE

13

[001]c 11.3 11.3 10.91 6.30 6.30 7.10 10.3 10.5

[011]c 14.5 18.024 14.10 6.472 0.343 7.10 15.316 12.666
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L 2 [001]c Ú [011]c 4z� PZN-7%PT ¬N�Ø>Ú0>~ê

4z��
Ø>~ê eij /C·m−2 0>~ê εS

ij /ε0

e15 e24 e31 e32 e33 εS
11 εS

22 εS
33

[001]c 11.1 11.1 –2.3 –2.3 15.1 2779 2779 823

[011]c 6.2529 3.2360 –8.6446 –17.4399 3.6935 6953 1847 291

3 O�(J�?Ø

3.1 (((JJJ©©©ÛÛÛ

· � æ ^ Matlab ?1? §, O � 
 [001]c
Ú [011]c 4z� PZN-7%PT ¬N��¥ Lamb Å
�ÚÑ�ÚªÇúÝ�, ¤æ^ü¬�5��
3L 1 ÚL 2 ¥ [14,15].

ã 1 [001]c 4z� PZN-7%PT ¬Ngd��¥DÂ� Lamb
ÅÚÑ�ã

ã 2 [011]c 4z� PZN-7%PT ¬Ngd��¥DÂ� Lamb
ÅÚÑ�ã

ã 1 � [001]c 4z� PZN-7%PT ¬N�ÚÑ
�ã. dã��, Ø� A0 Ú S0 �ªu)
��,

ØÓé¡5��p?��ª�m�ÑÑy
õg
���, ÙCz5Æ� PMN-PT ¬N�ÚÑ��
~aq, äk�Ó�Cz5Æ [12]. ã 2 � [011]c 4

z� PZN-7%PT ¬N�ÚÑ�ã. ��Ù�ª�
mØ�3��ÚÍÜ, A0 Ú S0 �ª3pª?ªC
u Rayleigh Å�Ý vR, Ù{�p���ª3pª
?ªCu÷ x1 ¶DÂ!÷ x3 ¶�� ��NÅ
�Ý vsz.

·�O�
 [001]c Ú [011]c 4z� PZN-7%PT

¬N� Lamb ÅªÇ f = vk/2π � f3 = vk3/2π

(Ù ¥ k � x1 � � Å ¥ þ � ��, k3 � x3 �
� Å ¥ þ � ��) � m � ú Ý  �, � ã 3 Ú
ã 4. dc¡�Øã�, �Ø>á�¥ A0 Ú S0

� ª m � � � ´ d O p � } � Å ú Ý  � �
õ�Úå�, Ù¦�ªm���§Ý� Lamb Åú

ã 3 [001]c 4z� PZN-7%PT ¬N¥ Lamb Å�úÝ�

ã 4 [011]c 4z� PZN-7%PT ¬N¥ Lamb Å�úÝ�
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Ý�õ�«������k' [8]. �±wÑ
é [001]c 4z� PZN-7%PT ¬N, ÙúÝ��©
�o�«�, 31 II «�3�õ�'X, 31 I «,

Ù x3 ���ªÇ (½Â�: f3 = vk3/2π) �3E�
Ýé (�XJê). é [011]c 4z� PZN-7%PT ¬
N, ÙúÝ��©�n�«�, ¿�3?Û��
«�ÑØ�3õ�'X, �¿�ÑyE�Ýé.

3.2 ������������555~~~êêê÷÷÷vvv���^̂̂���

dc¡�©Û��, XJ A0 Ú S0 �ªÑy�
�, K3 f − f3 úÝ�¥�ªÇ f '��� (1 I

«) ªÇ f3 äk�éE�Ý� (�XJê). dué
?� f − f3 úÝ�ãÅê k �½�, Ïd Lamb

Å���Ý$u,��� f3 k�é�Jê�E�
Ý�. Lamb Åäk�")�^�, =�§ (5), �±
�¤Xe/ª:

A(b2)3 + B(b2)2 + Cb2 + D = 0. (18)

(18) ª¥ b2 äk��¢�Ú�éE�Ý��^�
´:

Ξ =
(q

2

)2

+
(p

3

)3

> 0, (19)

Ù¥ p =
(

C

A
− B2

3A2

)
, q =

2B3

27A3
− BC

3A2
+

D

A
.

e�¦E�Ý�Ø´XJê�, �I�÷vE
,���^� (α1 + β1 6= 0, Ù¥ α1 Ú β1 ©O´

α3 = −q

2
+

√
q2

4
+

p3

27
Ú β3 = −q

2
−

√
q2

4
+

p3

27

n��¥�¢�). ÏLù�^��±�� S0 Ú A0

�ª���¬N��5!Ø>Ú0>XêI�÷
v�^�. Ï�kE�Ý)�^�´�Ý�$u,
��½�, Ïd���Ý v é��'Xª�¤á,

ÏdØ�� v = 0. =BXd, ù�'X�´�LE
,, Ã{�Ñ��{ü��½L�ª.

XJØ�Ä PZN-PT ¬N�Ø>�A, �½^
�¬?�Ú��{z, d��§ (18) C���'
u b2 ������g�§:

A(b2)2 + Bb2 + C = 0, (20)

Ù¥

A = c33c55,

B = c2
13 + 2c13c55 − c11c33,

C = c11c55.

���g�§ (20) k�é�XJêE�Ý)
�^�´

∆ = (c2
13 + 2c13c55 − c11c33)2

− 4c11c33c
2
55 < 0, (21a)

¿�

B = c2
13 + 2c13c55 − c11c33 6= 0, (21b)

(21) ª = � � ½ ä k � � ! o � é ¡5¬ N
¥ Lamb Å  � S0 Ú A0 � ª � � � ' X ª.

é��Ó50�, éN´�� ∆ = 0, � B =
−c11(c11 − c12) 6= 0, �Ò´`éu��Ó50
�, Ø�UÑy Lamb Å� S0 Ú A0 �ª���.

4 ( Ø

�©|^fÅnØ, O�
 [001]c Ú [011]c 4
z� PZN-7%PTØ>��¥ Lamb Å�ÚÑA5,

uy [001]c 4z�¬N¥ Lamb Å�é¡�ª�
�é¡�ªmÑy
õg���, Ù��Ý�ª
Ç�Cz5Æ� PMN-PT ¬N¥� Lamb Å�Ó.

 [011]c 4z�¬N¥� Lamb Å��ª�mØ�
3��y�. ,�é Lamb Å��ªm���y�
?1
©Û, uy��Ø>¬Naq, ù
Ø>¬
N� A0 Ú S0 �ª����´dOp�}�Åú
Ý��õ�'XÚå�, d�Ù x3 ���Åê
�3�éE�Ý�. |^d(Øí�Ñ
 A0 Ú S0

�ª����5~êI�÷v�^�, é�Ø>
á�Ú��Ó5á��¹e�L�ª?�Ú?1

{z, ¿uy��Ó5á�¥� Lamb Å� A0

Ú S0 �ªØ�U�3��. ù
úª��ä A0

Ú S0 �ª´Ä��Jø
�«B$��{.
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Crossings of Lamb modes in lead zinc niobate-lead
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Abstract

Frequency dispersions of Lamb waves in [001]c and [011]c polarized lead zinc niobate-lead titanate crystal free infinite plates

are studied based on the partial wave theory. Multiple crossings between symmetric and antisymmetric Lamb modes are found only

in [001]c polarized crystals, and most of the dispersion relations would exhibit the same rule as that in lead magnesium niobate-lead

titanate crystals. It is found that multiple crossings between A0 and S0 modes are directly related to the multivalued quasishear vertical

slowness curves. A pair of complex conjugate roots of the wave number in the x3 direction is found in a certain area. Equation of

elastic constants is obtained when A0 and S0 modes cross under this condition, which can be conveniently used to judge whether A0

and S0 modes cross for crystals with orthogonal and tetragonal symmetries.
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