
Ô n Æ � Acta Phys. Sin. Vol. 61, No. 11 (2012) 110201

������������ÉÉÉ555������fff���111nnn���ÕÕÕááá
ÅÅÅðððþþþ999ÙÙÙééé¡¡¡555*

¢�{1)† rÂ�2)

1) ( �,©nÆ�ÔnX, �, 312000 )

2) ( �®nó�ÆåÆX, �® 100081 )

( 2011 c 6 � 19 FÂ�; 2011 c 10 � 13 FÂ�?Uv )

����É5��fÚü©�f�Uþ´Åð�, �n�Åðþ¥�kÙ¥ü�´Õá�. �ªÇ' ω1/ω2 �
knê�, XÚ�31n�Õá�Åðþ. �©^*Ð Prelle-Singer {��Ê�;.��f�1n�ÕáÅðþ, ¿
?Ø
�Åðþ�A� Noether é¡5� Lie é¡5.

'�c: *Ð Prelle-Singer {, ����É5��f, Åðþ, é¡5

PACS: 02.20.Sv

1 Ú ó

åÆXÚ�é¡5�Åðþ�3���'
X, Ï¦åÆXÚ�Åðþ, AO´Ï¦;.å
ÆXÚ�Åðþ, ¿)º¤�Åðþ�Ôn¿Â,
ïÄ�Åðþ�A� Noether é¡5Ú Lie é¡
5¿)ºÙ¿Â, ®É�¯õ©ÛåÆ;[�'
5. ��Ó5Ú��É5��fÑ´;.�åÆ
�., ��Ó5��f�Åðþ�é¡5®k
©z�� [1,2]. ¯¢þ, åÆ¥~��´��É5
��f, ÙÅðþ�é¡5�ïÄc��. ¯¤
±�, ����É5��fÚü©�f�Uþ´
Åð�, �n�Åðþ¥�kÙ¥�ü�´Õá
�. �ªÇ' ω1/ω2 = p/q �knê�, XÚ�3
1n�Õá�Åðþ, l��XÚäkAÏ�
åÆA5, ¦$Ä;�4Ü. Ïd, Ïéù1n�
Õá�Åðþw��©�. ÏéåÆXÚ�Å
ðþkõ«�{, X Noether é¡5{ [3−5]!Lie
é ¡ 5 { [6−8]!Mei é ¡ 5 { [9,10]!Ermakov
� { [11,12]!Poisson ) Ò { [13−15] Ú � � È ©
{ [16−18]. �©æ^*Ð Prelle-Singer (P-S) {

¦Åðþ [19−26], d�{Äkd Prelle Ú Singer[19]

3 1983 cJÑ, ·^u¦���©�§�)ÚÅ
ðþ, �5 Guha � [20] ò P-S {?1*Ð, ¿A
^u¦)��9��±þ�pÍÜ��©�§
|�1�È©. *Ð P-S {�Ä�g´´kb�
XÚ�31�È© I , ,�^A�È©¦f (��
¼ê) �¦±ð�"� 1- /ª�©ª dx − ẋ1dt,
dx2 − ẋ2dt, dẋ1 − φ1dt, Ú dẋ2 − φ2dt, ÏL'�
Xê{¦�È©¦f, l¦�1�È© I(Åð
þ).

�©Äk^*Ð P-S {¦�ªÇ'
ω1

ω2
= 2, 3,

4,
3
2

,
4
3

Ê«;.�¹eXÚ�1n�ÕáÅðþ,

¿?Ø�1n�ÕáÅðþ�A� Noether é¡5
Ú Lie é¡5, )º
XÚ�31n�ÕáÅðþ
��Ï.

2 ����É5��f�Åðþ

3²¡���IXe, ����É5��f
� Lagrange ¼ê�L«�

L =
1
2
ẋ2

1 +
1
2
ẋ2

2 −
1
2
ω2

1x
2
1 −

1
2
ω2

2x
2
2, (1)
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Ù¥ x1, x2 �2Â�I, ω1/ω2 = p/q, p, q �Ø�
����ê. éw,, XÚ�3±en�Åðþ

I1 =
1
2
ẋ2

1 +
1
2
ω2

1x
2
1, (2a)

I2 =
1
2
ẋ2

2 +
1
2
ω2

2x
2
2, (2b)

I0 =I1 + I2

=
1
2
ẋ2

1 +
1
2
ẋ2

2 +
1
2
ω2

1x
2
1 +

1
2
ω2

2x
2
2, (2c)

I1, I2 �XÚ©�f�Uþ, I0 �XÚ�Uþ, n�
Uþ¥�kÙ¥ü�Uþ´�pÕá�. éuªÇ
'�knê�����É5��f, Ù;�´4Ü
�, K�½�31n�Õá�Åðþ [1], e¡^*
Ð P-S {��1n�ÕáÅðþ.

XÚ�$Ä�©�§�L«¤

ẍ1 = −ω2
1x1 = φ1,

ẍ2 = −ω2
2x2 = φ2. (3)

� d å Æ X Ú � 3 1 n � Õ á � Å ð þ I =
I(t, x1, x2, ẋ1, ẋ2), K

dI =Itdt + Ix1 dx1 + Ix2 dx2 + Iẋ1 dẋ1

+ Iẋ2 dẋ2 = 0. (4)

|^ 4 �Õá�ð� 0 � 1- /ª�©ª dx −
ẋ1dt, dx2 − ẋ2dt, dẋ1 − φ1dt, dẋ2 − φ2dt,
^ È © ¦ f S1 = S1(t, x1, x2, ẋ1, ẋ2), S2 =
S2(t, x1, x2, ẋ1, ẋ2), R1 = R1(t, x1, x2, ẋ1, ẋ2),
R2 = R2(t, x1, x2, ẋ1, ẋ2), ©O¦±þã 1- /ª
�©ª¿¦Ú, K

S1(dx1 − ẋ1dt) + S2(dx2 − ẋ2dt)

+ R1(dẋ1 − φ1dt) + R2(dẋ2 − φ2dt) = 0. (5)

- (4) ª � (5) ª � �, ¿ ' � ª
¥ dt, dx1, dx2, dẋ1, dẋ2 �Xê�

It = − (S1ẋ1 + S2ẋ2 + R1φ1 + R2φ2),

Ix1 =S1, Ix2 = S2, (6)

Iẋ1 =R1, Iẋ2 = R2.

d�È^�

Itx1 = Ix1t, Itx2 = Ix2t,

Itẋ1 = Iẋ1t, Itẋ2 = Iẋ2t,

Ix1x2 = Ix2x1 , Ix1ẋ1 = Iẋ1x1 ,

Ix1ẋ2 = Iẋ2x1 , Ix2ẋ1 = Iẋ1x2 ,

Ix2ẋ2 = Iẋ2x2 , Iẋ1ẋ2 = Iẋ2ẋ1 ,

¿|^ (3) ª�

Ṡ1 = − ω2
1R1, Ṡ2 = −ω2

2R2, (7a)

Ṙ1 = − S1, Ṙ2 = −S2. (7b)

Ù¥ Ṙ1 L« R1 é�m���ê, =

Ṙ1 =
∂R1

∂t
+ ẋ1

∂R1

∂x1
+ ẋ2

∂R1

∂x2
+ φ1

∂R1

∂ẋ1
+ φ2

∂R1

∂ẋ2

(Ù¦aÓ). d (7) ª��'u R1, R2 ����©
�§|

R̈1 = − ω2
1R1,

R̈2 = − ω2
2R2. (8)

éug£XÚ, �b� S1, S2, R1, R2 Øw¹
�m t. d (8) ª�)� R1, R2, ò R1, R2 �\ (7b)
ª�)� S1, S2, òz|È©¦f R1, R2, S1, S2 �
\Åðþ���L�ª

I =
∫

S1(dx1 − ẋ1dt) + S2(dx2 − ẋ2dt)

+ R1(dẋ1 − φ1dt) + R2(dẋ2 − φ2dt), (9)

�¦�Åðþ.
Ï�Ìk�, �©�?ØªÇ'

ω1

ω2
= 2, 3,

4,
3
2

,
4
3

Ê«;.�¹eXÚ�1n�ÕáÅð

þ I
p/q
3 , þI p/q L«ªÇ', eI 3 L«Ù�X

Ú�1n�ÕáÅðþ. Ù¦ªÇ'e�Åðþ�
�aq¦�. e¡�ÑÊ«;.ªÇ'e�È©¦
fÚÅðþ.

�
ω1

ω2
= 2 �,

R1 = 2ω2x2ẋ2,

R2 = −2ω1x1ẋ2 + 2ω2x2ẋ1,

S1 = −ω1ẋ
2
2 + ω1ω

2
2x

2
2,

S2 = 2ω2ẋ2ẋ1 + 2ω1ω
2
2x1x2,

(10)

I
2/1
3 = ω1ω

2
2x1x

2
2 − ω1x1ẋ

2
2 + 2ω2x2ẋ1ẋ2. (11)

�
ω1

ω2
= 3 �,

R1 =3ω2
2x

2
2ẋ2 − ẋ3

2,

R2 = − 6ω1ω2x1x2ẋ2 + 3ω2
2x

2
2ẋ1 − 3ẋ1ẋ

2
2,

S1 =ω1ω
3
2x

3
2 − 3ω1ω2x2ẋ

2
2,

S2 =3ω1ω
3
2x1x

2
2 − 3ω1ω2x1ẋ

2
2

+ 6ω2
2x2ẋ1ẋ2, (12)

I
3/1
3 =ω1ω

3
2x1x

3
2 − 3ω1ω2x1x2ẋ

2
2 + 3ω2

2x
2
2ẋ1ẋ2

− ẋ1ẋ
3
2. (13)

110201-2



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 11 (2012) 110201

�
ω1

ω2
= 4 �,

R1 =4ω3
2x

3
2ẋ2 − 4ω2x2ẋ

3
2,

R2 = − 12ω1ω
2
2x1x

2
2ẋ2 + 4ω3

2x
3
2ẋ1

− 12ω2x2ẋ1ẋ
2
2 + 4ω1x1ẋ

3
2,

S1 =ω1ω
4
2x

4
2 − 6ω1ω

2
2x

2
2ẋ

2
2 + ω1ẋ

4
2,

S2 =4ω1ω
4
2x1x

3
2 − 12ω1ω

2
2x1x2ẋ

2
2

+ 12ω3
2x

2
2ẋ1ẋ2 − 4ω2ẋ1ẋ

3
2, (14)

I
4/1
3 =ω1ω

4
2x1x

4
2 − 6ω1ω

2
2x1x

2
2ẋ

2
2 + 4ω3

2x
3
2ẋ1ẋ2

− 4ω2x2ẋ1ẋ
3
2 + ω1x1ẋ

4
2. (15)

�
ω1

ω2
=

3
2

�,

R1 =6ω1ω
2
2x1x

2
2ẋ2 − 2ω3

2x
3
2ẋ1

+ 6ω2x2ẋ1ẋ
2
2 − 2ω1x1ẋ

3
2,

R2 =6ω1ω
2
2x1x

2
2ẋ1 − 6ω2

1ω2x
2
1x2ẋ2

+ 6ω2x2ẋ
2
1ẋ2 − 6ω1x1ẋ1ẋ

2
2,

S1 =2ω2
1ω

3
2x1x

3
2 + 6ω1ω

2
2x

2
2ẋ1ẋ2

− 6ω2
1ω2x1x2ẋ

2
2 − 2ω1ẋ1ẋ

3
2,

S2 =3ω2
1ω

3
2x

2
1x

2
2 + 12ω1ω

2
2x1x2ẋ1ẋ2

− 3ω2
1ω2x

2
1ẋ

2
2 − 3ω3

2x
2
2ẋ

2
1 + 3ω2ẋ

2
1ẋ

2
2, (16)

I
3/2
3 =ω2

1ω
3
2x

2
1x

3
2 + 6ω1ω

2
2x1x

2
2ẋ1ẋ2

− 3ω2
1ω2x

2
1x2ẋ

2
2 − ω3

2x
3
2ẋ

2
1

+ 3ω2x2ẋ
2
1ẋ

2
2 − 2ω1x1ẋ1ẋ

3
2. (17)

�
ω1

ω2
=

4
3

�,

R1 = − 6ω1ω
4
2x1x

4
2ẋ1 + 36ω1ω

2
2x1x

2
2ẋ1ẋ

2
2

− 6ω1x1ẋ1ẋ
4
2 + 12ω2

1ω
3
2x

2
1x

3
2ẋ2

− 12ω3
2x

3
2ẋ

2
1ẋ2 − 12ω2

1ω2x
2
1x2ẋ

3
2

+ 12ω2x2ẋ
2
1ẋ

3
2,

R2 = − 12ω3
1ω

2
2x

3
1x

2
2ẋ2 + 36ω1ω

2
2x1x

2
2ẋ

2
1ẋ2

+ 4ω3
1x

3
1ẋ

3
2 − 12ω1x1ẋ

2
1ẋ

3
2

+ 12ω2
1ω

3
2x

2
1x

3
2ẋ1 − 4ω3

2x
3
2ẋ

3
1

− 36ω2
1ω2x

2
1x2ẋ1ẋ

2
2 + 12ω2x2ẋ

3
1ẋ

2
2,

S1 =3ω3
1ω

4
2x

2
1x

4
2 − 3ω1ω

4
2x

4
2ẋ

2
1 − 18ω3

1ω
2
2x

2
1x

2
2ẋ

2
2

+ 18ω1ω
2
2x

2
2ẋ

2
1ẋ

2
2 + 3ω3

1x
2
1ẋ

4
2

− 3ω1ẋ
2
1ẋ

4
2 + 24ω2

1ω
3
2x1x

3
2ẋ1ẋ2

− 24ω2
1ω2x1x2ẋ1ẋ

3
2,

S2 =4ω3
1ω

4
2x

3
1x

3
2 − 12ω1ω

4
2x1x

3
2ẋ

2
1

− 12ω3
1ω

2
2x

3
1x2ẋ

2
2 + 36ω1ω

2
2x1x2ẋ

2
1ẋ

2
2

+ 36ω2
1ω

3
2x

2
1x

2
2ẋ1ẋ2 − 12ω3

2x
2
2ẋ

3
1ẋ2

− 12ω2
1ω2x

2
1ẋ1ẋ

3
2 + 4ω2ẋ

3
1ẋ

3
2, (18)

I
4/3
3 =ω3

1ω
4
2x

3
1x

4
2 − 3ω1ω

4
2x1x

4
2ẋ

2
1 − 6ω3

1ω
2
2x

3
1x

2
2ẋ

2
2

+ 18ω1ω
2
2x1x

2
2ẋ

2
1ẋ

2
2 + ω3

1x
3
1ẋ

4
2

− 3ω1x1ẋ
2
1ẋ

4
2 + 12ω2

1ω
3
2x

2
1x

3
2ẋ1ẋ2

− 4ω3
2x

3
2ẋ

3
1ẋ2 − 12ω2

1ω2x
2
1x2ẋ1ẋ

3
2

+ 4ω2x2ẋ
3
1ẋ

3
2. (19)

3 XÚ� Noether é¡5� Lie é¡5

e¡?ØXÚ1n�ÕáÅðþ I
p/q
3 �é¡

5. Ú?+�Ã��C�

t∗ = t + ετp/q(t, x1, x2, ẋ1, ẋ2),

x∗
1 = x1 + εξ

p/q
1 (t, x1, x2, ẋ1, ẋ2),

x∗
2 = x2 + εξ

p/q
2 (t, x1, x2, ẋ1, ẋ2).

(20)

ÙÃ��)¤��þ�

X(0) = τp/q
∂

∂t
+ ξ

p/q
1

∂

∂x1
+ ξ

p/q
2

∂

∂x2
, (21)

(21) ª��g*Ð�

X(1) =X(0) + (ξ̇p/q
1 − ẋ1τ̇p/q)

∂

∂ẋ1

+ (ξ̇p/q
2 − ẋ2τ̇p/q)

∂

∂ẋ2
, (22)

�g*Ð�

X(2) =X(1) + (ξ̈p/q
1 − ẋ1τ̈p/q − 2ẍ1τ̇p/q)

∂

∂ẍ1

+ (ξ̈p/q
2 − ẋ2τ̈p/q − 2ẍ2τ̇p/q)

∂

∂ẍ2
, (23)

Ù¥ ε �Ã��ëê, τp/q, ξ
p/q
1 , ξ

p/q
2 ´�ªÇ'

� p/q �Åðþ�A�Ã��C��)¤�.
d Lagrange XÚ� Noether _½n [3] ��: X

J®� Lagrange XÚ�1�È© (Åðþ) I
p/q
3 , @

o�dÅðþ I
p/q
3 é��A�)¤� τp/q, ξ

p/q
1 ,

ξ
p/q
2 , ¦Ã��C� (20) ª�XÚ� Noether é¡

C� (½ Noether Oé¡C�), =XÚäk Noether
é¡5 (½ Noether Oé¡5).

éu�½�ÅðþÚ Lagrange ¼ê, de¡
� (24) Ú (25) ª�(½)¤� τp/q, ξ

p/q
1 , ξ

p/q
2 , U

¦Ã��C� (20) ª�XÚ� Noether é¡C�,
XÚäk Noether é¡5.

ξ
p/q
1 − ẋ1τp/q = h̃11

∂I
p/q
3

∂ẋ1
+ h̃12

∂I
p/q
3

∂ẋ2
,
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ξ
p/q
2 − ẋ2τp/q = h̃21

∂I
p/q
3

∂ẋ1
+ h̃22

∂I
p/q
3

∂ẋ2
, (24)

τp/q =
1
L

[
Ip/q − (ξp/q

1 − ẋ1τp/q)
∂L

∂ẋ1

− (ξp/q
2 − ẋ2τp/q)

∂L

∂ẋ2

]
, (25)

Ù¥ h̃sk (s, k = 1, 2) � Lagrange ¼ê� Hess Ý

�_Ý
�.

XJde¡� (26) ª(½ τp/q,

τp/q =
1
L

[
Ip/q − (ξp/q

1 − ẋ1τp/q)
∂L

∂ẋ1

− (ξp/q
2 − ẋ2τp/q)

∂L

∂ẋ2
− Gp/q

]
, (26)

Ù¥ Gp/q = Gp/q(t, x1, x2, ẋ1, ẋ2) �5�¼ê, �
5�¼ê÷v Noether �ª (27) ª

∂L

∂t
τp/q +

2∑
i=1

∂L

∂xi
ξ

p/q
i +

2∑
i=1

∂L

∂ẋi
ξ̇

p/q
i

+
(

L −
2∑

i=1

∂L

∂ẋi
ẋi

)
τ̇p/q = −Ġp/q. (27)

Kd (24) Ú (26) ª(½�)¤� τp/q, ξ
p/q
1 , ξ

p/q
2 ,

¦Ã��C� (20) ª�XÚ� Noether Oé¡C
�, XÚäk Noether Oé¡5.

�â Lie é¡5nØ [3], XJd (24), (25) ª
½ (24), (26) ª(½�)¤� τp/q, ξ

p/q
1 , ξ

p/q
2 , ÷v

e¡� Lie é¡5(½�§:

ξ̈
p/q
1 − ẋ1τ̈p/q − 2φ1τ̇p/q = X(1)(φ1),

ξ̈
p/q
2 − ẋ2τ̈p/q − 2φ2τ̇p/q = X(1)(φ2),

(28)

K`²�Åðþ I
p/q
3 �A�Ã��C� (20) ª

´ Lie é¡C�, XÚäk Lie é¡5.
ò (1), (11), (13), (15), (17) Ú (19) ª©O�

\ (24), (25) ª, �Ø� τ2/1, τ3/1, τ4/1, τ3/2, τ4/3

�)Û), K`²Ø�3 Noether é¡C��Åð
þ I

2/1
3 , I

3/1
3 , I

4/1
3 , I

3/2
3 , I

4/3
3 �éA.

ò (1), (11), (13), (15), (17) Ú (19) ª©O�
\ (24), (26) ª, �)�

τ2/1 =0,

ξ
2/1
1 =2ω2x2ẋ2,

ξ
2/1
2 = − 2ω1x1ẋ2 + 2ω2x2ẋ1,

G2/1 =ω1ω
2
2x1x

2
2 + ω1x1ẋ

2
2 − 2ω2x2ẋ1ẋ2; (29)

τ3/1 =0,

ξ
3/1
1 =3ω2

2x
2
2ẋ2 − ẋ3

2,

ξ
3/1
2 = − 6ω1ω2x1x2ẋ2 + 3ω2

2x
2
2ẋ1 − 3ẋ1ẋ

2
2,

G3/1 =ω1ω
3
2x1x

3
2 + 3ω1ω2x1x2ẋ

2
2

− 3ω2
2x

2
2ẋ1ẋ2 + 3ẋ1ẋ

3
2; (30)

τ4/1 =0,

ξ
4/1
1 =4ω3

2x
3
2ẋ2 − 4ω2x2ẋ

3
2,

ξ
4/1
2 = − 12ω1ω

2
2x1x

2
2ẋ2 + 4ω3

2x
3
2ẋ1

− 12ω2x2ẋ1ẋ
2
2 + 4ω1x1ẋ

3
2,

G4/1 =ω1ω
4
2x1x

4
2 + 6ω1ω

2
2x1x

2
2ẋ

2
2

− 4ω3
2x

3
2ẋ1ẋ2 + 12ω2x2ẋ1ẋ

3
2

− 3ω1x1ẋ
4
2; (31)

τ3/2 =0,

ξ
3/2
1 =6ω1ω

2
2x1x

2
2ẋ2 − 2ω3

2x
3
2ẋ1

+ 6ω2x2ẋ1ẋ
2
2 − 2ω1x1ẋ

3
2,

ξ
3/2
2 =6ω1ω

2
2x1x

2
2ẋ1 − 6ω2

1ω2x
2
1x2ẋ2

+ 6ω2x2ẋ
2
1ẋ2 − 6ω1x1ẋ1ẋ

2
2,

G3/2 =ω2
1ω

3
2x

2
1x

3
2 − 6ω1ω

2
2x1x

2
2ẋ1ẋ2

+ 3ω2
1ω2x

2
1x2ẋ

2
2 + ω3

2x
3
2ẋ

2
1

− 9ω2x2ẋ
2
1ẋ

2
2 + 6ω1x1ẋ1ẋ

3
2; (32)

τ4/3 =0,

ξ
4/3
1 = − 6ω1ω

4
2x1x

4
2ẋ1 + 36ω1ω

2
2x1x

2
2ẋ1ẋ

2
2

− 6ω1x1ẋ1ẋ
4
2 + 12ω2

1ω
3
2x

2
1x

3
2ẋ2

− 12ω3
2x

3
2ẋ

2
1ẋ2 − 12ω2

1ω2x
2
1x2ẋ

3
2

+ 12ω2x2ẋ
2
1ẋ

3
2,

ξ
4/3
2 = − 12ω3

1ω
2
2x

3
1x

2
2ẋ2 + 36ω1ω

2
2x1x

2
2ẋ

2
1ẋ2

+ 4ω3
1x

3
1ẋ

3
2 − 12ω1x1ẋ

2
1ẋ

3
2

+ 12ω2
1ω

3
2x

2
1x

3
2ẋ1 − 4ω3

2x
3
2ẋ

3
1

− 36ω2
1ω2x

2
1x2ẋ1ẋ

2
2 + 12ω2x2ẋ

3
1ẋ

2
2,

G4/3 =ω3
1ω

4
2x

3
1x

4
2 + 3ω1ω

4
2x1x

4
2ẋ

2
1

+ 6ω3
1ω

2
2x

3
1x

2
2ẋ

2
2 − 54ω1ω

2
2x1x

2
2ẋ

2
1ẋ

2
2

− 3ω3
1x

3
1ẋ

4
2 + 15ω1x1ẋ

2
1ẋ

4
2

− 12ω2
1ω

3
2x

2
1x

3
2ẋ1ẋ2 + 12ω3

2x
3
2ẋ

3
1ẋ2

+ 36ω2
1ω2x

2
1x2ẋ1ẋ

3
2 − 20ω2x2ẋ

3
1ẋ

3
2. (33)

`²�Åðþ I
2/1
3 , I

3/1
3 , I

4/1
3 , I

3/2
3 , I

4/3
3 �A�Ã

��C�´ Noether Oé¡C�, Ø´ Noether é
¡C�, XÚäk Noether Oé¡5.

e¡?ØXÚ� Lie é¡5. ò (29)—(33) ª
©O�\ Lie é¡5�(½�§ (28) ª, ¿|^ (3)
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ª, �±y²Ã��)¤� (29)—(33) ªþ÷v(
½�§ (28) ª, `²�Åðþ I

2/1
3 , I

3/1
3 , I

4/1
3 , I

3/2
3 ,

I
4/3
3 �éA�Ã��C�þ� Lie é¡C�, XÚ

äk Lie é¡5.
d (29)—(33) ª�, XÚ�$Ä�©�§ (3)

ªéuÃ��C�

t∗ = t,

x∗
1 = x1 + εξ

p/q
1 ,

x∗
2 = x2 + εξ

p/q
2

(34)

´ØC�, ù
C��mþ�±ØC, �k�mu
)C�, áuÓ�a�mC�.

¯¤±�, éuªÇ' ω1/ω2 �knê���
É5��f, Ù;�Ò´Í¶� Lissajour ã/, ´
4Ü�. d©z [1] ��, �¦�gdÝXÚ�;�
4Ü, K7L�3 3 �Õá�Åðþ, ¦XÚ¤�
��{¿XÚ. ù`²éuªÇ' ω1/ω2 �knê
���É5��f, ØXÚ�UþÚ©�fUþÅ

ð	, �½�31n�Õá�Åðþ, Ò´�©é
�� I

p/q
3 .

4 ( Ø

������É5��f�Åðþ��ê�
u 2n − 1 � (n �gdÝê), XÚØ´��{¿
XÚ, Ù;��Ø4Ü. �´, éuªÇ' ω1/ω2 �
knê�����É5��f, �31n�ÕáÅ
ðþ, XÚ¤���{¿XÚ, ;�´4Ü�, n�
Õá�Åðþ�(½²¡;��/G!��Ú�
 . �©^*Ð P-S {¦�
ªÇ' ω1/ω2 �kn
ê�Ê�;.����É5��f�1n�Õá
Åðþ, ¿?Ø
�Åðþ�A� Noether é¡5
� Lie é¡5, (JL²: �1n�ÕáÅðþ�A
�Ã��C�´ Noether Oé¡C�, �´ Lie é
¡C�, XÚäk Noether Oé¡5Ú Lie é¡5.
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The third independent conserved quantity and its
symmetry of the two-dimensional anisotropic

harmonic oscillator∗
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Abstract
The energy and the two partial energies of two-dimensional anisotropic harmonic oscillator are conserved quantities, but only two

of them are independent. The system possesses the third independent conserved quantity when the ω1/ω2 is a rational number. The

extended Prelle-Singer method is used to find the third independent conserved quantity for the five typical two-dimensional anisotropic

harmonic oscillators. The Noether symmetry and the Lie symmetry of the third independent conserved quantities are also discussed.
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