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1 Ú ó

9Ï�§{3�E��5uÐ�§°()
+�u�
�~���^, ®¼�
Nõ#¤
J. ÏLC�r��5uÐ�§=z���5~
�©�§´A^9Ï�§{���Ì�Ú½. ©
z[1—16]|^C� u(x, t) = u(ξ), ξ = λx + ωt (Ù
¥ λ, ω ´�½~ê), �E
��5uÐ�§�#
°(). ©z [17—27] í2A^9Ï�§{, ÏL
C� u(x, t) = u(ξ), ξ = p(y)x + q(y, t) (Ù¥ p(y),
q(y, t) ´�½¼ê), �E
 (2+1) �ÚÑ�Å�§
���5uÐ�§�a�f#°().

2009 cc, 9Ï�§{Ì��E
��5u
Ð�§�k�õ�1w�áf), �U¼�Ã¡
S�°(). ·�©ÛïÄ
9Ï�§{k'�
�þ©z, o(
9Ï�§{��E5ÚÅ�z
5A: [28]. ùü�A:�u÷éu�E��5
uÐ�§�#°()äk�¿Â. �©�
�
E��5uÐ�§�Ã¡S�1wa�f)!

Ã¡S�ak¸�áf)ÚÃ¡S�a;�áf
), ïÄ
1�«ý�9Ï�§��E5ÚÅ�
z5ü�A:. �â Jacobi ý�¼ê�±Ï5, ¼
�
T�§��
#)Ú�A� Bäcklund C�.
3dÄ:þ, |^ÎÒO�XÚ Mathematica �E

 Nizhnik-Novikov-Vesselov �§ [29]

ut − uxxx + α(uv)x = 0, (1)

ux + βvy = 0 (2)

�Ã¡S�a�f#°(), Ù¥ α, β ´~ê. ù

)�)
 Jacobi ý�¼ê!V¼ê!n�¼
êÚkn¼êüÕ�¤�ü¼ê.Ã¡S�1w
a�f)!Ã¡S�ak¸�áf)ÚÃ¡S�
a;�áf).

2 1�«ý�9Ï�§�#)��A
� Bäcklund C�

� © ¼ � 
 1 � « ý � 9 Ï � § [4−7]

� Jacobi ý�¼ê!V¼ê!n�¼êÚk
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n¼ê/ª�#)9�A� Bäcklund C�. ¤�(
Øéuuy��5uÐ�§�õ«#°()äk
�~���^.

2.1 111���«««ýýý���999ÏÏÏ���§§§���)))

2.1.1 1�«ý�9Ï�§�®�)
1�«ý�9Ï�§( dz(ξ)

dξ

)2

= a + bz2(ξ) + cz4(ξ) (3)

�3Xen«Ä�):

z(ξ) = sn(ξ, k)

(a = 1, b = −1 − k2, c = k2), (4)

z(ξ) = cn(ξ, k)

(a = 1 − k2, b = −1 + 2k2, c = −k2), (5)

z(ξ) = dn(ξ, k)

(a = −1 + k2, b = 2 − k2, c = −1). (6)

Ù{)Ñ�±^ùn«)5L«.

2.1.2 1�«ý�9Ï�§�#)
�â Jacobi ý�¼ê�½Â, �Ñ

sn
(
ξ + 4K(k)

)
= sn(ξ, k),

cn
(
ξ + 4K(k)

)
= cn(ξ, k),

dn
(
ξ + 2K(k)

)
= dn(ξ, k),

(7)

Ù¥

K(k) =
∫ π/2

0

1√
1 − k2 sin2 ϕ

dϕ

=
∫ 1

0

1√
(1 − x2)(1 − k2x2)

dx

0 6 k 6 1.

�©�
�E��5uÐ�§�Ã¡S�;
�áf), �â) (4)—(6) ªÚ Jacobi ý�¼ê�
±Ï5, ¼�
1�«ý�9Ï�§#a.).

� a = 1, b = −1 − k2, c = k2 �, 1�«ý�
9Ï�§ (3) �)�

z(ξ) =

sn(ξ, k) (4N + 1)K(k) 6 ξ 6 (4N + 5)K(k),

1 Ù¦;
(8)

z(ξ) =

sn(ξ, k) (4N − 1)K(k) 6 ξ 6 (4N + 3)K(k),

−1 Ù¦;
(9)

z(ξ) =


1 ξ 6 (4N + 1)K(k),

sn(ξ, k) (4N + 1)K(k) 6 ξ 6 (4N + 3)K(k),

−1 (4N + 3)K(k) 6 ξ;

(10)

z(ξ) =


−1 ξ 6 (4N + 3)K(k),

sn(ξ, k) (4N + 3)K(k) 6 ξ 6 (4N + 5)K(k),

1 (4N + 5)K(k) 6 ξ.

(11)

� a = 1 − k2, b = 2k2 − 1, c = −k2 �, 1�«ý�9Ï�§ (3) �)�

z(ξ) =

cn(ξ, k) 4NK(k) 6 ξ 6 (4N + 4)K(k),

1 Ù¦;
(12)

z(ξ) =

cn(ξ, k) (4N + 2)K(k) 6 ξ 6 (4N + 6)K(k),

−1 Ù¦;
(13)

z(ξ) =


1 ξ 6 4NK(k),

cn(ξ, k) 4NK(k) 6 ξ 6 (4N + 2)K(k),

−1 ξ > (4N + 2)K(k);

(14)
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z(ξ) =


−1 ξ 6 (4N + 2)K(k),

cn(ξ, k) (4N + 2)K(k) 6 ξ 6 (4N + 4)K(k),

1 ξ > (4N + 4)K(k).

(15)

� a = −1 + k2, b = 2 − k2, c = −1 �, 1�«ý�9Ï�§ (3) �)�

z(ξ) =

dn(ξ, k) 2NK(k) 6 ξ 6 (2N + 2)K(k),

1 Ù¦;
(16)

z(ξ) =

dn(ξ, k) (2N + 1)K(k) 6 ξ 6 (2N + 3)K(k),
√

1 − k2 Ù¦;
(17)

z(ξ) =


√

1 − k2 ξ 6 (2N + 1)K(k),

dn(ξ, k) (2N + 1)K(k) 6 ξ 6 (2N + 2)K(k),

1 ξ > (2N + 2)K(k);

(18)

z(ξ) =


1 ξ 6 (2N + 2)K(k),

dn(ξ, k) (2N + 2)K(k) 6 ξ 6 (2N + 3)K(k),
√

1 − k2 ξ > (2N + 3)K(k).

(19)

±þ���) (8)—(19) ¥ N ��ê.

� a = 0 �, 1�«ý�9Ï�§ (3) �)�

z(ξ) =


[−b

c
sec2[(−b)

1
2 ξ]

] 1
2

b < 0, c > 0,

0 b < 0, c > 0;
(20)

z(ξ) =


[−b

c
sec2[(−b)

1
2 ξ]

] 1
2

b < 0, c > 0,

±
√

−b

c
b < 0, c > 0;

(21)

z(ξ) =


[−b

c
csc2[(−b)

1
2 ξ]

] 1
2

b < 0, c > 0,

0, b < 0, c > 0;
(22)

z(ξ) =


[−b

c
csc2[(−b)

1
2 ξ]

] 1
2

b < 0, c > 0,

±
√

−b

c
b < 0, c > 0;

(23)

z(ξ) =


[−b

c
sech2(

√
bξ)

] 1
2

b > 0, c < 0,

0, b > 0, c < 0;
(24)

z(ξ) =


[−b

c
sech2(

√
bξ)

] 1
2

b > 0, c < 0,

±
√

−b

c
b > 0, c < 0;

(25)

z(ξ) =


[b

c
csch2(

√
bξ)

] 1
2

b > 0, c > 0,

0, b > 0, c > 0;
(26)

z(ξ) =


[b

c
csch2(

√
bξ)

] 1
2

b > 0, c > 0,

±
√

−b

c
b > 0, c > 0.

(27)

� b2 − 4ac = 0 �, 1�«ý�9Ï�§ (3)
�)�

z(ξ) =

√
b√
2c

tan
(√

b√
2
|ξ|

)
b > 0, c > 0, (28)

z(ξ) =

√
−b

[
1 + exp(

√
−2b|ξ|)

]
√

2c
[
1 − exp(

√
−2b|ξ|)

]
b < 0, c > 0. (29)

� a = b = 0 �, 1�«ý�9Ï�§ (3) �)
�

z(ξ) =
1√
c|ξ|

c > 0. (30)

� a = c = 0 �, 1�«ý�9Ï�§ (3) �)
�

z(ξ) = exp[
√

b|ξ|] b > 0. (31)

2.2 111���«««ýýý���999ÏÏÏ���§§§��� BäcklundCCC���

1�«ý�9Ï�§ (3) ÏLC�

z2(ξ) = ρ(ξ). (32)

=z�1�«ý�9Ï�§

[ρ′(ξ)]2 = 4aρ(ξ) + 4bρ2(ξ) + 4cρ3(ξ). (33)
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�â (32), (33) ªÚ©z [11] ¥�Ñ�1�«
ý�9Ï�§( dz(ξ)

dξ

)2

= az(ξ) + bz2(ξ) + cz3(ξ) (34)

� Bäcklund C �, � ± ¼ �1 � « ý � 9 Ï �
§ (3) � Bäcklund C� (ùp��Ñü« Bäcklund

C�).

e zn−1(ξ) ´1�«ý�9Ï�§ (3) �),
Ke� zn(ξ) �´�§ (3) �):

z2
n(ξ) = ∓

2a + (b ±
√

b2 − 4ac)z2
n−1(ξ)

±b +
√

b2 − 4ac ± 2cz2
n−1(ξ)

n = 1, 2, · · ·, (35)

z2
n(ξ) =

a
[
−
√

3A2 ∓ 9
(
z′n−1(ξ)

)2]
√

3A2(b −
√

b2 − 3ac) + 2
√

3A2cz2
n−1(ξ) ± 3(b +

√
b2 − 3ac)

(
z′n−1(ξ)

)2 n = 1, 2, · · ·, (36)

Ù¥

A2 =

√
1

16c2
[128b3 − 432abc + 2(16b2 − 48ac)

3
2 ].

e zn−1(ξ) ´1�«ý�9Ï�§ (3) �), Ke� zn(ξ) �´�§ (3) �):

zn(ξ) =
ib[S + Lz2

n−1(ξ)]

b
√

SL ∓ ib

√
(−2Sc + bL)2

b2
zn−1(ξ) + 2c

√
SLz2

n−1(ξ)

SL < 0, b2 − 4ac = 0, n = 1, 2, · · ·, (37)

zn(ξ) =
ib[S + Lz2

n−1(ξ)]

b
√

SL ∓ ib

√
(−2Sc + bL)2

b2
zn−1(ξ) − 2c

√
SLz2

n−1(ξ)

SL < 0, b2 − 4ac = 0, n = 1, 2, · · ·, (38)

e zn−1(ξ) ´1�«ý�9Ï�§ (3) �), Ke� zn(ξ) �´�§ (3) �):

z2
n(ξ) =

−bz2
n−1(ξ)

b + cz2
n−1(ξ)

a = 0, n = 1, 2, · · ·, (39)

z2
n(ξ) =

−2
√

3A1cz
2
n−1(ξ) ± 6b[z′n−1(ξ)]

2

c
[√

3A1 ∓ 9[z′n−1(ξ)]2
] a = 0, b > 0, A1 = 4

√
b3

c2
, n = 1, 2, · · ·, (40)

z2
n(ξ) =

−8b
√

3A1 − 2
√

3A1cz
2
n−1(ξ)

4c
[√

3A1 ∓ 9[z′n−1(ξ)]2
] a = 0, b < 0, A1 = 4

√
b3

c2
, n = 1, 2, · · ·. (41)

e zn−1(ξ) ´1�«ý�9Ï�§ (3) �), Ke� zn(ξ) �´�§ (3) �) (a = b = 0 � c ��u
"�?¿~ê):

zn(ξ) =
d[−

√
cz2

n−1(ξ) + z′n−1(ξ)]
p + zn−1(ξ)[q + rzn−1(ξ)] + mz′n−1(ξ)

n = 1, 2, · · ·, (42)

zn(ξ) =
(d −

√
c ∓ q)z2

n−1(ξ) + dz′n−1(ξ)
qzn−1(ξ) + rz2

n−1(ξ) + mz′n−1(ξ)
n = 1, 2, · · ·, (43)

zn(ξ) =
B
√

c
[
Bzn−1(ξ) + Cz2

n−1(ξ) + dz′n−1(ξ)
]

B
√

c
[
± B + [q + rzn−1(ξ)]zn−1(ξ)

]
∓

[
(C + d

√
c)(C + d

√
c − q) + Br

]
z′n−1(ξ)

n = 1, 2, · · · .

(44)

e zn−1(ξ) ´1�«ý�9Ï�§ (3) �), Ke� zn(ξ) �´�§ (3) �) (a = c = 0 � b ��u
"�?¿~ê):

zn(ξ) =
d[−

√
bzn−1(ξ) + z′n−1(ξ)]

p + qzn−1(ξ) + rz2
n−1(ξ) + mz′n−1(ξ)

n = 1, 2, · · ·, (45)

zn(ξ) =
Bzn−1(ξ) + Cz′n−1(ξ)

−
√

bmzn−1(ξ) + rz2
n−1(ξ) + mz′n−1(ξ)

n = 1, 2, · · ·, (46)
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zn(ξ) =
Bzn−1(ξ) + Cz′n−1(ξ)

p −
√

bmzn−1(ξ) + mz′n−1(ξ)
n = 1, 2, · · ·, (47)

zn(ξ) =
A −

√
bCzn−1(ξ) + Cz′n−1(ξ)

qzn−1(ξ) + mz′n−1(ξ)
n = 1, 2, · · ·, (48)

zn(ξ) =
−
√

bdzn−1(ξ) + Cz2
n−1(ξ) + dz′n−1(ξ)

qzn−1(ξ) + mz′n−1(ξ)
n = 1, 2, · · ·, (49)

zn(ξ) =
A2 + ABzn−1(ξ) + Adz′n−1(ξ)

Aqzn−1(ξ) + (B +
√

bd)(
√

bm + q)z2
n−1(ξ) + Amz′n−1(ξ)

n = 1, 2, · · ·, (50)

zn(ξ) =
pBzn−1(ξ) + (B +

√
bd)(

√
bm + q)z2

n−1(ξ) + pdz′n−1(ξ)
p2 + pqzn−1(ξ) + pmz′n−1(ξ)

n = 1, 2, · · ·. (51)

3)� Bäcklund C� (42)—(51) ª¥, d, m, p, q, r,
B, C ´Ø��"�?¿~ê.

3 9Ï�§{�A^Ú½

b��½���5uÐ�§� (± (2 + 1) �
��5uÐ�§�~)

H(u, ux, ut, uy, uxx, uxt, utt,

uxy, uyt, · · ·) = 0, (52)

ò�§(52)�/ª)��XeL�ª (Ø��):

u(x, y, t)

=u(ξ) = F
(
z(ξ), z′(ξ)

)
=F

[
z
(
px + q(y, t)

)
, z′

(
px + q(y, t)

)]
, (53)

Ù¥ F
(
z(ξ), z′(ξ)

)
L« z(ξ) Ú z′(ξ) �CXêõ

�ª½CXêkn©ª. z(ξ) Ú z′(ξ) d1�«ý
�9Ï�§ (3) (½. F

(
z(ξ), z′(ξ)

)
¥ z(ξ) Ú z′(ξ)

�Xê� q(y, t) ´ y, t ��½¼ê, p ��½~ê.

ò (3) Ú (53) ª � å � \ (52) ª,
- zj(ξ)

(
z′(ξ)

)i (i = 0, 1; j = 0, 1, 2, · · ·) �Xê
�"�=�����± q(y, t) Ú (53) ª�Xê�
��þ���5�½�©�§|, ^ÎÒO�X
Ú Mathematica ¦ÑT�©�§|�). 2r�§
|�z�|)©OÓ1�«ý�9Ï�§ (3) �)
��A� Bäcklund C�(½�Ã¡S�)�å�
\ (53) ª, =�����5uÐ�§ (52) �Ã¡
S�1wa�f)!Ã¡S�a;�áf)ÚÃ
¡S�ak¸�áf).

4 Nizhnik-Novikov-Vesselov �§�Ã
¡S�a�f#°()

Nizhnik-Novikov-Vesselov �§�/ª)ÀJ
� (Ø��):

u(x, y, t) =u(ξ)

=g(y, t) + f(y, t)z2
(
px + q(y, t)

)
, (54)

v(x, y, t) =u(ξ)

=h(y, t) + l(y, t)z2
(
px + q(y, t)

)
, (55)

ò (3), (54), (55) ª © O � \ (1), (2) ª, ¿
- zj(ξ)(j = 0, 2), z′(ξ)z(ξ), z′(ξ)z3(ξ) �Xê�
", ��± g(y, t), f(y, t), h(y, t), l(y, t), q(y, t) �
��þ�����5�½�©�§|. |^ÎÒO
�XÚ Mathematica ¦ÑT�§|�), =

g(y, t) = g(y) = qy(y, t) = Ψ ′(y),

f(y, t) = f(y) = −6cpβqy(y, t)
α

,

l(y, t) =
6cp2

α
,

h(y, t) = h(t) =
p2αg(y) − βqt(y, t)qy(y, t)

pαβqy(y, t)
,

q(y, t) = Ψ(y) + Φ(t).

(56)

ò (56) ª � \ (54) Ú (55) ª, � � Nizhnik-
Novikov-Vesselov �§�)

u(x, y, t) =Ψ ′(y)
(
1 − 6cpβ

α

)
z2

×
[
px + Ψ(y) + Φ(t)

]
, (57)

v(x, y, t) =
p2α − βΦ′(t)

pαβ

+
6cp2

α
z2

[
px + Ψ(y) + Φ(t)

]
, (58)

Ù¥ Ψ(y), Φ(t) ©O´ y, t �?¿¼ê.
1 � « ý � 9 Ï � § � ® � ) � � A
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� Bäcklund C�S��, ¼�1�«ý�9Ï�§
�Ã¡S�°(). 2rù
)�\ (57) Ú (58)
ª, �±�� Nizhnik-Novikov-Vesselov �§�Ã¡
S�a�f#°().

4.1 Nizhnik-Novikov-Vesselov ���§§§���ÃÃÃ¡¡¡
SSS���111wwwaaa���fff)))

ÏLe� Bäcklund C�



un(x, y, t) = Ψ ′(y)
(
1 − 6cpβ

α

)
z2
n(ξ),

vn(x, y, t) =
p2α − βΦ′(t)

pαβ
+

6cp2

α
z2
n(ξ) n = 1, 2, · · ·,

z2
n(ξ) =

a
[
−
√

3A2 ∓ 9
(
z′n−1(ξ)

)2]
√

3A2(b −
√

b2 − 3ac) + 2
√

3A2cz2
n−1(ξ) ± 3(b +

√
b2 − 3ac)

(
z′n−1(ξ)

)2 ,

z0(ξ) =

√
F 2(k2 − 1) + G2

G2 + F 2k2
+ cn(ξ, k)

Gsn(ξ, k) + Fdn(ξ, k)
ξ = px + Ψ(y) + Φ(t),

a =
1

4(G2 + F 2k2)
, b =

1
2
− k2, c =

1
4
(G2 + F 2k2),

(59)

�±¼� Nizhnik-Novikov-Vesselov �§� Jacobi ý�¼ê.Ã¡S�1wa�f).
� k = 1 �, ÏLe� Bäcklund C�

un(x, y, t) = Ψ ′(y)
(
1 − 6cpβ

α

)
z2
n(ξ),

vn(x, y, t) =
p2α − βΦ′(t)

pαβ
+

6cp2

α
z2
n(ξ) n = 1, 2, · · ·,

z2
n(ξ) =

a
[
−
√

3A2 ∓ 9
(
z′n−1(ξ)

)2]
√

3A2(b −
√

b2 − 3ac) + 2
√

3A2cz2
n−1(ξ) ± 3(b +

√
b2 − 3ac)

(
z′n−1(ξ)

)2 ,

z0(ξ) =

√
G2

G2 + F 2
+ sech(ξ)

G tanh(ξ) + F sech(ξ)
ξ = px + Ψ(y) + Φ(t),

a =
1

4(G2 + F 2)
, b = −1

2
, c =

1
4
(G2 + F 2),

(60)

�±�E Nizhnik-Novikov-Vesselov �§�V¼ê.Ã¡S�1wa�f).
k = 0 �, |^ Bäcklund C�

un(x, y, t) = Ψ ′(y)
(
1 − 6cpβ

α

)
z2
n(ξ),

vn(x, y, t) =
p2α − βΦ′(t)

pαβ
+

6cp2

α
z2
n(ξ) n = 1, 2, · · ·,

z2
n(ξ) =

a
[
−
√

3A2 ∓ 9
(
z′n−1(ξ)

)2]
√

3A2(b −
√

b2 − 3ac) + 2
√

3A2cz2
n−1(ξ) ± 3(b +

√
b2 − 3ac)

(
z′n−1(ξ)

)2 ,

z0(ξ) =

√
G2 − F 2

G2
+ cos(ξ)

G sin(ξ) + F
ξ = px + Ψ(y) + Φ(t),

a =
1

4G2
, b =

1
2
, c =

G2

4
, G2 − F 2 > 0,

(61)
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�±(½ Nizhnik-Novikov-Vesselov �§�n�¼ê.Ã¡S�1w�áÅ). 3 (59)—(61) ª¥ G, F ´
Ø��"�?¿~ê.

4.2 Nizhnik-Novikov-Vesselov ���§§§���ÃÃÃ¡¡¡SSS���aaakkk¸̧̧���áááfff)))

ÏLe� Bäcklund C�

un(x, y, t) = Ψ ′(y)
(
1 − 6cpβ

α

)
z2
n(ξ),

vn(x, y, t) =
p2α − βΦ′(t)

pαβ
+

6cp2

α
z2
n(ξ) b2 = 4ac, n = 1, 2, · · ·,

zn(ξ) =
ib[S + Lz2

n−1(ξ)]

b
√

SL ∓ ib

√
(−2Sc + bL)2

b2
zn−1(ξ) + 2c

√
SLz2

n−1(ξ)

SL < 0, b2 − 4ac = 0,

z0(ξ) =

√
−b

[
1 + exp(

√
−2b|ξ|)

]
√

2c
[
1 − exp(

√
−2b|ξ|)

] b < 0 c > 0, ξ = px + Ψ(y) + Φ(t),

(62)

�±¼� Nizhnik-Novikov-Vesselov �§�V¼ê.Ã¡S�ak¸�áf).

re� Bäcklund C�

un(x, y, t) = Ψ ′(y)
(
1 − 6cpβ

α

)
z2
n(ξ),

vn(x, y, t) =
p2α − βΦ′(t)

pαβ
+

6cp2

α
z2
n(ξ) b2 = 4ac, n = 1, 2, · · ·,

zn(ξ) =
ib[S + Lz2

n−1(ξ)]

b
√

SL ∓ ib

√
(−2Sc + bL)2

b2
zn−1(ξ) + 2c

√
SLz2

n−1(ξ)

SL < 0, b2 − 4ac = 0,

z0(ξ) =

√
b√
2c

tan
(√

b√
2
|ξ|

)
b > 0, c > 0, ξ = px + Ψ(y) + Φ(t)

(63)

S���� Nizhnik-Novikov-Vesselov �§�n�¼ê.Ã¡S�ak¸�áf).

|^e� Bäcklund C�

un(x, y, t) = Ψ ′(y)
(
1 − 6cpβ

α

)
z2
n(ξ),

vn(x, y, t) =
p2α − βΦ′(t)

pαβ
+

6cp2

α
z2
n(ξ) n = 1, 2, · · ·,

zn(ξ) =
d[−

√
cz2

n−1(ξ) + z′n−1(ξ)]
p + zn−1(ξ)[q + rzn−1(ξ)] + mz′n−1(ξ)

a = b = 0, n = 1, 2, · · ·,

z0(ξ) =
1√
c|ξ|

a = b = 0, c > 0, ξ = px + Ψ(y) + Φ(t),

(64)

�±�E Nizhnik-Novikov-Vesselov �§�kn¼ê.Ã¡S�ak¸�áf).

4.3 Nizhnik-Novikov-Vesselov ���§§§���ÃÃÃ¡¡¡SSS���aaa;;;���áááfff)))

ÏLe� Bäcklund C�
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un(x, y, t) = Ψ ′(y)
(
1 − 6cpβ

α

)
z2
n(ξ),

vn(x, y, t) =
p2α − βΦ′(t)

pαβ
+

6cp2

α
z2
n(ξ) n = 1, 2, · · ·,

z2
n(ξ) =

a
[
−
√

3A2 ∓ 9
(
z′n−1(ξ)

)2]
√

3A2(b −
√

b2 − 3ac) + 2
√

3A2cz2
n−1(ξ) ± 3(b +

√
b2 − 3ac)

(
z′n−1(ξ)

)2 ,

z0(ξ) =

sn(ξ, k) (4N + 1)K(k) 6 ξ 6 (4N + 5)K(k),

1 Ù¦,

a = 1, b = −(1 + k2), c = k2, ξ = px + Ψ(y) + Φ(t), N ∈ Z;

(65)



un(x, y, t) = Ψ ′(y)
(
1 − 6cpβ

α

)
z2
n(ξ),

vn(x, y, t) =
p2α − βΦ′(t)

pαβ
+

6cp2

α
z2
n(ξ) n = 1, 2, · · ·,

z2
n(ξ) =

a
[
−
√

3A2 ∓ 9
(
z′n−1(ξ)

)2]
√

3A2(b −
√

b2 − 3ac) + 2
√

3A2cz2
n−1(ξ) ± 3(b +

√
b2 − 3ac)

(
z′n−1(ξ)

)2 ,

z0(ξ) =

sn(ξ, k) (4N − 1)K(k) 6 ξ 6 (4N + 3)K(k),

−1 Ù¦,

a = 1, b = −(1 + k2), c = k2, ξ = px + Ψ(y) + Φ(t), N ∈ Z;

(66)



un(x, y, t) = Ψ ′(y)
(
1 − 6cpβ

α

)
z2
n(ξ),

vn(x, y, t) =
p2α − βΦ′(t)

pαβ
+

6cp2

α
z2
n(ξ) n = 1, 2, · · ·,

z2
n(ξ) =

a
[
−
√

3A2 ∓ 9
(
z′n−1(ξ)

)2]
√

3A2(b −
√

b2 − 3ac) + 2
√

3A2cz2
n−1(ξ) ± 3(b +

√
b2 − 3ac)

(
z′n−1(ξ)

)2 ,

z0(ξ) =


1 ξ 6 (4N + 1)K(k),

sn(ξ, k) (4N + 1)K(k) 6 ξ 6 (4N + 3)K(k),

−1 (4N + 3)K(k) 6 ξ,

a = 1, b = −(1 + k2), c = k2, ξ = px + Ψ(y) + Φ(t), N ∈ Z;

(67)



un(x, y, t) = Ψ ′(y)
(
1 − 6cpβ

α

)
z2
n(ξ),

vn(x, y, t) =
p2α − βΦ′(t)

pαβ
+

6cp2

α
z2
n(ξ) n = 1, 2, · · ·,

z2
n(ξ) =

a
[
−
√

3A2 ∓ 9
(
z′n−1(ξ)

)2]
√

3A2(b −
√

b2 − 3ac) + 2
√

3A2cz2
n−1(ξ) ± 3(b +

√
b2 − 3ac)

(
z′n−1(ξ)

)2 ,

z0(ξ) =


−1 ξ 6 (4N + 2)K(k),

cn(ξ, k) (4N + 2)K(k) 6 ξ 6 (4N + 4)K(k),

1 ξ > (4N + 4)K(k),

a = 1, b = −(1 + k2), c = k2, ξ = px + Ψ(y) + Φ(t), N ∈ Z

(68)
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�±�� Nizhnik-Novikov-Vesselov �§� Jacobi ý�¼ê.Ã¡S�a;�áf),
Ù¥

A2 =

√
1

16c2
[128b3 − 432abc + 2(16b2 − 48ac)

3
2 ].

r1�«ý�9Ï�§�®�) (25) ªÚ Bäcklund C� (40) ª(½�Ã¡S�), �\ (57), (58) ª
����E Nizhnik-Novikov-Vesselov �§V¼ê.Ã¡S�;�áf)�Xe��5U\úª:

un(x, y, t) = Ψ ′(y)
(
1 − 6cpβ

α

)
z2
n(ξ),

vn(x, y, t) =
p2α − βΦ′(t)

pαβ
+

6cp2

α
z2
n(ξ) n = 1, 2, · · ·,

z2
n(ξ) =

−2
√

3A1cz
2
n−1(ξ) ± 6b[z′n−1(ξ)]

2

c
[√

3A1 ∓ 9[z′n−1(ξ)]2
] , a = 0, b > 0, A1 = 4

√
b3

c2
, n = 1, 2, · · ·,

z0(ξ) =


[−b

c
sech2(

√
bξ)

] 1
2

b > 0, c < 0,

±
√

−b

c
b > 0, c < 0,

ξ = px + Ψ(y) + Φ(t).

(69)

r1�«ý�9Ï�§�®�) (26) ªÚ Bäcklund C� (43) ª(½�Ã¡S�), �\ (55) ª��
�1�aCXê KdV �§�e�n�¼ê.Ã¡S�;�áf)

un(x, y, t) = Ψ ′(y)
(
1 − 6cpβ

α

)
z2
n(ξ),

vn(x, y, t) =
p2α − βΦ′(t)

pαβ
+

6cp2

α
z2
n(ξ) n = 1, 2, · · ·,

z2
n(ξ) =

−8b
√

3A1 − 2
√

3A1cz
2
n−1(ξ)

4c
[√

3A1 ∓ 9[z′n−1(ξ)]2
] a = 0, b < 0, A1 = 4

√
b3

c2
, n = 1, 2, · · ·,

z0(ξ) =


[−b

c
sec2[(−b)

1
2 ξ]

] 1
2

b < 0, c > 0,

0 b < 0, c > 0,
ξ = px + Ψ(y) + Φ(t).

(70)

5 ( Ø

©z [17—27] ÏLC� u(x, t) = u(ξ), ξ =
p(y)x+ q(y, t) (Ù¥ p(y), q(y, t) ´�½¼ê), í2
A^9Ï�§{, �E
��5uÐ�§�a�f
#°(). ù
)�)
k�õ�1wa�áf)
Ú±Ï).

©z [30—38] ïÄ¼�
 Camassa-Holm (CH)
� § !K(m,n) � § ! 2 Â Camassa-Holm (CH-
r) �§!2Â DGH �§!Degasperis-Procesi �
§!B(m,n) �§Ú K(m,n, 1) �§��ê��5
uÐ�§�k�õ�k¸�áf)Ú;�áf).

©z [1—27] 9 [30—38] �NõïÄ¤J¼�

��5uÐ�§�k�õ�1w�áf)!k
¸�áf)Ú;�áf), �U¼�Ã¡S�°

(). �©�
�E��5uÐ�§�Ã¡S�
#°(), �÷9Ï�§{��E5ÚÅ�z5ü
�A:, ?�ÚïÄ
1�«ý�9Ï�§, ¼�

T�§��
#)Ú�A� Bäcklund C�. 3
C� u(x, t) = u(ξ), ξ = px + q(y, t) (Ù¥ q(y, t)
´�½¼ê, p ´�½~ê) e, /ÏÎÒO�X
Ú Mathematica, �E
 Nizhnik-Novikov-Vesselov
�§�Ã¡S�1wa�áf)!Ã¡S�a;
�áf)ÚÃ¡S�ak¸�áf). T�{Ø=
U
¼�©z [30—38] ¥?Ø���5uÐ�§
�Ã¡S�k¸�áf)Ú;�áf), ��U
�EÙ¦��5uÐ�§�Ã¡S�1w�áf
)!Ã¡S�;�áf)ÚÃ¡S�k¸�áf
).
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Infinite sequence soliton-like exact solutions of
Nizhnik-Novikov-Vesselov equation∗
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Abstract

To construct the infinite sequence soliton-like exact solutions of nonlinear evolution equations and develop the characteristics of

constructivity and mechanization of the first kind of elliptic equation, new type of solutions and the corresponding Bäcklund trans-

formation of the equation are presented. Based on this, infinite sequence soliton-like exact solutions of Nizhnik-Novikov-Vesselov

equation are obtained with the help of symbolic computation system Mathematica, which includes infinite sequence smooth soliton-

like solutions, infinite sequence peak soliton-like solutions and infinite sequence compact soliton-like solutions.

Keywords: the first kind of elliptic equation, Bäcklund transformation, Nizhnik-Novikov-Vesselov equation, infi-
nite sequence exact solution
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