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1 Ú ó

åÆXÚ�é¡5�Åðþ�m�3X��
�éX, 'uåÆXÚé¡5�Åðþ�ïÄ®
'ß�y�êÆ!åÆ!ÔnÆ���+�. Ï
¦åÆXÚ�é¡5ÚÅðþ®¤�C�©Ûå
Æ���9:¯K [1−8]. �¯¢þ, NõåÆXÚ
¬É��«����6, ÏLêÆ�.ïá�$
Ä�©�§o´Cq�!��5�, ÏdïÄÉ
��5�6�ÍÜXÚ�Cqé¡5ÚCqÅð
þéuïÄåÆXÚ�A5±9���§�Cq
)�'�. Cc5'u~�©�§! �©�§
Cqé¡5ÚCqÅðþ�ïÄ®��Ø��¤
J [9−23]. 8cïÄCqé¡5ÚCqÅðþÌ�
æ^Cq Lie é¡5nØ [9] ÚCq Noether é¡5
nØ [10]. Ú?Cq�+Ã��C�, �©�§3d
C�eCq�±ØCK�Cq Lie é¡5; M�î
�^þ3dC�eCq�±ØCK�Cq Noether
é¡5, ¤��Åðþ�CqÅðþ. f��5Í
Ü����É5��f´�;.~��åÆ�

., 3åÆ!©f��fÔn!(Æ���+�ä
k¢SA^d�. �5ÍÜ�����É5��f
�Åðþ�±ÏLUC�IIÝÚ^=�I¶�
�{'��B/¦� [6]. f��5ÍÜ���3,
�¦)ÍÜ��f�Åðþ�5
(J. �©^C
q Lie é¡5nØïÄf��5ÍÜ����É5
��f���Cq Lie é¡5�CqÅðþ, ¿±
ªÇ'� 2 : 1 �f��5ÍÜ����É5��
f�~, ��
Ù 6 ���Cq Lie é¡5�Cq
Åðþ, Ù¥ 1 ���CqÅðþ¢�XÚ�°(
Åðþ, 4 ���CqÅðþ�²����CqÅ
ðþ, �k 1 ���CqÅðþ�½���Cq
Åðþ.

2 f��5ÍÜ����É5��f�
��Cq Lie é¡5�CqÅðþ

�f��5ÍÜ����É5��f� La-
grange ¼ê�L«�
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Ù¥ ω1 6= ω2, δ ���5ÍÜXê, � |δ| ¿ 1. X
Ú�$Ä�©�§�

ẍ1 = − ω2
1x1 + δx2

2 = g1 = g1(δ0) + g1(δ1),

ẍ2 = − ω2
2x2 + 2δx1x2 = g2

=g2(δ0) + g2(δ1),

(2)

Ù¥ g1, g2 �2Â\�Ý, g1(δ0), g1(δ1), g2(δ0),
g2(δ1) ©OL« g1, g2 ¥� δ0, δ1 � (e©L«a
Ó).

Ú?Cq�+Ã��C�

t∗ = t + ετ(t, xs, ẋs, δ),

x∗
s(t

∗) = xs(t) + εξs(t, xs, ẋs, δ) (s = 1, 2),
(3)

Ù¥ ε �Ã��ëê, τ , ξs �Ã��C��)¤�.
(3) ª�Ã��)¤��þ�

X(0) = τ
∂

∂t
+

2∑
s=1

ξs
∂

∂xs
, (4)

(4) ª��g*Ð�

X(1) = X(0) +
2∑

s=1

(ξ̇s − ẋsτ̇)
∂

∂ẋs
, (5)

�g*Ð�

X(2) = X(1) +
2∑

s=1

(ξ̈s − ẋsτ̈ − 2ẍsτ̇)
∂

∂ẍs
, (6)

(3)—(6) ª¥

τ =τ0 + δτ1,

ξs =ξs0 + δξs1 (s = 1, 2), (7)

¿k

τ̇ =τ̇0 + δτ̇1,

τ̈ =τ̈0 + δτ̈1, (8a)

ξ̇s =ξ̇s0 + δξ̇s1,

ξ̈s =ξ̈s0 + δξ̈s1 (s = 1, 2). (8b)

éug£XÚ, �� τ , ξs Øw¹�m t, K

τ̇i =τix1 ẋ1 + τix2 ẋ2 + g1τiẋ1 + g2τiẋ2

=τ̇i(δ0) + τ̇i(δ1) (i = 0, 1), (9a)

ξ̇si =ξsix1 ẋ1 + ξsix2 ẋ2 + g1ξsiẋ1 + g2ξsiẋ2

=ξ̇si(δ0) + ξ̇si(δ1) (s = 1, 2; i = 0, 1), (9b)

τ̈i =ẋ2
1τix1x1 + ẋ2ẋ1τix1x2 + g1ẋ1τix1ẋ1

+ g2ẋ1τix1ẋ2 + g1τix1 + ẋ1ẋ2τix2x1

+ ẋ2
2τix2x2 + g1ẋ2τix2ẋ1 + g2ẋ2τix2ẋ2

+ g2τix2 + g1ẋ1τiẋ1x1 + g1ẋ2τiẋ1x2

+ g2
1τiẋ1ẋ1 + g1g2τiẋ1ẋ2 + ġ1τiẋ1

+ g2ẋ1τiẋ2x1 + g2ẋ2τiẋ2x2 + g1g2τiẋ2ẋ1

+ g2
2τiẋ2ẋ2 + ġ2τiẋ2

=τ̈i(δ0) + τ̈i(δ1) + τ̈i(δ2) (i = 0, 1), (9c)

ξ̈si =ẋ2
1ξsix1x1 + ẋ2ẋ1ξsix1x2 + g1ẋ1ξsix1ẋ1

+ g2ẋ1ξsix1ẋ2 + g1ξsix1 + ẋ1ẋ2ξsix2x1

+ ẋ2
2ξsix2x2 + g1ẋ2ξsix2ẋ1 + g2ẋ2ξsix2ẋ2

+ g2ξsix2 + g1ẋ1ξsiẋ1x1 + g1ẋ2ξsiẋ1x2

+ g2
1ξsiẋ1ẋ1 + g1g2ξsiẋ1ẋ2 + ġ1ξsiẋ1

+ g2ẋ1ξsiẋ2x1 + g2ẋ2ξsiẋ2x2 + g1g2ξsiẋ2ẋ1

+ g2
2ξsiẋ2ẋ2 + ġ2ξsiẋ2

=ξ̈si(δ0) + ξ̈si(δ1) + ξ̈si(δ2)

(s = 1, 2; i = 0, 1). (9d)

(9a) ª¥� τix1 L« τi é x1 � �, Ù¦L«a
Ó.

�âCq Lie é¡5nØ [9], $Ä�©�§ (2)
ª���Cq Lie é¡5´� (2) ª3Cq�+Ã
��C� (3) ªeCq�±ØC, =

X(2)(ẍ1 − g1) = O(δ2), (10a)

X(2)(ẍ2 − g2) = O(δ2). (10b)

|^ (6) ª, (10a) Ú (10b) ª�L«�

ξ̈1 − ẋ1τ̈ − 2g1τ̇ + ω2
1ξ1 − 2δξ2x2 = O(δ2), (11a)

ξ̈2 − ẋ2τ̈ − 2g2τ̇ + ω2
2ξ2 − 2δξ1x2

− 2δξ2x1 = O(δ2). (11b)

ò (2) Ú (9) ª�\ (11) ª¿Ðm, - δ0, δ1 ��X
ê� 0, ��� 4 �'u τ0, τ1, ξ10, ξ11, ξ20, ξ21 �
���©�§|. - (11a) ª¥ δ0 ��Xê� 0, �
�

ξ̈10(δ0) − ẋ1τ̈0(δ0) + 2ω2
1x1τ̇0(δ0)

+ ω2
1ξ10 = 0, (12)

- (11a) ª¥ δ1 �Xê� 0, ��

ξ̈10(δ1) + ξ̈11(δ0) − ẋ1τ̈0(δ1) − ẋ1τ̈1(δ0)

+ 2ω2
1x1τ̇0(δ1) + 2ω2

1x1τ̇1(δ0) − 2x2
2τ̇0(δ0)

+ ω2
1ξ11 − 2ξ20x2 = 0, (13)
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- (11b) ª¥ δ0 ��Xê� 0, ��

ξ̈20(δ0) − ẋ2τ̈0(δ0) + 2ω2
2x2τ̇0(δ0) + ω2

2ξ20 = 0,

(14)

- (11b) ª¥ δ1 ��Xê� 0, ��

ξ̈20(δ1) + ξ̈21(δ0) − ẋ2τ̈0(δ1) − ẋ2τ̈1(δ0)

+ 2ω2
2x2τ̇0(δ1) + 2ω2

2x2τ̇1(δ0) − 4x1x2τ̇0(δ0)

+ ω2
2ξ21 − 2x2ξ10 − 2x1ξ20 = 0. (15)

ò (9a)—(9d) ª�\ (12)—(15) ª, �)� τ0, τ1,
ξ10, ξ11, ξ20, ξ21.

e τ1 = ξ11 = ξ21 = 0, K�A�é¡5�
°(� Lie é¡5, ¤��Åðþ�°(Åðþ;
e τ0 = ξ10 = ξ20 = 0, K�A�é¡5�²���
�Cq Lie é¡5, ¤��Åðþ�²����C
qÅðþ; e τ0, ξ10, ξ20 Ø�� 0, Ó� τ1, ξ11, ξ21

�Ø�� 0, K�A�é¡5�½���Cq Lie
é¡5, ¤��Åðþ�½���CqÅðþ.

e¡?ØXÚ���CqÅðþ. e�35�
¼ê

G = G(xs, ẋs, δ) = G0 + δG1 (s = 1, 2) (16)

÷v

∂L

∂t
τ +

2∑
s=1

∂L

∂xs
ξs +

2∑
s=1

∂L

∂ẋs
ξ̇s

+
(

L −
2∑

s=1

∂L

∂ẋs
ẋs

)
τ̇ = −Ġ, (17)

KXÚ�3��CqÅðþ I = I0 + δI1,

I = Lτ +
2∑

s=1

∂L

∂ẋs
(ξs − ẋsτ) + G (18)

÷v
dI

dt
= O(δ2).

éug£XÚ,
∂L

∂t
= 0. ò (1), (2), (9a), (9b)

ª�\ (17) ª, ¿'��ªü> δ0, δ1 ��Xê,
��'u G0, G1 �ü��§:

g1(δ0)ξ10 + g2(δ0)ξ20 + ẋ1ξ̇10(δ0)

+ ẋ2ξ̇20(δ0) − H(δ0)τ̇0(δ0)

= − Ġ0(δ0), (19a)

g1(δ1)ξ10 + g1(δ0)ξ11 + g2(δ1)ξ20

+ g2(δ0)ξ21 + ẋ1ξ̇10(δ1) + ẋ1ξ̇11(δ0)

+ ẋ2ξ̇20(δ1) + ẋ2ξ̇21(δ0) − H(δ1)τ̇0(δ0)

− H(δ0)τ̇0(δ1) − H(δ0)τ̇1(δ0)

= − Ġ0(δ1) − Ġ1(δ0), (19b)

Ù¥ H �XÚ� Hamilton ¼ê, g1(δ0), g2(δ0),
g1(δ1), g2(δ1) d (2) ª�Ñ. d (19) ª�)�5
�¼ê. ò)�� τ0, τ1, ξ10, ξ11, ξ20, ξ21, G0, G1

9 (1) ª�\ (18) ª, ���XÚ���CqÅð
þ.

3 ªÇ'� 2 : 1 �f��5ÍÜ��
f���Cq Lie é¡5�CqÅ
ðþ

�`²þãnØ�A^, e¡?Ø ω1/ω2 =
2/1 �f��5ÍÜ��f��� Lie é¡5�
CqÅðþ. ��B, - ω1 = 2, ω2 = 1, KXÚ
� Lagrange ¼ê�

L =
1
2
ẋ2

1 +
1
2
ẋ2

2 − 2x2
1 −

1
2
x2

2 + δx1x
2
2, (20)

Hamilton ¼ê�

H =
1
2
ẋ2

1 +
1
2
ẋ2

2 + 2x2
1 +

1
2
x2

2 − δx1x
2
2, (21)

$Ä�©�§�

ẍ1 = −4x1 + δx2
2 = g1 = g1(δ0) + g1(δ1),

ẍ2 = −x2 + 2δx1x2 = g2 = g2(δ0) + g2(δ1).
(22)

ò ω1 = 2, ω2 = 1 �\ (12)—(15) ª, �)�Xe 6
|)¤�:

τ0 = −1, ξ10 = ξ20 = 0,

τ1 = ξ11 = ξ21 = 0; (23a)

τ0 = ξ10 = ξ20 = 0, τ1 = −1,

ξ11 = ξ21 = 0; (23b)

τ0 = ξ10 = ξ20 = 0, τ1 = −1,

ξ11 = 0, ξ21 = −ẋ2; (23c)

τ0 = ξ10 = ξ20 = 0, τ1 = −1,

ξ11 = −ẋ1, ξ21 = 0; (23d)

τ0 = ξ10 = ξ20 = 0, τ1 = 0,

ξ11 = x2ẋ2, ξ21 = x2ẋ1 − 2x1ẋ2; (23e)

τ0 = 0, ξ10 = x2ẋ2,

ξ20 = x2ẋ1 − 2x1ẋ2, τ1 = 0,

ξ11 =
−8x1x2ẋ2 + 5x2

2ẋ1 − 3ẋ1ẋ
2
2

8
,

ξ21 =
1
8
(
− 4x2

1ẋ2 − 8x1x2ẋ1 + 3x2
2ẋ2
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− 3ẋ2
1ẋ2 + 3ẋ3

2

)
. (23f)

ò (21)—(23) ª�\ (19) ª, �)��þã 6 |)
¤��A�5�¼ê:

G0 = 0, G1 = 0; (24a)

G0 = 0, G1 = 0; (24b)

G0 = 0, G1 =
1
2
ẋ2

2 −
1
2
x2

2; (24c)

G0 = 0, G1 =
1
2
ẋ2

1 − 2x2
1; (24d)

G0 = 0, G1 = x1x
2
2 + x1ẋ

2
2 − x2ẋ1ẋ2; (24e)

G0 = x1x
2
2 + x1ẋ

2
2 − x2ẋ1ẋ2,

G1 =
1
32

(8x2
1ẋ

2
2 − 8x2

1x
2
2 + 32x1x2ẋ1ẋ2 − 5x4

2

− 10x2
2ẋ

2
1 − 6x2

2ẋ
2
2 + 18ẋ2

1ẋ
2
2 − 9ẋ4

2). (24f)

ò (20), (23), (24) ª�\ (18) ª, �� 6 ���C
qÅðþ:

I1 =
1
2
ẋ2

1 +
1
2
ẋ2

2 + 2x2
1 + x2

2 − δx1x
2
2, (25a)

I2 =δ
(1

2
ẋ2

1 +
1
2
ẋ2

2 + 2x2
1 + x2

2

)
= δI1

0 , (25b)

I3 =δ
(1

2
ẋ2

1 + 2x2
1

)
= δI2

0 , (25c)

I4 =δ
(1

2
ẋ2

2 +
1
2
x2

2

)
= δI3

0 , (25d)

I5 =δ(x1x
2
2 − x1ẋ

2
2 + x2ẋ1ẋ2) = δI4

0 . (25e)

I6 =x1x
2
2 − x1ẋ

2
2 + x2ẋ1ẋ2 +

δ

32
(
10x2

2ẋ
2
1

+ 6x2
2ẋ

2
2 + 3ẋ4

2 − 8x2
1x

2
2 − 8x2

1ẋ
2
2

− 32x1x2ẋ1ẋ2 − 5x4
2 − 6ẋ2

1ẋ
2
2). (25f)

Ù¥

I1
0 =

1
2
ẋ2

1 +
1
2
ẋ2

2 + 2x2
1 + x2

2, (26a)

I2
0 =

1
2
ẋ2

1 + 2x2
1, (26b)

I3
0 =

1
2
ẋ2

2 +
1
2
x2

2, (26c)

I4
0 =x1x

2
2 − x1ẋ

2
2 + x2ẋ1ẋ2. (26d)

I1
0 , I2

0 , I3
0 , I4

0 �ØÉ��5ÍÜ��^�����

É5��f�o�Åðþ, þ÷v
dIi

0

dt
= 0 (i = 1,

2, 3, 4), Ù¥ I1
0 �XÚ�oUþ, I2

0 , I3
0 �ü�

©�f�Uþ, ùo�þÅðþØ�pÕá, �
3 I1

0 = I2
0 + I3

0 �'X.
(25) ªL«� 6 �Åðþ�©�na: I1 �

XÚ�°(Åðþ; �A�é¡5��°( Lie é
¡5, §´XÚ�oUþ; I2, I3, I4, I5 ´²��
��CqÅðþ, �A�é¡5��²����
Cq Lie é¡5, ù 4 ���CqÅðþ©O´Ã
��5ÍÜ������É5��f� 4 �Åð
þ I1

0 , I2
0 , I3

0 , I4
0 ¦±ÍÜXê δ; I6 �XÚ½�

��CqÅðþ, �A�é¡5��½���C
q Lie é¡5.

4 ( Ø

Äk^Cq Lie é¡5nØïÄ
f��5Í
Ü����É5��fXÚ���Cq Lie é¡
5�CqÅðþ. ÏLïÄXÚ���Cq Lie é
¡5�CqÅðþ, �±����XÚ�naé¡
5�Åðþ, ©O�°(� Lie é¡5�°(Åð
þ, ²����Cq Lie é¡5�CqÅðþ, ½
���Cq Lie é¡5�CqÅðþ. Ùg±ªÇ
'� 2 : 1 �f��5ÍÜ����É5��f�
~, ��Ù 6 ���Cq Lie é¡5�CqÅðþ,
6 �CqÅðþ¥ 1 ��°(Åðþ, 4 ��²�
���CqÅðþ, �k 1 ��½���CqÅ
ðþ. ©¥�ïÄ
f��5ÍÜ����É5�
�f���Cq Lie é¡5�CqÅðþ, �p�
�Cq Lie é¡5�CqÅðþ½�õ�XÚ�C
q Lie é¡5�CqÅðþ��±^aq��{ï
Ä, �´O��\E,.
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The first-order approximate Lie symmetries and
approximate conserved quantities of the weak
nonlinear coupled two-dimensional anisotropic

harmonic oscillator∗
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Abstract

The first-order approximate Lie symmetries and approximate conserved quantities of the weak nonlinear coupled two-dimensional

anisotropic harmonic oscillator are studied. When the ω1/ω2 is equal to 2/1, the system possesses six first-order approximate Lie

symmetries and approximate conserved quantities, one of them is an exact conserved quantity, four of them are trivial conserved

quantities, only one of them is a stable conserved quantity.
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tries, approximate conserved quantity
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