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Äu�Ð�I������§Ú9Ï�©�§�{, �Ñ
�«3��k��© (FDTD) O�¥·^u~�Ú
Ñ0��Ï^>.^��{. T�{·^u?¿�� FDTD �m�©, ¿�du¤æ^� D-H �§ÕáuO�«
�, ¤±�±�^u�ä?¿>0�. ê�Á�(JL², �òÈ������{�'�, ¤JÑ�áÂ>.^��
{Ø=Ï^5r!O�E,Ý$!O��má, ¿�áÂ�Jk²w�Jp.
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1 Ú ó

��k��© (FDTD) �{���«p��
ê��{, ®²�2�/A^u�«��>^¯
K�ê��[¥. �´duÉO�ÅNþ���,
FDTD �{�U^u�[k���m«�. Ïd, �
�[Ã��m¥�>^ÅDÂÚ>^Ñ�¯K�,
FDTD ��I�3¤IO���m,?��ä, Ó
�3�ä?�7L���«áÂ>.^�, ¦�D
Ñ��ä?�Å�>.áÂØ�)��, l�
��[Ã��«��8�. gl FDTD �{JÑ
±5, áÂ>.^�Ò��´ïÄ�9:��. �
,, �����áÂ´Ø�U�, �®JÑ��

áÂ>.^����éÐ�áÂ�J. l�Ð2�
¦^�Ë�>.^�, X Mur >.^� [1], � 20
V 90 c�¥ÏuÐ�Äu©�|Eâ���
��� (PML)!ü¶��É5����� (APML,
UPML) ±9�Ð�I����� (SC-PML) áÂ
>.^� [2−5], ��CAcuÐ�òÈ����
� (CPML)[6] áÂ>.^�, �ä>.^���J
�5�Ð, 3Nõ|Ü$��À��ä>.?Ä�

Ã��. AO´ PML nØ�.�ïá9Ù3 FDTD
�{¥�¢y, ¦áÂ>.^��ïÄ�cò?

��Ú. ù
áÂ>.^�Ø=áÂ�\�Å�U
å��Jp, �²w/Or
éÎ²Å�P~.

Cc5, FDTD �{3ÚÑ0�>^ÅDÂÚ
Ñ�¯KO��A^¥���
é��?Ð. ~
X, ®²JÑ��{k48òÈ (RC) { [7]!©ã
�548òÈ (PLRC) { [8]!>6�ÝòÈ (JEC)
{ [9,10]!©ã�5>6�Ý48òÈ (PLCDRC)
{ [11,12]!9Ï�©�§ (ADE) { [13,14] Ú Z C�
{ [15]. Ù¥, PLRC {!PLCDRC {!ADE {Ú Z

C�{Ñäk��O�°Ý, � ADE {��ÑL
§ÚO�úª��{ü. �äÚÑ0�¤¦^�
>.^�Ì�k Mur >.^�!UPML Ú CPML
áÂ>.^�. Ù¥, CPML áÂ>.^�äk�
Ð�áÂ�J. �´, CPML áÂ>.^����
Ú?n%�É���äÚÑ0�a.�K� [16].
ù�A5�¦3?nØÓa.�ÚÑ0��?
��A�§S, ¦��{§S�Ï^5�, ¿�¢
y CPML �48òÈL§�'�E,.

3 SC-PML �§Ä:þ, �©¦^ ADE {
ïá
·^uÚÑ0��Ï^Eª£����
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� (CFS-PML)[17] áÂ>.^�� D-H �§, ¡
�� ADE-CPML. ò~��n«ÚÑ0�����
§L«�kn©ª/ª, ÏL ADE {éÙ?1l
Ñ, l¼� FDTD O�¥ D → E �S��§. ù
«Ï^áÂ>.^����A^u3�mþ¦^
���©3�mþ¦^?¿��©� FDTD �
{. � CPML áÂ>.^��', §�üöI��
Óêþ�9ÏCþ, � ADE-CPML áÂ>.^�
3 FDTD �{¥�S��§%�±��ÏL ADE
{5¼�, ÃI?1E,�òÈO�, ¦�O�E
,Ý�$!O��m²w á, ¿�äk�Ð�á
Â�J.

2 ÚÑ0� SC-PML �Ï^úª

3 SC-PML «�¥, �¢yáÂ>.^�, ²
C/?n��ü�ð�d�^Ý�§�

∇s × H = jωD, (1)

Ú

∇s × E = −jωµH, (2)

ª¥ E �>|rÝ, H �^|rÝ, D �>Ïþ�
Ý, µ �0��^�Ç. �f ∇s �L�ª�

∇s = x̂
1
sx

∂

∂x
+ ŷ

1
sy

∂

∂y
+ ẑ

1
sz

∂

∂z
, (3)

Ù¥, si (i = x, y, z) ¡� SC-PML ��I�ÐÏ
f. ùp, ¦^XeEª£�I�ÐÏf [17]

si = κi +
σi

αi + jωε0
, (4)

ª¥ κi ��u�u 1 �¢ê, σi � αi þ��u�
u"�¢ê, ε0 �ý�¥�0>~ê. 0����
�§�

D = ε0εr (ω) E, (5)

Ù¥ εr (ω) �0��E�é0>~ê. �
{�å
�, ùp±S��´½Æ� x ©þ�~, �ÑÏ^
�{�L�ª. S��´½Æ� x ©þ�±L«�

jωDx =
1
sy

∂

∂y
Hz −

1
sz

∂

∂z
Hy. (6)

Äuù� D-H �§, �©¤�Ñ� SC-PML >.
^��{�±éN´/A^u��>0�, ~XÚ
Ñ0�!��É50�±9��50�. >|rÝ
�I��â0�����§5¼�. òEª£�I

�ÐÏf (4) ª�\ (6) ª¥, ��

jωDx =
(αy + jωε0) ∂Hz/∂y

κyαy + σy + jωε0κy

− (αz + jωε0) ∂Hy/∂z

κzαz + σz + jωε0κz
. (7)

Ú\� Dx  uÓ� FDTD ��: (i + 1/2, j, k)
�Xeü�9ÏCþ Fxy Ú Fxz ,

Fxy =
∂Hz/∂y

κyαy + σy + jωε0κy
, (8)

Fxz =
∂Hy/∂z

κzαz + σz + jωε0κz
. (9)

ò (8) Ú (9) ª�\ (7) ª¥, ��

jωDx = (αy + jωε0) Fxy − (αz + jωε0) Fxz. (10)

©OlÑ (8), (9) Ú (10) ª, ��

Fn+1
xy =

2ε0κy − ∆t (κyαy + σy)
2ε0κy + ∆t (κyαy + σy)

Fn
xy

+
2∆t

2ε0κy + ∆t (κyαy + σy)

×
[
∂Hz

∂y

]n+1/2

, (11)

Fn+1
xz =

2ε0κz − ∆t (κzαz + σz)
2ε0κz + ∆t (κzαz + σz)

Fn
xz

+
2∆t

2ε0κz + ∆t (κzαz + σz)

×
[
∂Hy

∂z

]n+1/2

, (12)

Dn+1
x =Dn

x + (ε0 + ∆tαy/2) Fn+1
xy

− (ε0 − ∆tαy/2) Fn
xy

− (ε0 + ∆tαz/2) Fn+1
xz

+ (ε0 − ∆tαz/2) Fn
xz. (13)

é u D Ú FDTD � { 5 `, ^ u C q O � (11)
� (12) ª¥^|�m �©��©úª©O�

∂H
n+1/2
z

∂y
=

1
∆y

[
Hn+1/2

z

(
i +

1
2
, j +

1
2
, k

)
− Hn+1/2

z

(
i +

1
2
, j − 1

2
, k

)]
, (14)

∂H
n+1/2
y

∂z
=

1
∆z

[
Hn+1/2

y

(
i +

1
2
, j, k +

1
2

)
− Hn+1/2

y

(
i +

1
2
, j, k − 1

2

)]
. (15)

éu3�mþ¦^p��©� FDTD �{, KkX
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e�©úª:

∂H
n+1/2
z

∂y
=

∑
l

a (l)
H

n+1/2
z

(
i +

1
2
, j +

1
2

+ l, k

)
∆y

,

(16)

∂H
n+1/2
y

∂z
=

∑
l

a (l)
H

n+1/2
y

(
i +

1
2
, j, k +

1
2

+ l

)
∆z

.

(17)

ª¥ a (l) ��A�p��m�©�Xê. ØJw
Ñ, �©�{·^u3�mþ¦^���©, 3
�mþæ^?¿��©� FDTD �{.

I�5¿�´, du�±¦^ü���Cþé
�# Dn+1

x �¤�^�� Fn
xy � Fn

xz ?1��, ¤
±3��S�L§¥�I�Ú\ü�9ÏCþ. w
,, ù� CPML ¤I�9ÏCþê�Ó, ��©�
{�í�Ú¤¦^�úª��{ü.

(11), (12) ±9 (13) ª� H → D �S�úª.
�´, ��¤�� FDTD O��I� D → E ��
#úª. ~��ÚÑ0��.k�~!�°�Úâ
Ô[�., §�����§�±Ú�L«�

D (ω) =
a1 + a2jω + a3 (jω)2

b1 + b2jω + b3 (jω)2
E (ω) , (18)

ª¥ a1, a2, a3 Ú b1, b2, b3 ��ÚÑ0��.�'
�Xê. �3O�¥I�¦^äkõ�4:�ÚÑ
�.�, �I�ò (18) ª�mà�?1U\. (18)
ª�±��[

b1 + b2jω + b3 (jω)2
]
D (ω)

=
[
a1 + a2jω + a3 (jω)2

]
E (ω) . (19)

þª���/ª�[
b1 + b2

∂

∂t
+ b3

∂2

∂t2

]
D (ω)

=
[
a1 + a2

∂

∂t
+ a3

∂2

∂t2

]
E (ω) . (20)

lÑz (20) ª, Ò�±�� D → E � FDTD S�
úª�

En+1 = − A2

A1
En − A3

A1
En−1 +

B1

A1
Dn+1

+
B2

A1
Dn +

B3

A1
Dn−1, (21)

ª¥ A1 =
a2

2
∆t + a3, A2 = a1 (∆t)2 − 2a3, A3 =

−a2

2
∆t + a3, B1 =

b2

2
∆t + b3, B2 = b1 (∆t)2 − 2b3

Ú B3 = −b2

2
∆t + b3. ùp, 3lÑ (20) ª�L§

¥, ·�^�
Xe�Cqª:

∂2

∂t2
fn =

fn+1 − 2fn + fn−1

(∆t)2
,

∂

∂t
fn =

fn+1 − fn−1

2∆t
. (22)

��T�{´��°Ý�. �
!��;�m,
3 FDTD �O�L§¥�±Ú\��¥mCþ I ,
ò (21) ªL«�

En+1 = −A2

A1
En +

B1

A1
Dn+1 +

B2

A1
Dn + In,

(23)

Ú

In+1 =
B3

A1
Dn − A3

A1
En. (24)

du Dn � En �±ÏLÚ\ü���Cþ?1
��, ¤±3ù�O�L§�I���¥m9ÏC
þ. E → H �S�úª�DÚ FDTD {����.
�d, ·�¼�
O�>^Å�ÚÑ0��p�^
��� FDTD S�úª.

3 ê�O�(J

�~ 1 Ï^ ADE-CPML � CPML Ú UPML
©O^u�ä���~ÚÑ0��áÂ�J�'
�. �
'�áÂ�J, 3æ�:½ÂXe�éØ
�O�úª:

Re (t) = 20 lg10

∣∣EPML
y (t) − Eyref (t)

∣∣
|Eyref max|

, (25)

Ù¥, EPML
y (t) �¦^áÂ>.^��äO�«�

�æ�:�O��; Ey ref (t) �¦^��*���
O�«��æ�:�O��, §�¦3�[L§¥
>.?Ã��, ¤±�@�d)�Ã��Ø���
ýë�); Ey ref max �ë�)3���ýL§¥�
���. -y�\3O�«��¥m!:. æ�
: uO�«���º«, ål���ü�O�«
��áÂ>.^��.¡þ�k�� FDTD �m
Ú�. �~ÚÑ�.�E�é0>~êL�ª�

εr (ω) = ε∞ +
(εs − ε∞)
1 + jωτp

+
σ

jωε0
, (26)

ª¥ªÇ�Ã¡����é0>~ê ε∞ = 50, ·
��é0>~ê εs = 160, µþ�m τp = 5.88 ns,
>�Ç σ = 0.62 S/m. ù��.�±^5�[<
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N�*S|�. 3 FDTD O�¥¤¦^��mÚ�
� ∆x = ∆y = 2 mm, �mÚ�� ∆t = 5.32 ps. O
�«����� 24∆x × 24∆y, ¦^ 10 �áÂ>
.^��äT«�. -y��©pdóÀ, ÙL
�ª�

Jy (t) = −2
t − t0

tw
exp

[
−

(
t − t0

tw

)2]
, (27)

ª¥ tw = 532 ps û½
TóÀ�ó°, t0 = 4tw �
óÀ":. Xã 1 ¤«, ADE-CPML �áÂ�J`
u CPML, �� UPML �'k²w�Jp.

ã 1 ADE-CPML � UPML, CPML ^u�ä�~ÚÑ0�
��áÂ�J

ã 2 3p� FDTD �©¥, ADE-CPML � UPML ^u�
ä�~ÚÑ0���áÂ�J

3p��© FDTD �{¥, Ï~¦^ UPML
á Â > . ^ �. ã 2 � Ñ 
 3 � Å Ä p � �
© (DD10) FDTD �{ [18,19] ¥, ©OA^ ADE-
CPML Ú UPML �ä�~ÚÑ0���áÂ�J.
3O�¥, ��mÚ�� ∆x = ∆y = 4 mm, �m
Ú�� ∆t = 1.89 ps. �±wÑ, ADE-CPML �á
Â�J`u UPML, cÙ´ÙáÂ�J3�ý�Ï

kX�~²w�Jp.

�~ 2 Ï^ ADE-CPML � CPML Ú UPML
©O^u�ä�°�ÚÑ0��áÂ�J�'�.
�°�ÚÑ�.�E�é0>~êL�ª�

εr (ω) = ε∞ −
ω2

p

ω2 − jωγp
, (28)

ª¥ ε∞ = 1.0, ωp = 3π × 109 rad/s �4:ªÇ,
γp = 9×107 rad/s �4:µþ�m��ê. 3 FDTD
O�¥, ��mÚ�� ∆x = ∆y = 1 mm, �mÚ
�� ∆t = 2.34 ps. O�«�� 24∆x× 24∆y, ¿¦
^ 10 �áÂ>.^�^�?1�ä. -y�p
dóÀ, ÙL�ª�

g (t) = e−(t−τ)2/t20 , (29)

Ù¥, t0 = 3×10−11, τ = 4t0. Xã 3 ¤«, � CPML
�'�, ADE-CPML 3áÂ�Jþk�� 10 dB �
Jp,  UPML �áÂ�J��.

ã 3 ADE-CPML � UPML, CPML ^u�ä�°�ÚÑ0
���áÂ�J

ã 4 ADE-CPML � CPML ^u�ä��âÔ[ÚÑ0���
áÂ�J
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�~ 3 Ï^ ADE-CPML � CPML ^u�ä
��âÔ[ÚÑ0���áÂ�J. ��âÔ[Ú
Ñ0��.�E�é0>~êL�ª�

εr (ω) = ε∞ +
2∑

p=1

∆εpω
2
p

ω2
p + 2δpjω − ω2

, (30)

ª ¥ ε∞ = 2.25, ω1 = 2π × 2.0 × 108 rad/s,
∆ε1 = 0.3, δ1 = 0.1ω1, ω2 = 2π × 4.0 × 108 rad/s,

ã 5 ADE-CPML � CPML ^u�ä��âÔ[ÚÑ0���
O��m

δ2 = 0.1ω2, ∆ε2 = 0.45, δp � â Ô [ Ú Ñ 0
� � { Z X ê. 3 FDTD O � ¥, � � m Ú �
� ∆x = ∆y = 5 mm, �mÚ�� ∆t = 10.61
ps. O�«�� 24∆x × 24∆y, ¿¦^ 10 �áÂ
>.^�?1�ä. Xã 4 ¤«, ADE-CPML ��
���Ø�²w/�u CPML. Xã 5 ¤«, ADE-
CPML � CPML �'���!�O��m, JpO
��Ç.

4 ( Ø

Äu SC-PML �§Ú ADE �{, �Ñ
�«
·^uÚÑ0�� FDTD Eª£�����Ï^
>.^��{. T�{�^u?¿�� FDTD �
m�©. ê�Á�(JL², �8c~^� CPML
�'�, ¤JÑ�Ï^áÂ>.^��{é�~0
�!�°�0�±9âÔ[0�þäk��ûÐ
�áÂ�J, ¿�O��m²w á. d	, �3p
� FDTD �©�{¥Ï~¦^� UPML �'�, �
©¤�Ñ�>.^�3áÂ�Jþk²wJp.

[1] Mur G 1981 IEEE Trans. Electromagn. Compat. 23 377
[2] Berenger J P 1994 J. Comput. Phys. 114 185
[3] Sacks Z S, Kingsland D M, Lee D M, Lee J F 1995 IEEE Trans.

Antennas. Propagat. 43 1460
[4] Gedney S D 1996 IEEE Trans. Antennas. Propagat. 44 1630
[5] Chew W C, Weedon W H 1994 Micro. Opt. Tech. Lett. 13 599
[6] Roden J A, Gedney S D 2000 Micro. Opt. Tech. Lett. 27 334
[7] Luebbers R J, Hunsberger F, Kunz K S, Standler R B, Schneider

M 1990 IEEE Trans. Electromagn. Compat. 32 222
[8] Kelley D F, Luebbers R J 1996 IEEE Trans. Antennas. Propagat.

44 792
[9] Liu S B, Mo J J, Yuan N C 2004 Acta Phys. Sin. 53 783 (in Chi-

nese) [4�R, #<�, �D� 2004 ÔnÆ� 53 783]
[10] Xu L J, Liu S B, Mo J J, Yuan N C 2006 Acta Phys. Sin. 55 3470

(in Chinese) [M|�, 4�R, #<�, �D� 2006 ÔnÆ�
55 3470]

[11] Liu S B, Mo J J,Yuan N C 2004 Acta Phys. Sin. 53 778 (in Chi-
nese) [4�R, #<�, �D� 2004 ÔnÆ� 53 778]

[12] Liu S B, Zhu C X, Yuan N C 2005 Acta Phys. Sin. 54 2804 (in
Chinese) [4�R, ÁDU, �D� 2005 ÔnÆ� 54 2804]

[13] Young J L 1995 IEEE Trans. Antennas. Propagat. 43 422

[14] Joseph R M, Hagness S C, Taflove A 1991 Opt. Lett. 16 1412

[15] Sullivan D M 1992 IEEE Trans. Antennas. Propagat. 40 1223

[16] Wei B, Li X Y, Wang F, Ge D B 2009 Acta Phys. Sin. 58 6174 (in
Chinese) [�W, o�], ��, ��J 2009 ÔnÆ� 58 6174]

[17] Kuzuoglu M, Mittra R 1996 IEEE Microwave Guided Wave Lett.
6 447

[18] Fujii M, Tahara M, Sakagami I, Freude W, Russer P 2004 IEEE J.
Quantum. Elect. 40 175

[19] Fujii M, Tahara M, Sakagami I, Poulton C, Freude W, Russer P
2005 IEEE J. Quantum. Elect. 41 448

110206-5



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 11 (2012) 110206

An absorbing boundary condition for general
dispersive medium and general FDTD spatial scheme∗
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Abstract

Based on the stretched coordinate perfectly matched layer (SC-PML) formulation and the auxiliary differential equation method,

an absorbing boundary condition for general dispersive medium is presented, and applied to both the standard finite difference time

domain (FDTD) method and the high-order FDTD method. The proposed D-H formulations are completely independent of the

material properties of the FDTD computational domain. Thus they can be directly applied to the simulations involving arbitrary

dielectrics. Numerical results show that compared with the CPML, the proposed method is versatile, has an improved absorbing

performance and low computational complexity, and can substantially reduce the computational time.

Keywords: finite difference time domain, perfectly matched layer absorbing boundary condition, auxiliary differ-
ential equation, dispersive media
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