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1 Ú ó

�X<�é·by��)5Æ9Ù3�Æï
Ä¥�^�@£Øä\�, ·bÆ®¤���uÐ
×�!K����c÷�Æ. ·b´�u)3(½
5XÚ¥aq�Å
Ã5K�$Ä [1], Ù1�Ly
�Ø(½5!E,ÚJ±ýÿ5. ·by�´��
5ÄåXÚ��kA5, ·bXÚ´�aÊH�3
�­����5XÚ. ·bXÚ���Ø=´ó§
.ÚÆâ.ïÄ�9:, �´��5XÚy���
nØâÑïÄ����¡. 3Nõ¢SXÚ¥, ·
b���«ØÏ"�y�, �U��XÚ��½Ã
5K$Ä, ?
¦XÚ�.�$ [2]. Ïd, ïÄ·b
XÚ�­½��¯Käk­��nØÚy¢¿Â.

�8c��, �é·bXÚ­½��¯K, I
S	ÆöÄuØÓ���üÑJÑ
Nõ·b
���{, X OGY ���{ [3]!g·A���
{ [4−12]!w�C(����{ [13−17]!�"��
�{ [18−25] Úg­½����{ [26] �. �´, ¦

�ïÄ�SN==´·bXÚ�­½½ìC­½
��. ,
, 3��nØ�uÐL§¥, k
XÚd
uXÚó��má6, Ø=�¦4�XÚ­½, 

��¦4�XÚU
3k��mS­½, XWgL
§¥WÅg-�ÄÚu·by����. 3ù«�
¹e, XÚ�I�'5�´k��m­½��. ,
	, duk��m­½��ì¥�3©ê��, §
Ø=¦���XÚäk�Ð�°�5UÚ|6Ä
5U [27], 
��¦k��m­½��¤�y��
�nØ­:ïÄ����¡. Ïd, �é��­�
��5XÚ�·bXÚ, k7�ïÄÙk��m­
½��¯K.

�é·bXÚ�k��m­½��¯K, ©
z [28—34] ?1
2�
�\�ïÄ. Ù¥, ©
z [28, 29] ïÄ
g·A���{; ©z [30, 31] ï
Ä
 Lyapunov ¼ê���{; ©z [32] ïÄ
�
ÛÉ Terminal w����{; ©z [33, 34] �Ñ

�yE,XÚk��mÓÚ�¿©^�, ¿r(J
A^uÍÜ Lorenz ·bXÚ, ¢yÙk��mÓ
Ú��. �´, 3ù
k��m­½���{¥, ¤
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�O���ÆE,, J±¢y. �d, �O�«(�
{ü!ëêN!�B!°�5UûÐ���ì�
©7�. Äuù�8I, �©ïÄ
·bXÚk�
�m­½ÌÄ��, ÙcÏ¤J®úmuL, ��
©z [35, 36]. ©z [35] ïÄ
·bXÚÄu*Ü
G�*ÿì�k��m­½ÌÄ��, ¿�Ñ
4
�XÚ­½5y². �´, 3Ø(½5�l�Jþ,
�©¤�O�*ÿìÐu©z [35] ¥�*ÜG�
*ÿì; ©z [36] ïÄ
·bXÚÄu�©¤�O
*ÿì�k��m­½ÌÄ��, �´34�XÚ
­½5©Û!��ì�O9��ì�*ÿìëê
ÀJþ��©�3�É. ��¡, �©¤�O��
�ìÚ*ÿì, Ù¤Iëê�ê²w�u©z [36];
,��¡, 3©z [36] ¥, 4�XÚ­½5©ÛL
§vkXÚz, �´l��fXÚ��Ý�Ñ
�
fXÚk��m­½5©Û, 
�©l�þ��Ý,
3�Nþ�Ñ
4�XÚ�­½5©Û, ¦T�{
�Bu¦^.

�©Äk�éâÔ[ - M�-1·bXÚ, 3
ïÄ Terminal áÚf�Ä:þ, �ÄXÚØ(½5,
JÑ�«Äu Terminal áÚf�äkÄ�ÌÄÖ
�A5�ÌÄ���{, ¦�4�XÚCq¢yk
��m­½��; Ùg, �)ûXÚØ(½5¯K,
�O
�«#�*ÿì, ù«*ÿìU
3éá�
mS�lþ4�XÚ�Ø(½5; ��, (ÜÛÉ
6Ä5nØ, �Ñ*ÿì�l5U94�XÚCq
k��m­½5©Û. ÏL�ý¢�, �y
T�
��{9*ÿì�k�5.

2 âÔ[ - M�-1·bXÚk��
m­½ÌÄ���n

2.1 ¯̄̄KKK£££ããã999ïïïÄÄÄSSSNNN

âÔ[ - M�-1·bXÚ�êÆ£ã� [37]

ẋ = σy − σx,

ẏ = −xz + γx − y,

ż = xy − bz,

(1)

Ù¥ x, y, z �XÚG�, ÷v�ÿ5^�; σ, γ, b �
XÚ��ëê. -

x(0) = 1, y(0) = 0, z(0) = 30,

�
σ = 1.4253, γ = 50, b = 0.2778

�, âÔ[ - M�-1·bXÚ�)·by�, Ùé
A·báÚf��;,Xã 1 ¤«. Ó�, �
©
Û¯K�B, �éâÔ[ - M�-1·bXÚ (1),
-XÚG�L«� ξ = (ξ1, ξ2, ξ3)T, Ù¥

ξ1 = x, ξ2 = y, ξ3 = z.

½Â
f(ξ) = (f1(ξ), f2(ξ), f3(ξ))T,

ã 1 âÔ[ - M�-1·bXÚ·báÚf��;,
(a) x-y; (b) x-z; (c) y-z
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Ù¥ f1(ξ) = σy − σx, f2(ξ) = −xz + γx − y,
f3(ξ) = xy − bz. d�, ·bXÚ (1) �£ã�

ξ̇1 = f1(ξ),

ξ̇2 = f2(ξ),

ξ̇3 = f3(ξ).

(2)

du��ëê σ, γ, b ��3, Ïd f(ξ) �w�´
âÔ[ - M�-1·bXÚ (1) �Ø(½5. ,	,
d·bXÚG��k.59Ø(½��5 f(ξ) �
|¤/ª, �� f(ξ) ÷vëY��Ú�����
êk..

�
³�âÔ[ - M�-1·bXÚ (1) ·b
y���), ¿¦Ù3k��m��S­½�²ï
: ξ = 0, æ^ÌÄ���{, ¦�É��âÔ[ -
M�-1·bXÚ�£ã�

ξ̇1 = f1(ξ) + u1,

ξ̇2 = f2(ξ) + u2,

ξ̇3 = f3(ξ) + u3.

(3)

du f(0) = 0, ��É�XÚ (3) �4�²ï:
� (ξ,u) = (0, 0), Ù¥ u = (u1, u2, u3)T.

2.2 Terminal áááÚÚÚfff

Terminal áÚf|^²ï:�� Lipschitz ë
YA5, ¢yXÚ�k��m­½. Ù�[ó��
n�: �ÄXe���©�§ [38]

ρ̇ = −βρq′/p′
, (4)

Ù¥, q′, p′ ��Ûê. w,, ρ = 0 ´ (4) ª�²ï
:, ¿� dρ̇ ÷v

dρ̇

dρ
= −β

q′

p′
ρ(q′/p′−1), (5)

d (5) ª��

lim
ρ→0

dρ̇ = ∞. (6)

?�Ú��, � ρ = 0 �, dρ̇ Ø÷v Lipschitz ë
YA5. �´duù�� Lipschitz ëYA5, ¢y

 (4) ª�k��m­½. Ó�, du� ρ → 0 �,
dρ̇ ªu −∞, K (4) ª� Jacobian Ý
 [dρ̇/dρ] ÷
v

lim
ρ→0

dρ̇

dρ
= −∞. (7)

= (4) ª3G� ρ ªu²ï: ρ = 0 �, ÙXÚA
��ªu −∞. ù«�¹e, XÚ;,3KÃ¡�

A���°¦eg,¬±Ã¡���ÝÂñ�²
ï:, l
��
k��m��²ï:�8� [38].
,��¡, é (4) ª��?1¦), ��éu?��
½Ð©G� ρ(0), (4) ª�)þ÷v

p′

p′ − q′

[
ρ(ts)(p

′−q′)/p′
− ρ(0)(p

′−q′)/p′
]

= − βts, (8)

Ù¥

ts =
p′

β(p′ − q′)
|ρ(0)|(p

′−q′)/p′

� (4) ªG� ρ l ρ(0) �� ρ = 0 ¤²{��m.

2.3 ������ììì���OOO

�
¦É�XÚ (3) ¢yk��m­½, �
â Terminal áÚf�Oäk��5�"A5��
�Æ u �

u1 = −k1ξ
q/p
1 − f1(ξ),

u2 = −k2ξ
q/p
2 − f2(ξ),

u3 = −k3ξ
q/p
3 − f3(ξ),

(9)

Ù¥ k1, k2, k3 > 0 �XÚG��"OÃ, q Ú p �
�Ûê, �÷v p > q.

�±wÑ, ��ì (9) ´��äkÄ�ÌÄ
Ö�A5���ì. 3��Æ (9) �^e, É�X
Ú (3) C�

ξ̇1 = −k1ξ
q/p
1 ,

ξ̇2 = −k2ξ
q/p
2 ,

ξ̇3 = −k3ξ
q/p
3 .

(10)

�â Terminal áÚf��, d�âÔ[ - M�-1
·bXÚ¢y
k��m­½��. �´, duØ
(½5 f(ξ) ��3, ¦���Æ u Ã{¢y, �d
�O
�«#�*ÿì, |^�ÿþ ξ éØ(½�
�5 f(ξ) ?1¢��O, ¿|^Ù�O� f̂ �ï
äkÄ�ÌÄÖ�A5�Cq�"��Æ (9), ¦
É�âÔ[ - M�-1·bXÚ (3) Cq¢yk�
�m­½��.

2.4 ***ÿÿÿììì���OOO

�ÄÉ�XÚ (3), ½Â η1 = f1(ξ), η2 = f2(ξ),
η3 = f3(ξ), �
é ηi(i = 1, 2, 3) ?1¢��O, 3
©z [39] �Ä:þ (æ^©z [39] ¤ã�{, ¤�
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O�*ÿì� ˙̂ηi = τ−1
e (ξ̇i − u∗

i − η̂i), Ù¥ τe > 0),
U?¿�O
�«#�*ÿì, ÙLy/ª�

˙̂ηi =
α

ε2
(ξ̇i − u∗

i − η̂i), (11)

Ù¥, η̂i � ηi �O�; α > 0, ε > 0, � ε ÷v ε ¿ 1;
u∗

i �d ξi Ú η̂i �¤�äkÄ�Ö�A5���
Æ (9), =

u∗
i = −kiξ

q/p
i − η̂i. (12)

3*ÿì (11) ¥, du ξ̇i ��, ¦�ÙÃ{¢
y. u´, �â©z [39], ½Â wi = (ε2/α)η̂i − ξi,
ÏLé wi ¦�, � (11) ª��¢y/ª [36] �

ẇi = − u∗
i −

α

ε2
(wi + ξi),

η̂i =
α

ε2
(wi + ξi),

(13)

Ù¥, wi(0) = −ξi(0), η̂i(0) = 0. *ÿì (13) �`
:�: �4�XÚCqk��m­½5©Û�5�
B; ¦�Ù�O��lþXÚØ(½5 f(ξ) ¤I
�m´ O(ε); ?�Ú �ëê ε �N!��, �B
*ÿìëê ε �À�.

2.5 ÉÉÉ���âââÔÔÔ[[[ - MMM���---111···bbbXXXÚÚÚ���CCC
qqqkkk������mmm­­­½½½555©©©ÛÛÛ

3��Æ (12) �^e, É�XÚ (3) C�

ξ̇1 = −k1ξ
q/p
1 + η1 − η̂1,

ξ̇2 = −k2ξ
q/p
2 + η2 − η̂2,

ξ̇3 = −k3ξ
q/p
3 + η3 − η̂3.

(14)

½ Â * ÿ Ø � δ1 = η1 − η̂1, δ2 = η2 − η̂2,
δ3 = η3 − η̂3, K (14) ª�£ã�

ξ̇ = F (ξ) + δ. (15)

Ù¥, F (ξ) = (−k1ξ
q/p
1 ,−k2ξ

q/p
2 ,−k3ξ

q/p
3 )T, δ =

(δ1, δ2, δ3)T. Ó�, d (11) Ú (13) ª��

δ̇1 = − α

ε2
δ1 + ḟ1(ξ),

δ̇2 = − α

ε2
δ2 + ḟ2(ξ),

δ̇3 = − α

ε2
δ3 + ḟ3(ξ),

(16)

=

ε2δ̇ = Aδ − ε2ḟ , (17)

Ù¥, 3 × 3 Ý
 A = diag{−α,−α,−α}.

d (15) Ú (17) ª��, 3��Æ (12) �^e,
É�XÚ (3) �4�$Ä�§�£ã�

ξ̇ = F (ξ) + δ,

ε2δ̇ = Aδ − ε2ḟ .
(18)

d4�XÚ (18) �±wÑ, � ε �~��, 4
�XÚ (18) ´��ÛÉ6ÄXÚ, �dæ^ÛÉ6
Ä5nØ©Û4�XÚ�Cqk��m­½5. Ó
�, �âÛÉ6Ä5nØ [40,41] ��, � ε �~�
�, 4�XÚ (18) �UÑyóÀ¸�y�, ±�u
»�4�XÚ (18) �­½5. ,	, ïÄuyù«
óÀ¸�y�´d��Æ u∗

i ]m�~����),
�dæ^�Ú¼ê Sat(·) é��Æ u∗

i ?1?n, ?
n����Æ u∗

i C�

u∗
i = Sat(u∗

i ) =

mi · sign(u∗
i ) |u∗

i | > mi,

u∗
i |u∗

i | 6 mi,
(19)

Ù¥, i = 1, 2, 3; mi ���Æ ui 3XÚG� ξ �
­½��Sýé��þ..

Ún 1[42,43] �ÄXÚ

ẋ = f(x) (x(t0) = x0, t > t0), (20)

Ù¥, x ∈ Rn; f(x) : Rn → R �ëY�¼ê�þ�
÷v f(0) = 0. KXÚ (20) k��m­½�¿©7
�^��: XÚ (20) �3ëY�½��� Lyapunov
¼ê V (x) : Rn → R, V (0) = 0, �éu ∀ x 6= 0, ÷
v

V̇ (x) =
∂V

∂x
f(x) 6 −β1 (V (x))β2 , (21)

Ù¥, β1 > 0, β2 ∈ (0, 1).
½n 1 3��Æ (12) �^e, 4�XÚ (18)

�3�~��~ê ε∗, ¦�� ε < ε∗ �, 4�X
Ú (18) Cq¢yk��m­½��.

y² �âÛÉ6Ä5nØ [41] ��, 4�X
Ú (18) �­½5dü�fXÚ (ü�XÚÚ>.�
XÚ) �­½5¤û½. u´�é4�XÚ (18), d
ÛÉ6Ä5nØ��, � ε = 0 �, �§ Aδ = 0 ä
k��) δ = 0, K4�XÚ (18) �ü�XÚ (ú�
XÚ) �

ξ̇ = F (ξ), (22)

>.�XÚ (¯�XÚ) �

ζ̇ = Aζ, (23)

Ù¥, ζ̇ = dδ/dτ , τ = t/ε2.
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� é > . � X Ú ζ̇ = Aζ, d Ý 
 A ½
Â 9 Lyapunov A � � � â [44], � � > . � X
Ú ζ̇ = Aζ �ê­½. Ó�, �â Lyapunov �â [44]

��, >.�XÚ ζ̇ = Aζ �3ëY�½ Lyapunov
¼ê W (δ) = δTδ. ÷4�XÚ (18) é W (δ) ¦�,
��

Ẇ = −2α

ε2
δTδ + 2δTḟ

6 −2α

ε2
W + 2

∥∥∥ḟ
∥∥∥√

W, (24)

du ḟ k., ½Â k0 = sup{
∥∥∥ḟ

∥∥∥}. - c1 = 4k2
0/α2,

K� W (δ) > c1ε
4 �, (24) ª�C�

Ẇ 6 − α

ε2
W. (25)

½ Â 4 � X Ú (18) � Ð © � � � t0, - c2 =
W (δ(t0)), c2 > 0, K� c2 > c1ε

4 �, 4�XÚ (18)
�3�~ê τε,

τε = −ε2

α
ln

(c1ε
4

c2

)
, (26)

¦� W (δ(t)) ÷v

W (δ(t)) 6 c2 e−(α/ε2)(t−t0) t ∈ (t0, t1], (27)

W (δ(t1)) 6 c1ε
4, (28)

Ù¥, t1 = t0 + τε. du� W (δ(t)) = c1ε
4 �,

(25) ªE,¤á, � Ẇ < 0, K��

W (δ) < c1ε
4 (t > t1), (29)

= t > t1 �, W (δ) ´ O(ε). �â Lyapunov ¼
ê W (δ) �½Â, �� ‖δ‖ ÷v

‖δ‖ < c3ε
2 (t > t1), (30)

Ù¥ c3 =
√

c1. (30) ªw«� t > t1 �, ‖δ‖ �
´ O(ε).

�éü�XÚ (22), �â Terminal áÚf�k
��m­½A5, dXÚ (10) 9�þ F (ξ) �½Â,
��d�ü�XÚ (22) ´k��m­½�. Ó�,
�âk��m­½5Ún 1 ��, ü�XÚ (22) �
3ëY�½ Lyapunov ¼ê V (ξ), ¦� V (0) = 0,
�éu ∀ξ 6= 0, ÷v

V̇ (ξ) =
∂V

∂ξ
ξ̇ =

∂V

∂ξ
F (ξ) 6 −β1V

β2 , (31)

Ù¥, β1 ��~ê, 0 < β2 < 1.
,	, ÷4�XÚ (18) é Lyapunov ¼ê V (ξ)

¦�, ��

V̇ (ξ) =
∂V

∂ξ
F (ξ) +

∂V

∂ξ
δ

6 −β1V
β2 +

∂V

∂ξ
δ. (32)

�â�þ¼ê
∂V

∂ξ
�ëY594�XÚ (18) G

� ξ � k . 5, � � ¼ ê
∂V

∂ξ
k .. u ´, ½

Â M = sup
{∥∥∥∥∂V

∂ξ

∥∥∥∥}
, ¿d (30) ª��, � t > t1

�, (32) ª�C�

V̇ (ξ) 6 − β1V
β2 +

∂V

∂ξ
δ

6 − β1V
β2 + c3Mε2. (33)

- c4 = (2c3M/β1)1/β2 , K � V (ξ) > c4ε
2/β2 ,

t > t1 �, (33) ª�C�

V̇ (ξ) 6 −β1

2
V β2 . (34)

d �, (34) ª E , ÷ v k � � m ­ ½ 5 Ú n 1.
- c5 = V (ξ(t1)), K� c5 > c4ε

2/β2 �, �âk
��m­½5Ún 1, �� (34) ª�3�m~ê T ,
±�u

V (ξ(t2)) 6 c4ε
2/β2 , (35)

Ù ¥, t2 = t1 + T . Ï L é (34) ª 3 V ∈
[V (ξ(t1)), c4ε

2/β2 ] S?1È©, ��d� T ÷v

T 6 2
β1(1 − β2)

((
V (ξ(t1))

)1−β2

−
(
c4ε

2/β2

)1−β2
)
. (36)

du� t > t1, V (ξ(t)) = c4ε
2/β2 �, (34) ªE,¤

á, � V̇ (ξ) < 0, ��

V (ξ) < c4ε
2/β2 (t > t2). (37)

du Lyapunov ¼ê V (ξ) ëY��, � V (0) = 0,
Kd (37) ª9 0 < β2 < 1 ��, � t > t2 �, V (ξ)
´ O(ε). =éu?¿�~ê r, 4�XÚ (18) �3
�~�~ê ε∗ > 0, ¦� ε < ε∗, t > t2 �, 4�
XÚ (18) G� ξ ∈ Br(0). Ù¥, r ÷v lim

ε∗→0
r = 0,

Br(0) �± ξ = 0 ��%!r ��»�4¥. ½n 1
y..

Ó�, dþã©ÛL§�±wÑ, 4�XÚ (18)
k��m­½¤I�m�Cq� τε + T .

3 �ý¢�

�
�yT���{�k�5Ú�(5, é
Ù?1 Matlab �ý, XÚ�ý�mÀ� t = 20 s.
3�ýÐ©��*ÿìm©ó�, 
��ìØó
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�. � t = 10 s �, \\��&Ò; XÚëê9G
�Ð©�À�� σ = 1.4253, γ = 50, b = 0.2778,
x(0) = 2, y(0) = 1, z(0) = 1; *ÿì9��ìëê
À�� α = 8, q = 3, p = 5, k1 = 4, k2 = 3, k3 = 2.
Ó�, d½n 1 �y²©ÛL§��, ëê ε ��,
*ÿì (13) ��l5U94�XÚ (18) �­½5
�Ð. u´, À� ε = 0.5, 0.025 ?1�ý, (J©O
Xã 2 Úã 3 ¤«. Ó�, �
�ØóÀ¸�y�

é4�XÚ­½5�K�, æ^©¥¤J�{é�
�Æ u∗

i ?1�Ú?n.
d�ý(J�±wÑ, æ^�©JÑ���

�{, âÔ[ - M�-1·bXÚ (1) U
éÐ/
Cq¢yk��m­½��. Ó�, dã 2 Úã 3
¥ (g)—(l) �'�(J�±wÑ, *ÿì (13) äk
éÐ��l5U, ¿� ε ���, *ÿì (13) ��
l5U�Ð.

ã 2 ε = 0.5 ���ý�J (a)—(c) �É�XÚG�$Ä­�; (d)—(f) ���Ñ\ u ��m�Cz; (g)—(i) �É�
XÚØ(½5 f 9Ù�O� f̂ �Cz­�, S�ã�ÛÜ��ã; (j)—(l) �É�XÚØ(½5 f �OØ� δ �Cz­�
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ã 3 ε = 0.025 ���ý�J (a)—(c) �É�XÚG�$Ä­�; (d)—(f) ���Ñ\ u ��m�Cz; (g)—(i) �
É�XÚØ(½5 f 9Ù�O� f̂ �Cz­�, S�ã�ÛÜ��ã; (j)—(l) �É�XÚØ(½5 f �OØ� δ �
Cz­�

4 ( Ø

æ^�©JÑ�k��m­½ÌÄ���{,
Ø=U
éÐ/³�âÔ[ - M�-1·bXÚ·
by���), 
�¦�É�âÔ[ - M�-1·
bXÚCq¢y
k��m­½��. ,	, ��

ì�O(�{ü, Bu��ëê�N!Ú�½. Ó
�, duäk¯��lA5*ÿì��3, ¦��
�ìU
¢�Ö�É�XÚ�Ø(½5, ~�
é
é�°(êÆ�.��6. ?�ÚOr
��XÚ
�|Z6Uå, ¦�XÚ=¦3�3ëê�ÄÚ	
Ü6Ä��¹e, �U�±ûÐ�Ä��AA5.
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Abstract

In this paper, the problem of finite-time stability for Lorenz-Haken laser chaotic system is studied by active control method. On

the basis of the study for terminal attractor, and the consideration fo the uncertainties, an active control method with dynamic active

compensation based on terminal attractor is proposed, which makes the controlled Lorenz-Haken laser chaotic system achieve the

finite-time stability approximately. Meantime, in order to solve the uncertainties, a new observer is designed, which makes the estimate

value follow the real value of uncertainties in a very short time. The approximate finite-time stability of the closed-loop system is

analyzed in detail by introducing a singular perturbation theory. Simulation results show the effectiveness of the active control method

and observer.
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