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1 Ú ó

þfØ ´þfåÆÚþf1Æ¥�­�ï
Ä+� [1−4]. þfØ �AÌ�ÏL|���©þ
�Ø C�LyÑ5, Ï~·�½ÂØ C��

SXS−1 = µX,

X =
a + a†
√

2
, (1)

Ù¥ a, a† ©O�1f��«Ú�)�Î,

S = exp
[λ

2
(a2 − a+2)

]
�Ø �Î, µ = eλ �Ø Xê. �©ò^k'�
�õ�ª�Î Hn(X) �#ð�ª5ïÄþfØ ,

,	(ÜkS�ÎS�È© (IWOP) Eâ [5−10], �
�
�
'uþfØ ��Îð�ª, �ïÄØ 
âfê�Å¼êJø
�«{ü´1��{; Ó�
(Ü IWOP Eâ��¿�y
�
#�È©úª;

��?�Úí�Ñ��E,��)���Îõ�
ª�Ø �Î�#ð�ª, ¿�ÑÙ3ïÄØ â
fê�¥�A^.

2 �
Ä����õ�ª�Îð�ª
�{'í�

��õ�ª�±ÏLÙ1¼ê5½Â:
∞∑

n=0

tn

n!
Hn(x) = e2tx−t2 . (2)

é u � ê � Î e−λX · � � ± | ^ Baker-

Hausdorff úª��

e−λX = : e−λX : eλ2/4 =: eλ2/4−λX :

=
∞∑

n=0

(iλ/2)n

n!
: Hn(iX) :, (3)

Ù¥ “: :” �L�5¦Èü�. ,��¡, d�?ê
Ðmúª��

e−λX =
∞∑

n=0

(−λX)n

n!
. (4)

'� (3) Ú (4) ª, �±���Îð�ª

Xn = (2i)−n : Hn(iX) :, (5)

ù´ Xn ��5¦È/ª�L�ª. ,	��±�
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�«�ªÐm:

e−λX =eλ2/4 e−λ2/4−λX

=eλ2/4
∞∑

n=0

(−λ)n

2nn!
Hn(X), (6)

e−λX = : eλ2/4−λX :

= eλ2/4
∞∑

n=0

:
(−λX)n

n!
: . (7)

'�üö��,��Îð�ª

Hn(X) = 2n : Xn : . (8)

����A^, ò Hn(X) �^uý�� |0〉 ��

Hn(X) |0〉 =2n : Xn : |0〉 =
√

2na†n |0〉

=
√

n!
√

2n |n〉 , (9)

Ù¥ |n〉 =
a†n
√

n!
|0〉 ´âfê�. ¤±��âfê

��Å¼ê 〈x|n〉 �'u Hn(x), =

〈x|Hn(X) |0〉 =
√

n!
√

2n 〈x|n〉

=Hn(x) 〈x|0〉 . (10)

(Ü�IL���5��5¦ÈS�pd.L�
ª ∫ ∞

−∞
dx |x〉 〈x| =

1√
π

∫ ∞

−∞
dx : e−(x−X)2 :

=1. (11)

^ IWOP EâÓ�k

Hn(X) =
∫ ∞

−∞
dxHn(x) |x〉 〈x|

=
1√
π

∫ ∞

−∞
dxHn(x) : e−(x−X)2 :

=2n : Xn : . (12)

ùy²
 (8) ª��(5. d (11) ªÚ IWOP Eâ
���y (5) ª��(5:

Xn =
∫ ∞

−∞
dxxn |x〉 〈x|

=
1√
π

∫ ∞

−∞
dx : e−(x−X)2 : xn

=(2i)−n : Hn(iX). (13)

�â (1) ªÚ Baker-Hausdorff úª, �±?�Ú�
��Îð�ª

Hn(fX) =
dn

dtn
e2tfX−t2

∣∣∣
t=0

=(1 − f2)n/2 dn

d(
√

1 − f2t)n

: e
2t
√

1−f2 fX√
1−f2

−
(
t
√

1−f2
)2

:
∣∣∣
t=0

=(1 − f2)n/2 : Hn

[
f√

1 − f2
X

]
:

(f 6= 1). (14)

d��5�Ðmª (11) ªq��

Hn(fX) =
∫ ∞

−∞
dx |x〉 〈x|Hn(fx)

=
1√
π

∫ ∞

−∞
dx : e−(x−X)2 : Hn(fx). (15)

ò (14) ª� (15) ª�'� (¢Sþ¿����È©
O�), �±����È©úª

1√
π

∫ ∞

−∞
dx e−(x−y)2Hn(fx)

=(1 − f2)n/2Hn

[
fy√
1 − f2

]
. (16)

(16) ªÏLCþ���∫ ∞

−∞
dx e

−(x−y)2

2µ Hn(x)

=
√

2πµ(1 − 2µ)n/2Hn

[
y(1 − 2µ)−1/2

]
. (17)

aq/, �±�� Hn(fX) ���5¦È (P�
...

...)

/ª�Ðmúª�

Hn(fX) =
dn

dtn
e2tfX−t2 |t=0

=(1 + f2)n/2 dn

d(
√

1 + f2t)n

... e
2t
√

1+f2 fX√
1+f2

−(t
√

1+f2)2 ...|t=0

=(1 + f2)n/2...Hn

(
f√

1 + f2
X

)
.... (18)

AO/, � f = 1 �, k

Hn(X) = 2n/2...Hn

( x√
2

).... (19)


��5¦ÈÐm eλX �

eλX =
... eλX ... e−

λ2
4 =

... e−λ2/4+λX ...

=
∞∑

n=0

(λ/2)n

n!
...Hn(X)

.... (20)

u´qkð�ª

Xn = (1/2)n...Hn(X)
.... (21)
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(Ü�Z� |z〉 ���5∫
d2z

π
|z〉〈z| =

∫
d2z

π
: e−|z|2+za++z∗a−a+a :

=1,

��

Xn =(1/2)n...Hn(X)
...

=(1/2)n

∫
d2z

π
|z〉 〈z|Hn

(
z + z∗√

2

)
=(1/2)n

∫
d2z

π
Hn

(z + z∗√
2

)
: e−|z|2+za++z∗a−a+a : . (22)

'� (21) Ú (22) ª, ¿|^ (5) ª�∫ ∞

−∞

d2z

π
Hn

(z + z∗√
2

)
: e−|z|2+za++z∗a−a+a :

=(i)−n : Hn(iX) : . (23)

ùqV«
��#�È©úª∫ ∞

−∞

d2z

π
Hn

(z + z∗√
2

)
e−|z|2+zx+z∗y

=(i)−nHn

(
i
x + y√

2

)
exy. (24)

y 3 · � | ^ � � õ � ª � Î ð � ª 5
¦ e2t

√
gX−gX2

��5¦È/ª:

e2t
√

gX−gX2
=

∞∑
n=0

(
√

gX)n

n!
Hn(t)

=
∞∑

n=0

(2i)−n (
√

g)n

n!
: Hn(iX) : Hn(t)

=
1√

1 + g
: exp

[g(t2 − X2) + 2
√

gtX

1 + g

]
:, (25)

Ù¥^
úª
∞∑

n=0

tn

2nn!
: Hn(x1) : Hn(x2)

=
1√

1 − t2
exp

[
t2(x2

1 + x2
2) − 2tx1x2

t2 − 1

]
. (26)

�±^ IWOP Eâ5�y (25) ª:

e2t
√

gX−gX2

=
1√
π

∫ ∞

−∞
dx e2t

√
gx−gx2

: e−(x−X)2 :

=
1√
π

∫ ∞

−∞
dx : e−(g+1)x2+(2t

√
g+2X)x−X2

:

=
1√

1 + g
: exp

[g(t2 − X2) + 2
√

gtX

1 + g

]
:, (27)

ù� (25) ª���. ò e2t
√

gX−gX2
�^uý��,

��

e2t
√

gX−gX2
|0〉

=
1√

1 + g
exp

[g(t2 − a+2

2
) +

√
2gta+

1 + g

]
|0〉 . (28)

ù´��Ø -²£�Z�. ��±þ���õ�
ª�Îð�ªéuïÄþfØ (¢k^.

3 d#���õ�ª�Îð�ªí�
Ø âfê�¼ê

Ø �Î3�IL�¥�L�ª� [11]

S(µ) =
1
√

µ

∫ ∞

−∞
dx |x/µ〉 〈x|

=
√

µ

∫ ∞

−∞
dx |x〉 〈µx| , (29)

-

|x〉 = π−1/4 exp
(
− x2

2
+
√

2xa+ − a+2

2

)
|0〉 ,

|0〉 〈0| =: exp(−a†a) :,

d (17) ª�

S(µ)Hn(X)S(ν)

=
√

ν
√

µ

∫ ∞

−∞
dx |x/µ〉 〈x|Hn(x)

∫ ∞

−∞
dx′ |x′〉 〈x′ν|

=
∫ ∞

−∞

√
νdx

√
πµ

Hn(x) : exp
[
− x2

2
µ2ν2 + 1

µ2

+
√

2
xa+

µ
+
√

2νxa − a+2

2
− a2

2
− a+a

]
:

=
√

ν
√
πµ

∫ ∞

−∞
dxHn(x) : exp

[
− 1

2
µ2

1 + µ2ν2

×
(

x −
√

2µa+ +
√

2νµ2a

1 + µ2ν2

)2

+
(1 − µ2ν2)
2(1 + µ2ν2)

(a+2 − a2) − (1 − µν)2

1 + µ2ν2
a+a

]
:

=
√

2νµ

1 + µ2ν2

(
1 − 2µ2

1 + µ2ν2

)n/2

: Hn

[ √
2
(a+

ν
+ µa

)√
( 1

νµ + νµ)(
1
νµ

+
µ

ν
(ν2 − 2))

]

× exp
[

(1 − µ2ν2)
2(1 + µ2ν2)

(a+2 − a2)
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− (1 − µν)2

1 + µ2ν2
a+a

]
:, (30)

ù´��#�ð�ª. e¡·�?ØA«AÏ�¹.

� µ = 1/ν, S(ν) = S−1(µ) �, (29) ªC�

S(µ)Hn(X)S−1(µ)

=(1 − µ2)n/2 : Hn

[ µX√
1 − µ2

]
:

=Hn(µX). (31)

ù� (15) ª�(J��. � ν = 1 �, d

2µ

1 + µ2
= sech λ,

µ2 − 1
1 + µ2

= tanhλ, µ = eλ,

(30) ª�z{�

S(µ)Hn(X)

=(− tanhλ)n/2 sech1/2 λ

: Hn

(
a† + µa√
− sinh 2λ

)
exp

[
a2 − a+2 tanhλ

2

− (1 − sech λ)a+a

]
: . (32)

d Hn(X) |0〉 =
√

n!
√

2n |n〉, �±��Ø âfê
��L�ª

S(µ) |n〉 =
1√
2nn!

S(µ)Hn(X) |0〉

=
1√
2nn!

(− tanhλ)n/2 sech1/2 λ

× Hn

[
a†

√
− sinh 2λ

]
× exp

(− tanhλ

2
a+2

)
|0〉 . (33)

2|^�Z�����5±9 (17) ª, �±��

Hn(µX) ega+2

=
∫ ∞

−∞
dx |x〉 〈x|Hn(µx)

∫ ∞

−∞

d2z

π
egz∗2

〈z|

× exp
[
− x2

2
+
√

2xz − z2

2
− |z|2

2

]
=

1√
π(1 + 2g)

∫ ∞

−∞
dxHn(µx)

: exp
[−x2 − a2

2
1 + 2g

+
( √

2a

1 + 2g
+
√

2a†
)
x

− a+2

2
− a†a

]
:

= ega+2
:

1
1 + 2g

[1 − µ2(1 + 2g)]n/2

× Hn

{
µ[(2g + 1)a† + a]√
2[1 − µ2(2g + 1)]

}
. (34)

ù�´��#��Î�ª. � g = − tanhλ/2 �,

Hn(µX) ega+2
|0〉

=
1

1 + 2g
[1 − µ2(1 + 2g)]n/2

× Hn

[
µ(2g + 1)a†√

2[1 − µ2(2g + 1)]

]
ega+2

|0〉

=sech1/2(− tanhλ)n/2Hn

( a†
√
− sinh 2λ

)
× exp

(− tanhλ

2
a+2

)
|0〉 , (35)

ù� (33) ª��.

4 ( Ø

·�^ IWOP Eâ��
�
'u��õ�
ª��Îð�ª, ùéuïÄØ âfê�Å¼ê
�©k^. �dÓ�, ·����
�
È©úª,

ù
ð�ª��^uO�Ù¦þf1|�5�.
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New Hermite-polynomial-operator identities and
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Abstract

By introducing the Hermite-polynomial-operator Hn(X), where X is the coordinate operator (or the quadrature operator in

quantum optics theory), and combining the technique of integration within an ordered product of operators, we derive some new

operator identities about quantum squeezing, which are useful for studying the squeezed number state.
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