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1 Ú ó

�Ï±5, éu��5uÐ�§+�¥, Sine-
Gordon .�§�ïÄ��É�¯õ�Eó�ö�
pÝ'5.Sine-Gordon .�§´÷a���*Ü
Å�DÂ!¬� ��DÂ!^5¬N� Bloch
9$Ä!Josephson �¥^Ïþ�DÂÚÄ�lf
�Ú�nØ��¡�­��.. ©z [1—9] lØ
Ó�ÝéTaXÚ�
?Ø. Ù¥©z [4, 5] �
åuïÄÙ²;Úþf�f; ©z [2, 3, 7, 8, 10]
�åuÏéÙ�«���), X�N) [1]!1Å
) [2]!°() [6,7] Ú�p�^) [9] �; ©z [8]
æ^ê��{¦)Ta�§9XÚ�NáÚf�
35ïÄ. ,
, ���k'��59�ÍÜ Sine-
Gordon .XÚáÚf�ïÄ. �©Äu©z [3], 3
O\ Peierls-Nabarro å�A�, ïÄ
�a9�Í
Ü Sine-Gordon .XÚ��NáÚf. I�rN�
´�©¤�Ä�9�A����59
�. �ÄX
e��59�ÍÜ Sine-Gordon .XÚ

utt − α1∆ut − ∆u + β1 sinu + α2θ = f(x),

θt − ∆θ + α2ut = g(θ), (x, t) ∈ Ω × R+,
(1)

D�Ð©^�

u(x, 0) =u0(x),

ut(x, 0) =u1(x),

θ(x, 0) =θ0(x) x ∈ Ω, (2)

Ú>.^�

u(x, t)
∣∣
x∈∂Ω

= 0, θ(x, t)
∣∣
x∈∂Ω

= 0 t > 0, (3)

Ù¥ α1, α2, β1 > 0, f ∈ H1
0 (Ω), Ω � R ¥���

k.m8, �äk¿©1w�>. ∂Ω. u = u(x, t)
Ú θ = θ(x, t) ´ Ω × [0,+∞) þ�ü�¢�¼ê.

Uì.~, �©ò L2(Ω) Ú H1
0 (Ω) ¥�SÈ

��ê©OP�

(u, v) =
∫

Ω

uvdx, |u|2 = (u, u),

∀ u, v ∈ L2(Ω),

((u, v)) =
∫

Ω

∇u∇vdx, ‖u‖2 = ((u, u)),

∀ u, v ∈ H1
0 (Ω),

¿P |f(x)| = b0, ‖f(x)‖ = b1. ,	, �Ib�

(H).g(·) ∈ C2(R, R), ∀ s ∈ R,

� |g(s)| 6 a0, |g′(s)| 6 a0, g(0) = 0, a0 ��~ê.
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� A = −∆, K A ´ D(A) = H1
0 (Ω) ∩

H2(Ω) → L2(Ω) �g��½�5�f, ¿�Ù
A�� {λi}i∈N ÷v

0 < λ1 6 λ2 6 · · · 6 λm 6 · · ·

λm → +∞(m → +∞).

- E = H1
0 (Ω) × L2(Ω) × L2(Ω), E1 = D(A) ×

H1
0 (Ω)×H1

0 (Ω), ½Â�m E �SÈÚ�ê©O�

(ϕ1, ϕ2)E = µ((u1, u2)) + (w1, w2) + (θ1, θ2),

‖ϕ‖E = (ϕ,ϕ)1/2
E .

Ù¥
∀ ϕi = (ui, wi, θi)T,

ϕ = (u,w, θ)T ∈ E, i = 1, 2,

µ =
4 + α2

1λ1

4 + 2α2
1λ1

> 0.

�aq½Â E1 = D(A) × H1
0 (Ω) × H1

0 (Ω) �SÈ
Ú�ê.

- ut = v, @oXÚ (1)—(3) �du�m E ¥
�XeÐ�¯K:

Ut =CU + N(U),

U(0) =U0 = (u0, u1, θ0)T,
(4)

P
u1 ≡ v0 (u0, u1, θ0)T ∈ E.

Ù¥
U = (u, v, θ)T ∈ E,

C =


0 I 0

∆ α1∆ 0

0 0 ∆

 ,

N(U) =


0

−α2θ − β1 sinu + f

−α2v + g(θ)

 .

D(C) = D(A)×D(A)×D(A), I � L2(Ω) þ�ð
��f.

-

B = −C =


0 −I 0

−∆ −α1∆ 0

0 0 −∆

 =


0 −I 0

A α1A 0

0 0 A

 ,

d©z [4] �, e B �÷/�f, K C �±)¤�
�)Û�+ eCt. d B ´4�ÚÈ��9©z [3]
¥�Ñ��'�O, �� B ´÷/�f, = C ´
)Û�+ eCt �Ã¡�)¤�. dë�©z [10]
��, N(U) 3 E þ´�Û Lipschitz ëY�. 2
db� (H), w,k N(U) ´ëY���, (Ü©
z [3,10] ��Xe½n.

½n 1 eb� (H) ¤á, é?¿� U0 ∈ E,
Ð�¯K (4) �3��)

U(·) = U(·,U0) ∈ C(R+;E),

¦� U(0,U0) = U0, � U(t) ÷vÈ©�§

U(t) =U(t, U0)

= eCtU0 +
∫ t

0

eC(t−s)N(U(s))ds. (5)

d�¡ U(t) �Ð�¯K (4) ���§Ú), ¿�k
(i) e U0 ∈ D(C), K � 3 U(·) ∈

C(R+;D(C)) ∩ C1(R+;E) ÷v (4).
(ii) U(t, U0) 'u t Ú U0 �ÓëY.
�â½n 1, é ∀t > 0, Ú\��N� S(t) :

U0 → U(t, U0), Ù¥ U(t, U0) ´ (4) �§Ú), @
o {S(t), t > 0} ½Â
 E þ���ëY�+. e¡
y²�+ {S(t), t > 0} äk�NáÚf [11,12].

3 �NáÚf��35

- w = ut + εu, XÚ (1)—(3) ½ (4) ª�±�
d/�¤

ϕt + H(ϕ) = F (ϕ),

ϕ(0) = (u0, u1 + εu0, θ0)T,
(6)

P u1 + εu0 ≡ w0, (u0, w0, θ0)T ∈ E.
Ù¥

ϕ = (u,w, θ)T,

ε =
α1λ1

4 + 2α2
1λ1

> 0,

H(ϕ)=


εu − w

Au − ε(α1A − ε)u + (α1A − ε)w + α2θ

α2εu + α2w + Aθ

 ,

F (ϕ) =


0

−β1 sinu + f(x)

g(θ)

 .
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d ½ n 1, w , (6) ª � ½ Â � f �
+ {Sε(t), t > 0},

Sε(t) : E → E,

ϕ(0) = (u0, u1 + εu0, θ0)T

→(u(t), ut(t) + εu(t), θ(t))T = ϕ.

Ù¥ Sε(t) � S(t) �'X�

Sε(t) = RεS(t)R−ε,

Rε : {a, b, c} → {a, b + εa, c} ´ E þ�Ó�.

Ïd�y²�+ {S(t), t > 0} äk�NáÚ
f, �Iy²�+ {Sε(t), t > 0} äk�NáÚf.
�
��k.áÂ8, Ú\±eü�­��Ún.

Ún 1 é ∀ϕ = (u,w, θ)T ∈ E, ∃δ1 > 0,
δ2 > 0, δ3 > 0, ¦�eª¤á:

(H(ϕ),ϕ)E > δ1 ‖ϕ‖2
E + δ2 |w|2 + δ3 |θ|2 , (7)

Ù¥

δ1 =ε − ε3

2µλ1
,

δ2 =α1λ1 − ε − δ1 −
ε4

µλ1(ε − δ1)
,

δ3 =λ1 − δ1 −
α2

2ε
2

µλ1(ε − δ1)
.

y² ´y¤�Ñ� δ1, δ2, δ3 ÷v δ1 > 0,
δ2 > 0, δ3 > 0. ¿�k

ε − δ1 > 0,

α1λ1 − ε − δ1 − δ2 > 0,

λ1 − δ1 − δ3 > 0.

l


(H(ϕ),ϕ)E − δ1 ‖ϕ‖2
E − δ2 |w|2 − δ3 |θ|2

>(ε − δ1)µ
2

‖u‖2 − ε2

√
λ1

‖u‖ · |w|

+
(α1λ1 − ε − δ1 − δ2)

2
|w|2

+
(ε − δ1)µ

2
‖u‖2 − α2ε√

λ1

‖u‖ · |θ|

+
(λ1 − δ1 − δ3)

2
|θ|2

+
(α1λ1 − ε − δ1 − δ2)

2
|w|2

− 2α2 |w| · |θ| + (λ1 − δ1 − δ3)
2

|θ|2 . (8)

Ï�
(ε − δ1)µ

2
> 0,

α1λ1 − ε − δ1 − δ2

2
> 0,

λ1 − δ1 − δ3

2
> 0,

¿�²LO���±��

4·(ε − δ1)µ
2

· α1λ1 − ε − δ1 − δ2

2
− ε4

λ1
> 0,

4·(ε − δ1)µ
2

· λ1 − δ1 − δ3

2
− α2

2ε
2

λ1
> 0,

4·α1λ1 − ε − δ1 − δ2

2

× λ1 − δ1 − δ3

2
− 4α2

2 > 0.

(9)

¤±��

(H(ϕ),ϕ)E − δ1 ‖ϕ‖2
E − δ2 |w|2 − δ3 |θ|2 > 0,

=y.
Ún 2 é ∀ϕ = (u,w, θ)T ∈ E,

k (F (ϕ),ϕ)E 6 c1 + δ2 |w|2 + δ3 |θ|2 ¤á, ùp

c1 =
β2

1 |Ω|
2δ2

+
b2
0

2δ2
+

a2
0

4δ3
,

δ2 Ú δ3 Xc¤«, |Ω| L« Ω �ÿÝ.
y² |^ Young Ø�ª�O (F (ϕ),ϕ)E , �

(F (ϕ),ϕ)E 6β1k1 |Ω| + k2b
2
0 + k3a

2
0

+
(

β1

4k1
+

1
4k2

)
|w|2

+
1

4k3
|θ|2 . (10)

- k1 =
β1

2δ2
, k2 =

1
2δ2

, k3 =
1

4δ3
, Kk

(F (ϕ),ϕ)E 6 c1 + δ2 |w|2 + δ3 |θ|2 ,

=y.
ò ϕt + H(ϕ) = F (ϕ) � ϕ 3 E ¥�SÈ, ¿

|^Ún 1!Ún 2 ±9 Gronwall Ø�ª��

||ϕ(t)||2E 6||ϕ(0)||2E exp(−2δ1t)

+
c1

δ1
(1 − exp(−2δ1t)).

¤± lim
t→∞

sup ||ϕ||2E 6 c1

δ1
. - ρ2

0 =
2c1

δ1
, K�±

3 E ¥���¥ BE(0, ρ0), §± 0 �¥%, ± ρ0

��». w,, ¥ BE(0, ρ0) éu�+ {Sε(t), t > 0}
3 E ¥´áÂ�. u´��
XeÚn.

Ún 3 �+ {Sε(t), t > 0} 3 E ¥�3k.
áÂ8.

y3m©?Ø�+ {Sε(t), t > 0} �ìC;5.
� ϕ(t) = (u(t), w(t), θ(t))T ´XÚ (6) �), ÙÐ
�� ϕ(0) = (u0, w0, θ0)T.
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-

ϕ(t) =ϕ1(t) + ϕ2(t),

∀ ϕi(t) =(ui(t), wi(t), θi(t))T,

wi(t) =uit(t) + εui(t), i = 1, 2.

ϕ1(t) =S1(t)ϕ(0),

ϕ2(t) =S2(t)ϕ(0),

ùp ϕ1(t) Ú ϕ2(t) ©O÷vXeü��§:

ϕ1t + H(ϕ1) = 0 ∀ t > 0,

ϕ1(0) = (u0, w0, θ0)T ∈ E,
(11)

Ú

ϕ2t + H(ϕ2) = F (ϕ) ∀t > 0,

ϕ2(0) = (0, 0, 0)T ∈ E,
(12)

Ù¥ ϕ ´XÚ (6) �). w, Sε(t) =S1(t) + S2(t).
Ún 4 ϕ1(t) Ú ϕ2(t) ©O÷v

‖ϕ1‖2
E 6 ‖ϕ1(0)‖2

E exp(−2δ4t) ∀ T > 0, (13)

±9 ∥∥∥A1/2ϕ2

∥∥∥2

E
6 2c2

δ5
∀ T > 0, (14)

Ù¥ c2, δ4, δ5 ò3y²L§¥�Ñ.
y² �ìÚn 1 ÚÚn 3 �y², �� (13)

ª¤á, = S1(t) �êP~.
Ï�

ϕ2(0) = (0, 0, 0)T ∈ D(C),

d½n 1 ��:

ϕ2 ∈ C(R+;D(C)) ∩ C1(R+;E).

ò Aϕ2 � (12) ª3 E ¥�SÈ��
1
2

d
dt

||A1/2ϕ2||2E + (H(ϕ2), Aϕ2)E

=(F (ϕ), Aϕ2)E . (15)

�ìÚn 1 �y², ��, ∃ δ5 > 0, δ6 > 0, δ7 > 0,
¦�

(H(ϕ2), Aϕ2)E

>δ5

∥∥∥A1/2ϕ2

∥∥∥2

E
+ δ6

∣∣∣A1/2w2

∣∣∣2
+ δ7

∣∣∣A1/2θ2

∣∣∣2 . (16)

ùp�� δ5 = δ1, δ6 = δ2, δ7 = δ3.
,��¡, ÏLO�k

(F (ϕ2), Aϕ2)E

6 β2
1

2δ6
|Ω| + b2

1

2δ6
+

a2
0

4δ7

+ δ6

∣∣∣A1/2w2

∣∣∣2 + δ7

∣∣∣A1/2θ2

∣∣∣2 . (17)

ò (16) Ú (17) ª�\ (15) ª¿A^ Gronwall Ø�
ª��

||A1/2ϕ2||2E 6 c2

δ5
(1 − exp(−2δ5t)) 6 2c2

δ5
,

Ù¥

c2 +
a2
0

4δ7
=

β2
1

2δ6
|Ω| + b2

1

2δ6
.

¤±k

||S2(t)ϕ(0)||2E1
= ||ϕ2||2E1

= ||A1/2ϕ2||2E 6 2c2

δ5
.

u´� B0 ´ E ¥���k.8�, ∪t>0S2(t)B0

´ E1 ¥ � k . 8. 
 E1 ´ ; i \ E ¥ �,
� ∪t>0S2(t)B0 ´ E1 ¥�;8. (ÜÚn 3 Ú
Ún 4, ��Xe½n.

½ n 2 d X Ú (6) ¤ ½ Â � � f �
+ {Sε(t), t > 0} 3�m E ¥äk�NáÚf.

4 ( Ø

¯¤±�, Sine-Gordon .XÚ)�½5ïÄ
É�¯õÆö�pÝ'5. �©ïÄÉ Peierls-
Nabarro å�^���59�ÍÜ Sine-Gordon .
XÚ�Äå1�, ���Ð©^� u0(x) ∈ H1

0 ,
u1(x) ∈ L2 θ0(x) ∈ L2 �, Ð>�¯K�3���
ëY) U(t) = U(t, U0). dd, �½ÂëY�Äå
XÚ S(t) : U0 → U(t, U0), ?
|^�f�+©
)E|�E
XÚìC;�ØCáÂ8, y²
X
Ú�3�NáÚf.

[1] Zhang J W, Wang D X, Wu R H 2008 Acta Phys. Sin. 57 2021 (in
Chinese) [Üï©, ��_, Çdï 2008 ÔnÆ� 57 2021]

[2] Kriener C F, Zimmer J 2009 Nonlinear Anal. 70 3146

[3] Chen S Q, Zhou S F, Li H Y 2008 Commun. Appl. Math. Comput.

22 14 (in Chinese) [�V�, ±��, oùý 2008 A^êÆ�O
�êÆÆ� 22 14]

[4] Hollowood T J, Miramontes J L 2011 J. High Energy Phys. 4 119

[5] Luo K F, Jiang X L, Yang Y L 2008 Chin. Phys. B 17 2600

110404-4



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 11 (2012) 110404

[6] Alvaro H S 2010 Nonlinear Anal. 11 3930
[7] Taogetusang, Sirendaoerji 2010 Acta Phys. Sin. 59 5194 (in Chi-

nese) [@�ãÒ, d;��3 2010 ÔnÆ� 59 5194]
[8] Ma L M, Wu Z M 2009 Chin. Phys. B 18 3099
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The global attractor of nonlinear thermoelastic
coupled Sine-Gordon system∗
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Abstract

The dynamical behavior of a class of coupled system to the Sine-Gordon equations with the Peierls-Nabarro force is considered

in this paper. First, the existence of the continuous solution is shown in the semi-group approach, under the certain initial-boundary

value condition. Then, using the decomposing technique of semi-group, we construct the compact positively invariant sets, and the

global attractor is proved.
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