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ë� Chen XÚÚ Liu XÚ��ï�ª, é Lorenz XÚ?1UE, �ï��#�n�g£·bXÚ. ?Ø
²ï
:�5�, �Ñ
XÚ�õÇÌã!Poincare �¡ã, ¿|^©
ãÚ Lyapunov �êÌ�[©Û
�ëêCzéX
ÚÄåÆ1��K�. ïÄuy, ��¦È�ëê d Ú²��ëê e Cz�, XÚ� Lyapunov �êÌ�±ð½, �ë
ê d äk�Û��5NÌõU, ëê e äkÛÜ��5NÌõU. ,	, �O
T·bXÚ��[>´, ¢�(Jy
¢
·bXÚ��¢y5.
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1 Ú ó

Lorenz XÚ [1] ´1��3¢�¥�uy�·
b�., 3·bÆ�/¤ÚuÐL§¥äkØ�O
���^, ¿¤�·bnØÚA^ïÄ��~. N
õÆö± Lorenz XÚ�Ä:JÑ
�«C/·b
XÚ. 1999 c Chen � [2] æ^�5�"���{�
� Lorenz XÚ�uy
Í¶� Chen XÚ; 2002 c,
Lü� [3] uy
 Lü·bXÚ, ¤�
�Ï Lorenz X
ÚÚ Chen XÚ�xù; �� Lü� [4] uy
ë�þ
ãn�·bXÚ�Ú�·bXÚ; 2003 c Liu � [5]

3 Lorenz XÚ�Ä:þ�ï
äk1w�g��
5¼ê�oÊ·bXÚ; 2004 c Liu � [6] uy

¹k²��� Liu ·bXÚ; 2005 c, Qi � [7] �
3 Lorenz ·bXÚ�1���§þO\����
5�, uy
 Qi ·bXÚ. ,	, Cc5�«#·
bXÚØä�JÑ, X1wõÊ·bXÚ [8,9], �·
bXÚ [10−14], ð Lyapunov �êÌXÚ [15,16], ©
ê�XÚ [17] �. #�·bXÚ�ØäuyÚJÑ,
?�Úr?
<�é·by��@£ÚïÄ, ´L
Ú�õ
·bÆ�ïÄSN, l
�Jp
·bn

Ø3·bX�Ï&!ã�Ú�Ñ&E\�!�æ
�äÚ&Òuÿ��¡�ó§A^Uå [18].

�©ë� Chen XÚ [2] Ú Liu XÚ [6] ��ï
�ª, é Lorenz XÚ?1UE, �ï
��#�
n�g£·bXÚ, XÚ�¹����¦È�Ú
��²��. éXÚ�Ä�ÄåÆ1�?1
�
\�ïÄ, �)²ï:�5�!XÚ�õÇÌã
Ú Poincare �¡ã, ¿|^©
ãÚ Lyapunov �
êÌ�[©Û
ØÓëêCzéXÚÄåÆ1�
�K�. ê��ý�nØ©Ûuy, ��¦È�ë
ê d Ú²��ëê e Cz�, XÚ� Lyapunov �
êÌ�±ð½, =äkVëêð Lyapunov �êÌ
A5 [15], �äkVëêNÌA5, =ëê d Ú e ä
k��5NÌ�^. Ù¥ d ��ÛNÌëê, ÑÑ
&Ò x1, x2 �Ì�� d ¥�¼ê'XCz, Ù�
ê� −1/2, ÑÑ&Ò x3 �Ì�� d �¥�¼ê'
XCz, Ù�ê� −1; ²��Xê e �ÛÜNÌ
ëê, ÑÑ&Ò x1, x2 �Ì�� e ¥�¼ê'XC
z, Ù�ê� −1/2, 
ÑÑ&Ò x3 �Ì�� e �
CzÃ', ÙÌ��±3Ó��ê�«m. Ó�·
��â¦{ìNÌ�., æ^¦{$�5¢y·b
&Ò (G�Cþ) é{u±Ï&Ò��ÌN�, ïÄ
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uy, 3ëê d Ú e �Cz (O\) L§¥, NÌX
ê���Cz (O\), �&E&ÒÌ������,
NÌXê���, l
&D'ÚõÇ|^ÇÑ�p.
ùé·b��Ï&�ïÄäk­���¿Â. ,	,
·��O
T·bXÚ�M�>´, l¢�¥*	
�
·báÚf, l
y¢
T·bXÚ��¢y
5.

2 #·bXÚ��ï�Ä�©Û

ë � Chen X Ú Ú Liu X Ú � � ï � ª,
é Lorenz XÚ?1UE, �ï
��#�n�g£
·bXÚ

ẋ1 = a(x2 − x1),

ẋ2 = (c − a)x1 + cx2 − dx1x3,

ẋ3 = −bx3 + ex2
2,

(1)

ª¥ x1, x2, x3 �XÚCþ, a, b, c, d, e ´��~
ê. � a = 38, b = 3, c = 30, d = 1, e = 1 �, X

Ú�3��;.�·báÚf, Xã 1 ¤«. d�
XÚ (1) �n� Lyapunov �ê� 3.68279, 0.01105,
−19.76254.

2.1 ëëëYYYõõõÇÇÇÌÌÌ��� Poincare ���¡¡¡ããã

� a = 38, b = 3, c = 30, d = 1, e = 1 �, Ø
ÓXÚ�ªÌãXã 2 ¤«. O��ªÌþ�ü
 IOz, ��uü Ì�©���ªÌ����
&Ò�ªÌ�°. lã 2 �±wÑ, #XÚ�ëY
ªÌ�°��3 0—75 kHz, 
 Lorenz XÚ, Liu X
ÚÚ Chen XÚ�ªÌ�°©O��3 0—38 kHz,
0—64 kHz Ú 17—75 kHz, `²XÚ (1) ´·bX
Ú, �S��ªÌ�é�°.

�Óëê^�eXÚ3ü��¡þ� Poincare
�¡ãXã 3 ¤«, �±wÑ, Poincare �¡þk
�
¤¡�äk©/(���8:, �áÚf�
�¡�ß��. ù?�Ú`²
d�XÚ (1) ?u
·b�.

ã 1 ·bXÚ��ã (a) x1-x2-x3 �ã; (b) x1-x2 �ã; (c) x1-x3 �ã; (d) x2-x3 �ã
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ã 2 a = 38, b = 3, c = 30, d = 1, e = 1 �XÚ�ëYõÇÌ (a) #XÚ; (b) Lorenz XÚ; (c) Liu XÚ; (d) Chen XÚ

ã 3 a = 38, b = 3, c = 30, d = 1, e = 1 �, XÚ3ü��¡þ� Poincare �¡ã (a) x3 = 27; (b) x1 = x2

2.2 ²²²ïïï:::999ÙÙÙ­­­½½½555

-XÚ (1) �ªm>�u", N´��XÚ�
n�²ï:, ©O� P0(0, 0, 0), P1(

√
b(2c − a)/de,√

b(2c − a)/de, (2c − a)/d), P2(−
√

b(2c − a)/de,
−

√
b(2c − a)/de, (2c − a)/d), ��yXÚ�3¢

²ï:, XÚëêI÷v 2c − a > 0.
3²ï: (x10, x20, x30) ?�5zXÚ (1), �

Ù Jacobian Ý


J =


−a a 0

c − a − dx30 c −dx10

0 2ex20 −b

 , (2)

9A�õ�ª

f(λ) = λ3 + A2λ
2 + A1λ + A0, (3)
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Ù¥
A2 =a + b − c,

A1 = − ac + ab − bc + 2dex10x20

− a(c − a − dx30),

A0 = − abc − ab(c − a − dx30)

+ 2adex10x20.

(4)

�â Routh-Hurwitz �â, �¦²ï:­½, ¤k�
A��Ñ7LäkK¢Ü, d�A÷v A2 > 0,
A1 > 0, A0 > 0, A2A1 − A0 > 0. Ïd, � a = 38,
b = 3, c = 30, d = 1, e = 1 �, XÚ (1) 3n�²ï
:?�A��ÑØäkK¢Ü, P0, P1 Ú P2 Ñ´
Ø­½�²ï:.

3 XÚëê�K�

3.1 XXXÚÚÚ���©©©


©©©ÛÛÛ

lXÚn���þ� Lyapunov �êÌ L1, L2,
L3 Ú©
ã��*/©ÛÑXÚ$ÄG��Cz

�¹, e¡·�éØÓëêeXÚ� Lyapunov �
êÌÚ©
ã?1
?Ø.

� ½ ë ê b = 3, c = 30, d = 1, e =
1, � a ∈ [31, 55] �, X Ú � Lyapunov � ê Ì
Ú © 
 ã X ã 4 ¤ «. d ã 4 � �, � a ∈
[31, 35.7] ∪ [38.6, 38.9] ∪ [45.8, 46.1] �, �� Lya-
punov � ê L1 � 0, X Ú L y � ± Ï $ Ä /
ª, ¿ � X Ú 3 a = 35.1 ? Ñ y � ± Ï © 
;
� a ∈ (35.7, 38.6)∪(38.9, 45.8)∪(46.1, 51.2] �, k
� � � � Lyapunov � ê, X Ú ? u · b G �;
� a ∈ (51.2, 55], XÚ Lyapunov �êþ�u 0, X
Ú�­½G�.

�½ëê a = 38, c = 30, d = 1, e = 1,
� b ∈ [0, 12] �, XÚ� Lyapunov �êÌÚ©
ã
Xã 5 ¤«. dã 5 ��, � b ∈ [0, 2.1]∪[2.15, 6.35]
�, k���� Lyapunov �ê, XÚ?u·bG�;
� b ∈ (2.1, 2.15) ∪ (6.35, 12] �, �� Lyapunov
�ê� 0, XÚLy�±Ï$Ä/ª, ¿�XÚ
3 b = 7.0 Ú 10.5 ?Ñy�±Ï©
.

ã 4 a Cz�XÚ (1) � Lyapunov �êÌÚ©
ã (a) Lyapunov �êÌ; (b) ©
ã

ã 5 b Cz�XÚ (1) � Lyapunov �êÌÚ©
ã (a) Lyapunov �êÌ; (b) ©
ã
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� ½ ë ê a = 38, b = 3, d = 1, e = 1,
� c ∈ [20, 35] �, XÚ� Lyapunov �êÌÚ©

ãXã 6 ¤«. dã 6 ��, � c ∈ [20, 22.5]
�, XÚ Lyapunov �êþ�u 0, XÚ�­½G
�; � c ∈ [29.3, 29.5] ∪ [32.3, 35] �, �� Lyapunov
�ê� 0, XÚLy�±Ï$Ä/ª, ¿�XÚ
3 c = 33.55 ?Ñy�±Ï©
. 3Ù¦ëê��
S, k���� Lyapunov �ê, XÚ?u·bG�.

� ½ ë ê a = 38, b = 3, c = 30, e = 1,
� d ∈ [0, 40] �, XÚ� Lyapunov �êÌÚ©

ãXã 7 ¤«. dã 7 ��, �X d �Cz, XÚ
� Lyapunov �êÌ�±ØC, d�� Lyapunov �
ê¢�Ò´XÚ3 a = 38, b = 3, c = 30, d = 1,
e = 1 �� Lyapunov �ê�, 
XÚ�ÑÑ&Ò x1,
x2, x3 �ÌÝ� d �O�
~�.

ã 6 c Cz�XÚ (1) � Lyapunov �êÌÚ©
ã (a) Lyapunov �êÌ; (b) ©
ã

ã 7 d Cz�XÚ (1) � Lyapunov �êÌÚ©
ã (a) Lyapunov �êÌ; (b) x1-d ©
ã; (c) x2-d ©
ã; (d)
x3-d ©
ã
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ã 8 e Cz�XÚ (1) � Lyapunov �êÌÚ©
ã (a) Lyapunov �êÌ; (b) x1-e ©
ã; (c) x2-e ©
ã; (d) x3-e ©

ã

�½ëê a = 38, b = 3, c = 30, d = 1, Ó�
/, � e ∈ [0, 40] �, XÚ� Lyapunov �êÌ�±
ØC, XÚ�ÑÑ&Ò x1, x2 �ÌÝ�X e �O�

~�, � x3 �ÌÝ�±3���½���S. ù

A:�dã 8 � Lyapunov �êÌÚ©
ã�Ñ.

3.2 VVVëëëêêêððð Lyapunov ���êêêÌÌÌAAA555©©©ÛÛÛ

dþ¡©Û��, �ëê d ½ e Cz�, XÚ
� Lyapunov �êÌ�±ð½. ¯¢þ, �·�ò
XÚ²ï:��\A�õ�ªëêL�ª (4) ª
�, ¬�Øëê d Ú e. ~X, ò P0 �\, � A2 =
a+b−c, A1 = −2ac+ab−bc+a2, A0 = −2abc+a2b;
ò P1 ½ P2 �\, � A2 = a+b−c, A1 = −ab+3bc,
A0 = 4abc − 2a2b. Ïd, (3) ªéA�A���ë
ê d Ú e Ã', d Ú e ØK�XÚ3��mþ�Ä
åÆA�, =3ëê d ½ e Cz�, XÚ (1) � Lya-
punov �ê�±ØC.

3.3 VVVëëëêêê������555NNNÌÌÌAAA555©©©ÛÛÛ

Ó�dþ¡©Û��, �ëê d ½ e Cz�, X

Ú�ÑÑ&ÒÌÝÜ©½�Üu)Cz, =ëê d

Ú e äkNÌ�^, Ù¥��¦È�Xê d ´�Û
��5NÌëê, ²��Xê e ´ÛÜ��5NÌ
ëê.

½n 1 ��¦È�Xê d ´�ÛNÌëê,
ÑÑ&Ò x1, x2 �Ì�� d ¥�¼ê'XCz, Ù
�ê� −1/2, ÑÑ&Ò x3 �Ì�� d �¥�¼ê
'XCz, Ù�ê� −1.

y ² - x1 =
√

kx∗
1, x2 =

√
kx∗

2, x3 =
kx∗

3(k > 0), KXÚ (1) �C�Xe/ª:

ẋ∗
1 = a(x∗

2 − x∗
1),

ẋ∗
2 = (c − a)x∗

1 + cx∗
2 − dkx∗

1x
∗
3,

ẋ∗
3 = −bx∗

3 + ex∗2
2 .

(5)

��, ·bXÚÑÑ�n�G�Cþ���5N
�éAu��¦È�Xê d �ºÝCz, d ´�
Û��5NÌëê, �ÑÑ&Ò x1, x2 �Ì�� d

¥ 1/
√

d 'XCz, =� d ¥�¼ê'XCz, Ù�
ê� −1/2, ÑÑ&Ò x3 �Ì�� d �¥�¼ê'
XCz, Ù�ê� −1.

½n 2 ²��Xê e ´ÛÜNÌëê, ÑÑ
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&Ò x1, x2 �Ì�� e ¥�¼ê'XCz, Ù�ê
� −1/2, 
ÑÑ&Ò x3 �Ì�� e �CzÃ'.

y² - x1 =
√

kx∗
1, x2 =

√
kx∗

2, x3 = x∗
3

(k > 0), KXÚ (1) C�

ẋ∗
1 = a(x∗

2 − x∗
1),

ẋ∗
2 = (c − a)x∗

1 + cx∗
2 − dx∗

1x
∗
3,

ẋ∗
3 = −bx∗

3 + ekx∗2
2 .

(6)

Ón��, XÚ (1) �ÑÑ&Ò x1, x2 ���5N
�éAu²��Xê e �ºÝCz, e ´ÛÜ��
5NÌëê, �ÑÑ&Ò x1, x2 �Ì�� e ¥�¼
ê'XCz, Ù�ê� −1/2, 
ÑÑ&Ò x3 �Ì
�� e �CzÃ'.

ã 9 d = 1 �XÚ (1) �ã�Å/ã (a) x1-x3 ²¡�
ã; (b) Å/ã

��¢~`², ·�=�Ä d Cz�XÚ&Ò
ÌÝ�Cz�¹. dã 9 Úã 10 ��, � d = 100
�, x1, x2 &ÒÌÝ� d = 1 �� 1/10, x3 &Ò
ÌÝ� d = 1 �� 1/100, = x1, x2 &ÒÌÝ� d

¥ 1/
√

d 'XCz, x3 &ÒÌÝ� d ¥ 1/d 'XC

z, ù�A:��±dã 7 (b)—(d) �©
ã¥w
Ñ.

ã 10 d = 100 �XÚ (1) �ã�Å/ã (a) x1-x3 ²
¡�ã; (b) Å/ã

3.4 NNNÌÌÌÝÝÝAAA555©©©ÛÛÛ

3pªÏ&Eâ¥, Ï~�^��ÌN�Ú
NÌÝü�­�Vg. �ÌN�´�¦1Å�Ì
�N�&Ò]��Cz, l
¢yªÌ[£�L
§. NÌÝ (½NÌXê, P� m) ´N�&Ò�
1Å&ÒÌÝ�'�, ^5ïþNÌ§Ý. 3ÊÏ
NÌ¥, NÌÝ��÷v m 6 1, m > 1 �, ¬
E¤N�&Ò��ý [19]. 3Ø�ý^�e, p
�NÌXê�Jp&D'ÚõÇ|^Ç. �©¥,
·�æ^¦{$�5¢y�ÌN�, N��.X
ã 11 ¤«. �&E&Ò� m(t) = Am cos(ωmt), Ù
¥ t ��m, Am �&ÒÌÝ, ωm �&ÒªÇ, N
�&Ò� A0 + Am cos(ωmt), 1Å&Ò� s(t) =
xi, xi �XÚ (1) ,�G�ÑÑ, d�®N&Ò
� [A0 + Am cos(ωmt)]xi.
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·�©O�N�&Ò� 2.5+2 cos(5t) Ú 2.5+
cos(5t), 1Å&Ò s(t) = x1, XÚ (1) 3ØÓëê�
�NÌÝXã 12 ¤«. dã 12 ��, NÌXê�
ëê d Ú e �Cz (O\) 
Cz (O\), �&E&
ÒÌ������, NÌXê���, l
&D'
ÚõÇ|^ÇÑ�p. d(Øé·b��Ï&�ï
Ääk­���¿Â.

ã 11 ¦{ìNÌ�.

ã 12 XÚ (1) ¥NÌÝ�ØÓëê�Cz (a) ëê d;

(b) ëê e

4 ·bXÚ�>´¢�

æ^�5>{!�5>N!TL082 .$��
�ì!AD633 .�[¦{ì�OÑ���[>f
>´, Xã 13 ¤«.

� â X Ú � > ´ ã 9 > ´ n Ø, ¿ � Ä
� AD633 ����ê� 0.1, ��XÚ>´�§
�

ẋ1 =
1

R2C0
x2 −

1
R1C0

x1,

ẋ2 =
1

R4C0
x1 +

1
R3C0

x2 −
1

10R5C0
x1x3,

ẋ3 = − 1
R6C0

x3 +
1

10R7C0
x2

2,

(7)

Ù¥ R1—R7 �>{, C0 �>N. �XÚëê a =
38, b = 3, c = 30, d = 1, e = 1, ¿� C0 = 10 nF,
��>´¥�>{°(�� R1 = R2 = 26.316 kΩ,
R3 = 33.333 kΩ, R4 = 125 kΩ, R5 = R7 = 10 kΩ,
R6 = 333.333 kΩ. ã 14 �l«Åìþ*	��(
J, �±wÑ>´¢�(J�ê��ý(J���
Î.

 

C0

R4

R3

R5

C0R0

R0 R1

R2

C0

R6

R7

ã 13 >´�nã

ã 14 ·bXÚ (1) �>´¢�(J (a) x1-x2 ²¡; (b) x1-x3 ²¡; (c) x2-x3 ²¡

110502-8



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 11 (2012) 110502

5 ( Ø

�©Äu Chen XÚÚ Liu XÚ��ï�ª,
é Lorenz XÚ?1UE, �ï
��#�n�g£
·bXÚ. ?Ø
XÚ�Ä�ÄåÆA�, �)²
ï:�5�!õÇÌã!Poincare �¡ã, ¿|^
©
ãÚ Lyapunov �êÌ�[©Û
ØÓëêC
zéXÚÄåÆ1��K�. ïÄuy, ��¦È
�ëê d Ú²��ëê e Cz�, XÚ� Lyapunov
�êÌ�±ð½, =äkVëêð Lyapunov �ê
ÌA5, �ëê d äk�Û��5NÌõU, ÑÑ

&Ò x1, x2, x3 �Ì�� d ¥�½��¼ê'X
Cz; ²��Xê e äkÛÜ��5NÌõU, Ñ
Ñ&Ò x1, x2 �Ì�� e ¥�½��¼ê'XC
z, 
ÑÑ&Ò x3 �Ì�� e �CzÃ', ÙÌ�
�±3ð½�ê�«m. �â¦{ìNÌ�., æ
^¦{$�¢y·b&Ò (G�Cþ) é{u±Ï
&Ò��ÌN�, uyNÌXê�ëê d Ú e �C
z (O\) 
Cz (O\), �&E&ÒÌ�����
�, NÌXê���, l
&D'ÚõÇ|^ÇÑ
�p, d(Øé·b��Ï&�ïÄäk­���
¿Â.
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Abstract
Based on the construction patterns of Chen and Liu chaotic systems, a new chaotic system is proposed by developing the Lorenz

chaotic system. The essential features of chaotic system are analyzed via equilibrium, stability, continuous spectrum, and Poincare
mapping. The different dynamic behaviors of the system are analyzed especially when each system parameter changes. It is found
that when parameters d and e vary, the Lyapunov exponent spectrum keeps invariable, and there exist the functions of global nonlinear
amplitude adjuster for d and partial nonlinear amplitude adjuster for e. Finally, a practical circuit is designed to implement this new
chaotic system, which confirms that the chaotic system can be achieved physically.

Keywords: chaotic system, invariable Lyapunov exponent spectrum, nonlinear amplitude adjuster, circuit imple-
mentation
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