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1 Ú ó

1695 c, { I ê Æ [ Hospital Ú � I ê Æ
[ Leibniz JÑ
©ê��È©, �8®²k 300

õc{¤. 3ù�L§¥, éõÆö�7X©ê�
�È©�½Â!5�!O�±9��ê��È©
�'XÐmïÄ, ®²��
���?Ð [1−5]. Ó
�, éõó§¯K��±^©ê��©/È©�§5
£ã, Ïd©ê��È©�ïÄÚuÐ�r?
é
õó§¯K�)û.

3ó§¯K¥, ©ê��È©�A^+�Ì�
küa [3−25]: �a´3��XÚ¥ÏLÚ\©ê
��È©, 5K�½öUCXÚ�4���A5,

l
JpXÚ����JÚ°�5; ,�a´�
[¹PÁA5�ó§á����'X, duý¢á
�0un��N�n�6N�m, Ïd©ê��È
©U
O(�xá��ý¢��'X. ùü�¡�
ïÄ�¤
©ê��È©3ó§+��A^Ì6,

'�;.�X©ê��©�§�õ)Ú­½5ï
Ä [6,7]!ØÓa.�©ê��©�§�·b���
ÓÚïÄ [10,11,17−25]!¹©ê��©����5

XÚÄåÆA5ïÄ [9,14−16] �.

du©ê��È©�O���E,, Ïd3þ
ãïÄ¥�Ü©©zæ^
ê�O��{. ê�O
��{ [2,3,26,27] �´©ê��È©ïÄ���Ì
6©|. Deng � [26,27] ò©ê��È©�ê�O�
�{8B�na, �)3ª�¥ÏLõ��ê��
fCq�[©ê��f, 3©ê��©�§�È©
ÚS�L§¥?1�5z?n, ±9��ïá©ê
���5�©�§�AÏ¼ê)¿ê�S�?n
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�«ê�O�©ê��©
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Æ�K�, ÏL)Û(JÚê�(J�'�y²

�{�O(5.

2 Cq)Û)

ïÄe¡�¹©ê��©��ügdÝ�5
�f

mẍ(t) + kx(t) + cẋ(t) + K1Dp[x(t)]

=F cos(ωt), (1)

Ù¥ m, k, c, F , ω ©O�XÚ��þ!�5fÝ!
�5{Z!-yåÌ�ÚªÇ, Dp[x(t)] � x(t) '
u t � p ��ê (0 6 p 6 1), K1 �©ê�Xê
� K1 > 0. ©ê��©kõ«½Â/ª, §�3�
½^�e´�d�, ùp·�æ^ Caputo ½Â:

Dp[x(t)] =
1

Γ (1 − p)

∫ t

0

x′(u)
(t − u)p

du, (2)

Ù¥ Γ (z) � Gamma ¼ê, ÷v Γ (z + 1) = zΓ (z).
Ú\

ω0 =

√
k

m
, 2εµ =

c

m
, εk1 =

K1

m
, εf =

F

m
,

(1) ª�C�

ẍ(t) + ω2
0x(t) + 2εµẋ(t) + εk1Dp[x(t)]

=εf cos(ωt). (3)

(3) ªØ´Ãþjz(J, ==´�
l/ªþ÷
v|^²þ{?1¦)��¦.

ïÄÌ���¹, = ω ≈ ω0. �
½þL«
-yªÇ ω ÚXÚ�kªÇ ω0 ��C§Ý, Ú
\ ω2 = ω2

0 + εσ(σ �N�ëê), K (3) ª�C�

ẍ(t) + ω2x(t) =ε{f cos(ωt) + σx(t)

− 2µẋ(t) − k1Dp[x(t)]}. (4)

� (4) ª�)÷v

x = a cos(ω t + θ),

ẋ = −aω sin(ω t + θ),

K�â²þ{�±��

ȧ = − 1
ω

[P1(a, θ) + P2(a, θ)] sin ϕ, (5a)

aθ̇ = − 1
ω

[P1(a, θ) + P2(a, θ)] cos ϕ, (5b)

Ù¥

ϕ =ω t + θ,

P1(a, θ) =ε[f cos(ϕ − θ) + σa cos ϕ + 2µaω sinϕ],

P2(a, θ) = − εk1Dp[a cos ϕ].

�â²þ{ [28], �±é (5) ª3«m [0, T ] �
m?1È©²þ, l
���Ì a Ú�  θ �Cq
/ª

ȧ = − 1
Tω

∫ T

0

[P1(a, θ) + P2(a, θ)] sin ϕdϕ, (6a)

aθ̇ = − 1
Tω

∫ T

0

[P1(a, θ) + P2(a, θ)] cos ϕdϕ, (6b)

Ù ¥ È © ª � � m T � ± � � T = 2π (X
J Pi(a, θ) (i = 1, 2) ´±Ï¼ê), ½ö T = ∞
(XJ Pi(a, θ) (i = 1, 2) ´�±Ï¼ê). ù� (6) ª
¥1�Ü©�È©�

ȧ1 = − 1
2πω

∫ 2π

0

P1(a, θ) sin ϕdϕ

= − εf

2ω
sin θ − εµa, (7a)

aθ̇1 = − 1
2πω

∫ 2π

0

P1(a, θ) cos ϕdϕ

= − εf

2ω
cos θ − εσa

2ω
. (7b)

�
O� (6a) ª¥1�Ü©�È©

ȧ2 = − lim
T→∞

1
Tω

∫ T

0

P2(a, θ) sin ϕdϕ

= lim
T→∞

εk1

Tω

∫ T

0

Dp[a cos ϕ] sin ϕdϕ, (8)

ÄkO�e¡ü�Ä�úª:

B1 = lim
T→∞

∫ T

0

sin(ωt)
tp

dt,

B2 = lim
T→∞

∫ T

0

cos(ωt)
tp

dt.

ùü�úª3©z [14] ¥�Ñ
� ω = 1 ��¦
)L§Ú(J, �´(J%´�Ø�. - t = s

1
1−p

±9 dt =
1

1 − p
s

p
1−p ds, Kk

B1 =
1

1 − p
lim

T→∞

∫ T 1−p

0

sin(ωs
1

1−p )ds,

B2 =
1

1 − p
lim

T→∞

∫ T 1−p

0

cos(ωs
1

1−p )ds. (9)

|^3ê½nÚ��È©, �±��

B1 =
ωp−1Γ (2 − p)

1 − p
cos

(pπ

2

)
=ωp−1Γ (1 − p) cos

(pπ

2

)
,

B2 =
ωp−1Γ (2 − p)

1 − p
sin

(pπ

2

)
=ωp−1Γ (1 − p) sin

(pπ

2

)
. (10)

ïÄ (8) ª,
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ȧ2 = lim
T→∞

εk1

Tω

∫ T

0

{
Dp [a cos (ωt + θ)] sin (ωt + θ)

}
dt

=
−εak1

Γ (1 − p)
lim

T→∞

1
T

∫ T

0

{[∫ t

0

sin (ωu + θ)
(t − u)p

du

]
sin (ωt + θ)

}
dt. (11)

Ú\ s = t − u Ú ds = −du, Kk

ȧ2 =
−εak1

Γ (1 − p)
lim

T→∞

1
T

∫ T

0

{[∫ t

0

sin (ωt + θ − ωs)
sp

ds

]
sin (ωt + θ)

}
dt

=
−εak1

Γ (1 − p)
lim

T→∞

1
T

∫ T

0

{[∫ t

0

cos (ωs)
sp

ds

]
sin (ωt + θ) sin (ωt + θ)

}
dt

+
εak1

Γ (1 − p)
lim

T→∞

1
T

∫ T

0

{[∫ t

0

sin (ωs)
sp

ds

]
cos (ωt + θ) sin (ωt + θ)

}
dt. (12)

½Âþª¥1�Ü©� A1 ¿?1©ÜÈ©�±��

A1 =
−εak1

4ωΓ (1 − p)
lim

T→∞

{
2ωt − sin (2ωt + 2θ)

T

[∫ t

0

cos (ωs)
sp

ds

]}∣∣∣∣T
0

+
εak1

4ωΓ (1 − p)
lim

T→∞

1
T

∫ T

0

[
[2ωt − sin (2ωt + 2θ)] cos (ωt)

tp

]
dt. (13)

�â (8)—(10) ª�±��

A1 = −εak1ω
p−1

2
sin

(pπ

2

)
. (14)

Ón, �±(½� T → ∞ � (12) ª¥1�Ü©ò
¬ªCu 0, Ïd

ȧ2 = A1 = −εak1ω
p−1

2
sin

(pπ

2

)
. (15a)

|^Ó���{, �±��

aθ̇2 =
εak1ω

p−1

2
cos

(pπ

2

)
. (15b)

ò (7) ªÚ (15) ªéÜå5, Kk

ȧ = − εf

2ω
sin θ − εµa − εak1ω

p−1

2
sin

(pπ

2

)
,

(16a)

aθ̇ = − εf

2ω
cos θ − εσa

2ω
+

εak1ω
p−1

2
cos

(pπ

2

)
.

(16b)

ò�XÚëê�\þª��

ȧ = − F

2mω
sin θ − a

2m
C(p), (17a)

aθ̇ = − F

2mω
cos θ − ωa

2
+

a

2mω
K(p), (17b)

Ù¥ü�#�ëê

C(p) = c + K1ω
p−1 sin

(pπ

2

)
, (18a)

K(p) = k + K1ω
p cos

(pπ

2

)
(18b)

©O½Â�XÚ����5{ZXêÚ���5
fÝXê, ù�·�Ò��
XÚ�Cq)Û).

(18) ªL²: 3TXÚ¥©ê��©�Ø=åXa
qu{Z��^, Ó��åX�5fÝ��^; ©
ê��©�¤å��^Ø=Ú©ê�Xê K1 k
', �Ì�û½u©ê��g p, � p → 0 �, ©ê
��©�A��Óu�5fÝ, � p → 1 �, ©ê
��©�A��Óu�5{Z. ù�(ØÚyk©
z¥ò©ê��©���Uì{Z?n´��Ø
Ó�.

3 ½~)Ú­½5©Û

e ¡ ï Ä ½ ~ ) (= ­ � )). - ȧ = 0
Ú θ̇ = 0, Kk

F sin θ̄ + āωC(p) = 0, (19a)

āK(p) − mω2ā = F cos θ̄. (19b)

lþª�� θ̄, �±��Ìª­��§

ā2
{

ω2C2(p) +
[
K(p) − mω2

]2}
= F 2, (20)

Ú½~)�Ì

ā =
F√

ω2C2(p) + [K(p) − mω2]2
, (21)

±9�ª­��§

θ̄ = arctan
[

−ωC(p)
K(p) − mω2

]
. (22)
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ïÄ½~)�­½5, - a = ā + ∆a, θ =
θ̄ + ∆θ, ¿��\ (17) ª, ��

d∆a

dt
= −C(p)

2m
· ∆a − F cos θ̄

2mω
· ∆θ,

d∆θ

dt
=

F cos θ̄

2mā2ω
· ∆a +

F sin θ̄

2māω
· ∆θ. (23)

�â (19) ª, ��XÚ�A�1�ª�

det


−C(p)

2m
− λ

ωā

2
− ā

2mω
K(p)

− ω

2ā
+

1
2mωā

K(p) −C(p)
2m

− λ

 = 0,

(24)

Ðm (24) ª��A��§

λ2 +
C(p)
m

λ +
C2(p)
4m2

+
[

1
2mω

K(p) − ω

2

]2

= 0. (25)

ÙA���

λ1,2 = −C(p)
2m

± i
[

1
2mω

K(p) − ω

2

]
. (26)

du K1 > 0, ÏdA��¢Üð�u 0, l
(½
d (21) ª���½~)ð­½.

e¡©ÛAÏ�¹. XJ K1 = 0, d���Ä
��ügdÝ�5XÚ�r½�Ä¯K, cã��
�5{ZXê C(p) Ú���5fÝXê K(p) ©
Oòz��5{ZXê c Ú�5fÝXê k, K½
~)�ÌC�

ā =
F√

ω2c2 + [k − mω2]2
. (27)

ù�(JÚ²;��ÄåÆ�á [29,30] ¥�(J�
��Ó, l
m��y
�©�{Ú(J��(5.

4 ê��ýÚ©ê�ëêïÄ

ïÄ (1) ª¤L«�XÚ (e©¤�XÚ (1)),

À�Ä�ëê m = 5, k = 10, c = 0.3, F = 2,

K1 = 1.5, p = 0.5, �â (21) ª�xÑÌª­�, X
ã 1 ¥¢�¤«. Ó�, �
?1'�, �©æ^©
z [2,3] ¥0��ê��{ïÄXÚ (1), T�{�
Cqúª�

Dp[x(tl)] ≈ h−p
l∑

j=0

Cp
j x(tl−j), (28)

Ù¥ tl = lh ��mæ�:, h ��mÚ�, Cp
j �©

ê���ªXê, ¿�äkXeS�'X:

Cp
0 = 1, Cp

j =
(

1 − 1 + p

j

)
Cp

j−1. (29)

O�L§¥Ú� h = 0.004, O��m� 300 s, ò
c 200 s �AÑ�¿�� 100 s �A������
­��A�Ì�, ¤�ê�È©�(J�«uã 1

¥, ±��L«. ���öÎÜûÐ, `²�©(J
äkép�°Ý.

©Û©ê��©�¥ü�ëê�K�. �©ê
��g p ©OÀ�� 0, 0.25, 0.5, 0.75, 1 �, ­�)
�Ì�­�Xã 2 ¤«. ��, � p ÅìO��, d
u���5{Z�3ÅìO�, ÏdXÚ�Ì��
�� (=���Ì) Åì~�; Ó�, dud���
�5fÝ3Åì~�, ÏdXÚ��kªÇ (½ö
`��ªÇ) �3~�. Ïd, ©ê��g p éXÚ
k­�K�: Ø=K�XÚ����Ì, 
��K
�XÚ���ªÇ.

ã 1 Cq)Úê�)�Ìª­�

ã 2 ©ê��g p éÌª­��K�
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ã 3 ©ê�Xê K1 éÌª­��K�

�©ê�Xê K1 ©OÀ�� 0.5, 1.5, 2.5 �,

­�)�Ì­�Xã 3 ¤«. ��, � K1 ÅìO�
�, du���5{Z�3ÅìO�, ÏdXÚ�
���Ì3Åì~�; Ó�, dud����5f

Ý�3ÅìO�, XÚ���ªÇ�3O�. Ïd,

©ê�Xê K1 éXÚ�A�K��Ny3ü��
¡, =���ÌÚ��ªÇ.

5 ( Ø

ÏLïÄ��¹©ê��©��ügdÝ�
5�f, |^²þ{��
XÚ�Cq), ©Û

©ê��©�éXÚÄåÆ�K�. (Juy©ê
��©��XêÚ�géXÚ�ÄåÆk­�K
�, Ì�Ny3: ÏL½Â���5{ZXêÚ�
��5fÝXê, �±�ß£ã©ê��©��X
êÚ�géXÚ�K�; ©ê��©��XêÚ�
gØ=�±ÏL���5{ZXêK�XÚ��
��Ì, 
���±ÏL���5fÝXêK�X
Ú���ªÇ. )Û(JÚê�(J�ÎÜ§Ýy
¢
�©�{Ú(J�O(5, Ïd�©�{��
±^5©Û¹©ê��©��Ù¦ÄåÆXÚ.
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Dynamical analysis of linear single degree-of-freedom
oscillator with fractional-order derivative∗
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Abstract

A linear single degree-of-freedom oscillator with fractional-order derivative is researched by the averaging method, and the ap-

proximately analytical solution is obtained. The effects of the parameters on the dynamical property, including the fractional coefficient

and the fractional order, are characterized by the equivalent linear damping coefficient and the equivalent linear stiffness, and this con-

clusion is entirely different from the published results. The comparison of the analytical solution with the numerical results verifies the

correctness of the approximately analytical results. The following analysis on the effects of the fractional parameters on the amplitude-

frequency is fulfilled, and it is found that the fractional coefficient and the fractional order could affect not only the resonance amplitude

through the equivalent linear damping coefficient, but also the resonance frequency by the equivalent linear stiffness.

Keywords: fractional-order derivative, averaging method, approximately analytical solution
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