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JÑ�«·Ü��?z�{5�O·bXÚ���ëê. ÄkÏL�E��·��·AÝ¼ê, ò·bXÚ�
ëê�O¯K=z���õ��`z¯K. 3·Ü��?z�{¥, |^Z:8�{Ð©z«+, O\
�{�­
½5Ú�Û|¢Uå. 3?zL§¥, ·Ü��ö�QU��«+�N��`)f�m�C, qUJp�{aÑÛ
Ü�`�Uå, l
�N
�{�t&ÚmæUå. ±A�IOÿÁ¼êÚ;.� Lorenz ·bXÚ�~?1�ý¢
�, (JL²
T�{�k�5.
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1 Ú ó

·bXÚ����ÓÚ®¤���5�Æ¥
­��ïÄ����, Cc5, ïÄöJÑ
�þ
�·bXÚ���ÓÚ�{ [1−3]. ,
, yk�õ
ê�{þ´3XÚëê®���¹eJÑ5�, 3
�
ëê����¹e, ù
�{�UØ2·^.
3¢SA^¥, du·bXÚ�E,5
��,

ëêJ±ÿþ½(½. Ïd, �¢yé·bXÚ�
���ÓÚ, 7LÄk�OÑXÚ���ëê.

©z [4] Ú\
Äu�"�ÓÚ�{Úg·
A���{, éeZ·bXÚ?1
ëê�O. ©
z [5] ÏL��z²þÓÚØ�, é���½�
·bÄ�XÚ?1
ëê�O. ©z [6] JÑ

�«ÄuC©�n�·bXÚëê�O�{, ¿
é Lorenz ·bXÚÚ�·b Chen XÚ���ë
ê?1
�O. ©z [7] (Ü���¦{JÑ
Ä
u4�:�·bXÚëê�O�{. ÏL�E·�
�·AÝ¼ê, ·bXÚëê�O�=z�õ�¼
ê�ëê`z¯K. Cc5®k�
�U`z�{,

X¢D�{ (GA)[8]!âf+`z�{ [9]!¬+�
{ [10]!�©?z�{ [11] ±9þf?zO� [12]

��{�UA^u·bXÚ�ëê�O¥.
?z�{´�«��)Ô?z5Æ
üzÑ

��Û¿1Ï`�{, §ÏL��!CÉ!ÀJ�
fØä`z+N, ��Âñu�Û�`). �DÚ
ÄuFÝ�`z�{�', ?z�{äkØ�6u
¯K�FÝ&E!éÐ©)�¦Øp!U±��
VÇÂñ�¯K��Û�`)�A:, Ïd3¼ê
`z!|Ü`z±9�
ó§+�¥Ñ��
2
��A^. ,
, �Ù¦Äu«+S���Å|¢
�{��, ?z�{��3@ÙÂñ!ÛÜ|¢U
åØr�":. Ïd, ïÄöJÑ
Nõ�U??
z�{ [13].

Äu?z�{äk�Û`z|¢Uå, �©|
^Z:8�{�OÐ©«+, Ú\·Ü��Ån±
Uõ?z�{�Âñ5U. 3©z [8] �Ä:þ, �
©æ^Äu·Ü��Ån�U??z�{é·b
XÚ���ëê?1
�O. ¿±;.� Lorenz ·
bXÚ�~?1
�ý¢�, (JL²T�{U�
��Ð�ëê�O(J.
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2 Äu·Ü��?z�{ (HCEA) �
·bXÚëê�O

2.1 ëëëêêê���OOO¯̄̄KKK£££ããã

�ÄXe n �·bXÚ:

Ẋ = G(X,X0,θ0), (1)

Ù ¥ X = (x1, x2, · · · , xn)T ∈ Rn L « � X
Ú n �G�Cþ, X0 L«XÚÐ©G�, θ0 =
(θ10, θ20, · · · , θD0)T L«XÚëê�ý¢�.

�éXÚëê?1�O�, b½XÚ�(�®
�, K�OXÚ�£ã�

Ẏ = G(Y ,X0,θ), (2)

ª¥, Y = (y1, y2, · · · , yn)T ∈ Rn L«�OXÚ�
G�Cþ, θ = (θ1, θ2, · · · , θD)T L«XÚëê��
O�.

� Xk �ý¢XÚ3�m k ��G�Cþ, Yk

��OXÚ3�m k ��G�Cþ, M �^uëê
�O�G�CþS���Ý. K·bXÚ�ëê�
O¯K�=z�Xe�`z¯K:

minJ = min
(

1
M

M∑
k=1

‖Xk − Yk‖2

)
. (3)

·bXÚëê�O�nXã 1 ¤«.

+

−

X
� �
X� X � � µ � �

Y � � �
Y� X� � µ�X�

µ �&

&

ã 1 ·bXÚëê�O�nã

w,, þã·bXÚ�ëê�O¯K´��õ
�ëY`z¯K, ûüCþ� θ, `z8I���
z J . du·bXÚ�Ø­½598I¼ê J �3
kõ�ÛÜ4�:�, ~5`z�{J±��Ù�
Û�`). �©æ^Äu·Ü��Ån�U??z
�{5¦)¯K (3).

2.2 ÄÄÄuuu···ÜÜÜ������ÅÅÅnnn���???zzz���{{{

2.2.1 Z:8�{�)Ð©«+
d?z�{�Ån��, ��ö�éÐ©«+

��65�r, 
?z�{�|¢�ÝÌ��6u
��ö�. ÀJö�K���6u�c«+. Ïd,
Ð©«+�`�éu?z�{�Âñ5!­½5
9|¢�Ç¬�)���K�. ,	, 3¦)`z
¯Kc, ·�é¯K��Û�`)?3�o ��
�vk?Ûk��£, XJ�ÅÐ©z«+�NØ
|u|¢�¯K��Û�`), I�O\S�gê
½«+��5���`)½Cq�`). ù³7¬
O\�{�O�þ. 
·�¤Ï"�´, 3Ð©z
«+��NA¦�Uþ!©Ù3��|¢�m¥.

Z:8�{´�«k��!~�¢�gê�
¢��{. 3�Ó�:ê�ê�^�e, Z:S�
�'Ù¦�{À��:S��þ! [14]. Ïd, �©
æ^Z:8�{)¤Ð©«+, l
�y
Ð©«
+�õ�5. ã 2 Úã 3 ©O´æ^�Å�{ÚZ
:8�{�)�5�� 80 ���Ð©«+©Ù,
Ù¥Cþ��ê� 2, Cþ������ [−30, 30].
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lã 2 Úã 3 �±�Ù/wÑ, æ^�Å�{
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)¤�Ð©«+�N©Ù�é,Ï, Øþ!, k­
U�:; 
æ^Z:8�{)¤�Ð©«+�N©
Ùþ!, äk�Ð�õ�5.

2.2.2 ·Ü���f
���f´?z�{|¢��ûü�m�­

�ö�, §ÏL|ÜI��N�&E/¤#��N.
3?z�{¥, ~^����fkü:��!õ:
��!þ!���. éI��N?1��ö�, �
)����Nò©Ù3I��N�±�. ����
�f´3f��N����m¥�Å�)#�f
��N, |¢äk�½�_85, 3�½§Ýþü
$
�{�|¢�Ç. �ud, �©JÑ
�«·
Ü���{, =�â�ÀJë�����N��c
�`�N�ålÀJØÓ���ö�.

d©z [15] ��, éu?¿�½�ü��N x1

Ú x2, 3?1�â���¤�)����N7½ 
uü��N�m�ë�þ; ?1�����¤�)
����N uü��Në��ò��þ. ã 4 w
«
���m¥ü«���ª��¹.

�
�

x �
x �

ã 4 ���â��Ú����

� x1 = (x11, x12, · · · , x1n), x2 = (x21,
x22, · · · , x2n) �ë���ö���éI��N.
�
£ã�B, ½Â�N x1 Ú x2 �m��må
l d �

d =
1
n

√√√√ n∑
i=1

(x1i − x2i)2. (4)

l«+¥�ÅÀJ���N, eT�N��c�`
�N��mål d < D (D �ýk�½�K�) �,
KT�N��c�`�N?1�â��ö�; ��,

Kæ^����ö�.

�N x1 Ú x2 ?1�â���äNö��

x′
1 = λ1x1 + λ2x2,

x′
2 = λ1x2 + λ2x1,

λ1 + λ2 = 1 λ1 > 0, λ2 > 0. (5)

Ù¥ x′
1 Ú x′

2 �¤�)�f��N. e¦f λ1

Ú λ2 �K�K��, K¡�����.

dã 4 ��, b��N x1 ��c�`�N, �
N x2 ��ÅÀJ��N, e�N x1 Ú x2 ?1�
â��ö�, �)����N��C�c�`);
e�N x1 Ú x2 ?1����ö�, �)����
N�Ul�c�`)'��. Ïd, T·Ü��ö
�QU��«+�N��`)f�m�C, qUJ
p�{aÑÛÜ�`�Uå, l
²ï
�{�t
&ÚmæUå.

2.3 ���{{{ÚÚÚ½½½

nþ¤ã, |^ HCEA �{�O·bXÚëê
�Ú½Xe:

Ú½ 1 �� HCEA �{�ëê, - t = 1;

Ú½ 2 3¯K�)�m¥|^Z:8�{
)¤ N ��N��Ð©«+;

Ú½ 3 �â (3) ªO���N�·AÝ�¿
üS, Äu°=�3üÑò�`�N��E��e
��«+;

Ú½ 4 ±�½VÇ pc ÀJ�N��c�`
�N?1·Ü��ö�;

Ú½ 5 ±VÇ pm é·Ü�����N?1
�þ!CÉö�;

Ú½ 6 �ä�{´Ä÷v(å^�, e÷v,
KÑÑ�`); ÄK, - t = t + 1, =�Ú½ 3.

3 �ý¢�9©Û

3.1 ÄÄÄOOO¼¼¼êêêÿÿÿÁÁÁ

��y�© HCEA �{�k�5, ÀJ 4 �I
OÿÁ¼ê, ©O�

f1(x) =
n∑

i=1

x2
i − 5.12 6 xi 6 5.12,

f2(x) =
n∑

i=1

[100(xi+1 − x2
i )

2 + (xi − 1)2]
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− 10 6 xi 6 10,

f3(x) =x2
1 + 2x2

2 − 0.3 cos(3πx1)

− 0.4 cos(3πx2) + 0.7 − 10 6 xi 6 10,

f4(x) =10n +
n∑

i=1

(x2
i − 10 cos(2πxi))

− 5.12 6 xi 6 5.12.

4 �¼ê¥, ¼ê f1 Ú f2 ´ü¸¼ê (��ê�
L 3 �, Rosenbrock ¼ê f2 ´õ¸�¼ê), ¼ê f3

Ú f4 ´õ¸�¼ê. 4 �¼ê��Û���þ� 0.

�
?�Ú`² HCEA �{�k�5, òÙ
é 4 �¼ê�¢�(J�IO¢D�{ (SGA)!
U?���f�¢D�{ (LXGA)[16]!ÄuFÝ
&E�����¢D�{ (ICGA)[17] ?1'�. 3
ÿÁ¥'�o«�{3�½?z�êS¦��`
)�Uå, '���I�|¢���`)9�`)
�²þ�. �`)�²þ��nØ�`)��C,
L²�{½ �`)�°Ý�p. �
'��ú²
5, o«�{�ëê���Ó, =«+5� N = 50,
��VÇ pc = 0.5, CÉVÇ pm = 0.05, ��S�
gê� 5000, ¼ê f1(x), f2(x), f4(x) ��ê� 30.
HCEA �{¥ D = 0.8. o«�{éz�ÿÁ¼ê
?1 30 gÕá¢�, ÿÁ(JXL 1 ¤«.

L 1 o«�{é 4 �ÿÁ¼ê�¢�(J'�

¼ê �{ �`� ²þ�

f1(x)

SGA 2.755 × 10−4 3.5478

LXGA 3.440 × 10−7 8.920 × 10−7

ICGA 1.505 × 10−9 1.505 × 10−9

HCEA 6.387 × 10−12 4.521 × 10−10

f2(x)

SGA 14.254 19.9835

LXGA 1.850 1.9510

ICGA 1.012 × 10−2 1.1140

HCEA 3.619 × 10−4 0.4692

f3(x)

SGA 6.254 × 10−11 1.275 × 10−7

LXGA 0 1.130 × 10−16

ICGA 0 0

HCEA 0 0

f4(x)

SGA 1.541 2.2147

LXGA 3.210 × 10−5 8.570 × 10−4

ICGA 4.521 × 10−7 1.584 × 10−4

HCEA 7.823 × 10−9 3.178 × 10−6

lL 1 ¥�(J��, du SGA �{�3@
ÙÂñ�":, Ù|¢���`(JlÏ"��Û

��� ���, cÙ´�ê�p�¯K. � SGA
�{�', HCEA �{éþão�IOÿÁ¼êé
���`)�þ²w�`; � LXGA �{Ú ICGA
�{�', ÃØ´¼ê��`)�´�`)�²þ
�, HCEA �{éo�¼ê���(Jþké��
Jp. l±þ¢�(J'�Ú©Û��, HCEA �
{3Âñ°ÝþÚ­½5�¡Ñ`uÙ¦n«�
{.

3.2 ÄÄÄuuu HCEA ��� Lorenz ···bbbXXXÚÚÚëëëêêê
���OOO

� © ± ; . � Lorenz · b X Ú � ~, |
^ HCEA �{é·bXÚ���ëê?1�O.
Lorenz ·bXÚ´ Lorenz u 1963 cJÑ���Û
ÉáÚf�ÄåXÚ [9]:

ẋ = σ · (y − x),

ẏ = γ · x − x · z − y,

ż = x · y − b · z,

(6)

Ù¥, x, y, z �XÚ�G�Cþ, σ = 10, γ = 28,
b = 8/3 � X Ú ë ê � ý ¢ �. 3 ê � � ý ¥
æ ^ o � Runge-Kutta { ¦ ) � © � § (6), Ú
� h = 0.01. �ýL§¥, k- Lorenz XÚgd
üz, 3²{6�L§�?¿À��:�� 0 �
�, ©O3ëê�ý¢�Ú�O�eO�ëY M

�G�Cþ�, ��� M = 300. �©z [11] �
Ó, �©æ^ HCEA �{�OXÚëê���¹
e� 3 �ëê�, Ù¥���ëê�|¢����
� 9 6 σ 6 11, 20 6 γ 6 30, 2 6 b 6 3. HCEA �
{«+5�� N = 50, ��S�gê� 100, ��
VÇ pc = 0.5, CÉVÇ pm = 0.05. ò HCEA �
{Õá$1 20 g, �ÑÙ�Ð(J!²þ(JÚ
��(J, ¿�©z [11] ¥� GA �{Úâf+`
z (particle swarm optimization, PSO) �{��O(
J?1
'�, ��{��O(JXL 2 ¤«.

lL 2 ¥�(J�±wÑ, HCEA �{��
� Lorenz ·bXÚëê�O��ý¢��~�C,
ëê�O°Ýp, �©z [11] ¥ü«�{��O(
J�', HCEA �{ 20 gÕá$1��`(J!
²þ(J9���O(JÑ`uÙ�A�. ,	,
HCEA �{������O(J' GA �{Ú PSO
�{��`(JÑÐ. ù`² HCEA �{é Lorenz
·bXÚ�ëê�O�J�äkk�5.
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L 2 ��{ëê�O(J'�

�{ σ γ b J

�`(J
GA[16] 10.0672 27.9221 2.66343 4.31 × 100

PSO[16] 9.99533 28.0071 2.66701 4.86 × 10−2

HCEA 10.0000 28.0000 2.66667 1.66 × 10−8

²þ(J
GA[16] 10.1398 27.7427 2.64859 9.44 × 102

PSO[16] 10.0184 27.9934 2.66628 4.18 × 100

HCEA 10.0000 28.0000 2.66667 3.90 × 10−6

��(J
GA[16] 10.9290 26.1276 2.56205 6.46 × 103

PSO[16] 10.6082 27.7044 2.65723 3.94 × 101

HCEA 10.0005 27.9996 2.66666 4.95 × 10−3

� � � � � � � � � � � �� � �� � �� � �� � ��
ã 5 HCEA �{�Âñ­�

�
?�Ú`² HCEA �{é Lorenz ·bX

Úëê�O�k�5, ã 5 �Ñ
��;.�·A
Ý¼ê�?zL§. lã 5 ¥�±wÑ, ·AÝ¼
ê J ×�%Cu", ù`² HCEA �{äk�r�
�Û|¢UåÚ�¯�Âñ�Ý.

4 ( Ø

�©ò·bXÚ�ëê�O¯K=z���
õ�Cþ�ê�`z¯K, JÑ
�«Äu·Ü�
�Ån�?z�{é`z¯K?1¦). T�{�
â�ÀJë�����N��c�`�N�ål
ÀJØÓ���ö�. ·Ü���fQU¦�{ä
k¯�Âñ�Uå, qUk�/aÑÛÜ�`. é
A�IOÿÁ¼êÚ;.� Lorenz ·bXÚ?1
�ý¢�, (JL²T�{�±���Ð�(J.
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Parameter estimation for chaotic system based on
evolution algorithm with hybrid crossover∗
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Abstract

A hybrid-crossover-based evolution algorithm is proposed to estimate the parameters of chaotic system. Through establishing an

appropriate fitness function, the parameter estimation problem is coverted into a multi-dimensional functional optimization problem.

In this approach, the individual generation based on good-point-set method is introduced into the evolutionary algorithm initial step,

which reinforces the stability and global exploration ability of the evolutionary algorithm. In the evolution process, it not only can

be explored to induce the new individuals generated by stochastic hybrid crossover operation to fly into the better subspace, but also

can avoid the premature convergence and speed up the convergence. It coordinates the exploitation ability and the exploration ability

of algorithm. Numerical simulations on the benchmark function and the Lorenz system are conducted. The results demonstrate the

effectiveness of the proposed algorithm, which is shown to be an effective method of parameter estimation for chaotic systems.

Keywords: Lorenz chaotic system, parameter estimation, hybrid crossover, evolution algorithm

PACS: 05.45.Gg, 05.45.Pq
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