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1 Ú ó

Uì>f�(��ØÓ, DÚ¿Âþ�á�©
�7áÚý�Nü�a. ÿÀý�N [1,2] ´�«
#�þfÔ��, ù«Ô���N>f�´kUY
�ý�N, ÙL¡´ÃUY�7á�, ÿÀý�N
�L¡7á�dN>f��ÿÀ(�é¡5û½.
dug^;�ÍÜ�^, ÙL¡¬�)d�m�ü
é¡5�o�ÃUY�L¡>f�. �´duù

�A�, ÿÀý�Nòk�U3�5�>fEâ
uÐ¥¼���A^, Ïéäk��NUY¿ä
k½zÆ5��ÿÀý�Ná�´�ïó�ö
8c'5��:. 3��>0�¥, >|�)>4
z, ^|�)^4z, Ùá��>^5�d>NÇ
Ú^�Çû½, Ù^>�Adð�d��^

S0 =
1
8π

∫
d3xdt(εE2 − 1

µ
B2)

£ã, ÿÀý�Ná��^>�Ad?��ð�d
��^

S =
1
8π

∫
d3xdt(εE2 − 1

µ
B2)

+
θ

2π
α

2π

∫
d3xdt(E · B)

£ã [2−6], ª¥ ε, µ ©O�á��>NÇÚ^�Ç,
E, B ©O�>|rÝÚ^aArÝ, α �°[(
�~ê, d3xdt ���NÈ�, θ �£ãý�N�ë

ê [4,5]. 3�m�üC� E → E, B → −B �, é
u±ÏXÚ, θ �U�ü��, = θ = 0 Ú θ = π [6],
θ = 0 ���ý�N, θ = π�ÿÀý�N. CAc
5, �m�üØCÚ�m�üé¡�»�ÿÀý�
N�2�ïÄ [1−16], ÿÀý�NVgQ�^ÿÀ
|nØ½Â [3−8], q�^ÿÀ�nØ½Â [9−13], ÿ
À^>�A|±Nõ#�ÿÀy�, XÿÀ{.1
Ú���A [6,7]!¶|và�Ôn [5], :>ÖaA
�^ü4 [4]. ©z [4] ïÄ
ÿÀý�N�^>5
�, |^:>Ö3�Ã�ÿÀý�Ná�¥aA

^ü4, �Ñ
^ü4���, ¿JÑ
&ÿ^ü
4��U5¢�. �©¥, ·�|^1�a"��
l�¼ê�>³Ú^I³�úªí�
:>Ö3
ÿÀý�NÚ�N¥�)�aA>³ÚaA^I
³, ¿O�
aA>ÖÚaA^ü4���, ïÄ
L²: aA�>ÖÚ�^ü4���Ú�KØ
d
|>Ö!ÿÀý�Ná�ëê�Ï�û½	, �
d�m �û½.

2 nØúª

ã 1 ´:>Ö3ÿÀý�NÚ�N¥aA^
ü4«¿ã, z < 0 «��>0�, Ù�é>NÇ
Ú�é^�Ç©O� ε1 Ú µ1; 0 < z < b «��
ÿÀý�N, Ù�é>NÇÚ�é^�Ç©O� ε2

Ú µ2, z > b «��Ã����/�N, Ù�é>
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NÇÚ�é^�Ç©O� ε3 Ú µ3, Ù¢, z > b «
���N, Ù>NÇ ε3 ªCuÃ¡�. 3�Î�I
X¥, À z ¶R�uÿÀý�N²¡, (ρ, θ) ²1u
ÿÀý�N²¡, �m,|: (ρ, θ, z) �|:>
Ö M(0, 0,−a) (a > 0) �ål r �±�� [17]

1
r

=
1√

x2 + y2 + (z + a)2

=
∫ ∞

0

e−K|z+a|J0(Kρ)dK,

ª ¥ J0 � 1 � a " � � l � ¼ ê, ρ =√
x2 + y2. d > ³ ú ª Φ e =

q

εr
� �, Φ e =

q

ε

∫ ∞

0

e−K|z+a|J0(Kρ)dK, ª ¥ K � D Â ê,

� K > 0 �, Φ e L«�mDÂ�\�>|�>
³.

x

22, µε    

        

         

          

           

           

            

                

b  

 z

  

M↼↪↪↩a↽

ε,µ ε,µ ε,µ

ã 1 :>Ö3ÿÀý�N!�N¥aA^ü4«¿ã

Xã 1 ¤«, �:>Ö$Ä�: M(0, 0,−a)
½�m�üé¡�»� [4], |>Ö q 3n�«�
�)>³, Ù���

Φe1 =
q

ε1

[ ∫ ∞

0

J0(Kρ) e−K|z+a|dK

+
∫ ∞

0

AJ0(Kρ) eK(z+a)dK] (z < 0), (1)

Φe2 =
q

ε2

[ ∫ ∞

0

B1J0(Kρ) e−K(z+a)dK

+
∫ ∞

0

B2J0(Kρ) eK(z+a)dK

]
(0 < z < b),

(2)

Φe3 =
q

ε3

∫ ∞

0

CJ0(Kρ) e−K(z+a)dK (z > b),

(3)

�§ (1) ¥�Òm>1��´\��.¡ z = 0 �
\�>|�>³, 1��´l.¡ z = 0 ���
��>|�>³. �§ (2) ¥�Òm>1��´\

��.¡ z = b �\�>|�>³, 1��´l.
¡ z = b �����>|�>³. du z > b «�
�Ã����N, �vk��>|, qdu�N�
/, �NÚ�/´�³N, =�NS�>³ Φe3 = 0.
duÿÀý�N�^>�A, :>ÖaA^ü4,
^ü4�)^I³, d^I³úª Φm = µg/r(ª
¥ g �^ü4),  u M(0, 0,−a) �|>Ö q 3
n�«���)^I³, ^I³���©O�

Φm1 =µ1

[ ∫ ∞

0

A′
0J0(Kρ) e−K|z+a|dK

+
∫ ∞

0

A′J0(Kρ) eK(z+a)dK

]
(z < 0), (4)

Φm2 =µ2

[ ∫ ∞

0

B′
1J0(Kρ) e−K(z+a)dK

+
∫ ∞

0

B′
2J0(Kρ) eK(z+a)dK

]
(0 < z < b), (5)

Φm3 =µ3

∫ ∞

0

C ′J0(Kρ) e−K(z+a)dK

(z > b), (6)

du«� z < 0 vk:^ü4, ¤± A′
0 = 0. �,

«� z > b S�>³ Φe3 = 0, �^I³ Φm3 6= 0.
3·��¹e, ·>|´Ã^�, = ∇×E = 0,

��Ú\Iþ>³ Φ e , E = −∇Φ e , ��>|3.
¡ z = 0 Ú z = b ?ëY, =>³ëY, Ïd>.^
��±��

Φe1|z=0 = Φe2|z=0 , (7)

Φe2|z=b = Φe3|z=b = 0. (8)

3ÿÀý�N¥, duÿÀ^>�A, Ù��'X
� [4,8]

D = εE +
αθ

π
B, (9)

H =
1
µ

B − αθ

π
E, (10)

ª¥ D, H ©O�> £Ú^|rÝ, α =
e2

~c
�

°[(�~ê [4,8], e �Ä�>Ö>þ, h = 2π~ �
ÊK�~ê, θ �£ãý�N�ëê [4,5], 3ÿÀý
�NS, ogd>Ö�", ¤± ∇ · D = 0, duÿ
À^>�A, 3ÿÀý�NL¡�3L¡>Ö, d
���§ (9) ��, 3.¡ z = 0 ?{�>^|>
.^��

ε1
∂Φe1

∂z

∣∣∣∣
z=0

= ε2
∂Φe2

∂z

∣∣∣∣
z=0

+
αθ

π

∂Φm2

∂z

∣∣∣∣
z=0

, (11)
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�¦¯K{z, 4�N�/, ù����N«
�>³�", K3.¡ z = b þØ72|^�§ (9).

3·��¹e, ^|´Ã^|, = ∇ × B = 0,
��±Ú\^I³ Φm, B = −∇Φm, duvkÔ
n^ü4�3, �3.¡ z = 0 Ú z = b ?, {�^
aArÝëY, = Bz =

∂Φm

∂z
ëY:

∂Φm1

∂z

∣∣∣∣
z=0

=
∂Φm2

∂z

∣∣∣∣
z=0

, (12)

∂Φm2

∂z

∣∣∣∣
z=b

=
∂Φm3

∂z

∣∣∣∣
z=b

. (13)

�,3ÿÀý�NSvkgd>6, �duÿÀ^
>�A, ÙL¡kL¡>6, d���§ (10) ��
3.¡ z = 0 Ú z = b ���>.^��±��

1
µ1

∂Φm1

∂ρ

∣∣∣∣
z=0

=
1
µ2

∂Φm2

∂ρ

∣∣∣∣
z=0

− αθ

π

∂Φe2

∂ρ

∣∣∣∣
z=0

, (14)

1
µ3

∂Φm3

∂ρ

∣∣∣∣
z=b

=
1
µ2

∂Φm2

∂ρ

∣∣∣∣
z=b

− αθ

π

∂Φe2

∂ρ

∣∣∣∣
z=b

. (15)

ò�§ (1)—(6) �\�§ (7)—(8) Ú�§ (11)—
(15) �

1
ε1

( e−Ka+A eKa) =
1
ε2

(B1 e−Ka+B2 eKa), (16)

1
ε2

[B1 e−K(a+b) + B2 eK(a+b)] = 0, (17)

q[− e−Ka + A eKa]

=q(−B1 e−Ka + B2 eKa)

+
αθµ2

π
(−B′

1 e−Ka + B′
2 eKa), (18)

µ1A
′ eKa = µ2(−B′

1 e−Ka + B′
2 eKa), (19)

µ2[−B′
1 e−K(a+b) + B′

2 eK(a+b)]

=µ3[−C ′ e−K(a+b)], (20)

A′ eKa =B′
1 e−Ka + B′

2 eKa

− αθq

πε2
(B1 e−Ka + B2 eKa), (21)

C ′ e−K(a+b) =B′
1 e−K(a+b) + B′

2 eK(a+b)

− αθq

πε2
[B1 e−K(a+b)

+ B2 eK(a+b)]. (22)

�¦¯K{z, ·�b� ε1 = 1, µ1 = µ3 = 1, �C
�¢�L², Bi1−xSbx Ü7´ÿÀý�N [16], Ù�

é>NÇ ε2 ≈ 100, �é^�Ç µ2 ≈ 1[4], )�§
| (16)—(22) �

A =
[(

− α2θ2

2π2
− ε2 + 1

)
e−2Ka

−
(
− α2θ2

2π2
+ ε2 + 1

)
e−2Ka−2Kb

]
D, (23)

B1 = 2ε2D, (24)

B2 = −2ε2 e−2Ka−2KbD, (25)

A′
1 = −αθq

π
( e−2Ka − e−2Ka−2Kb)D, (26)

B′
1 = C ′

1 =
αθq

π
(1 − e−2Kb)D. (27)

B′
2 = 0. (28)

ª¥

D =
(

α2θ2

2π2
+ ε2 + 1

)−1

×

{
1 −

(
α2θ2/2π2 − ε2 + 1
α2θ2/2π2 + ε2 + 1

)
e−2Kd

}−1

.

3·>�� Kb → ∞ ��¹e, |^�Vúª
1

1 − e−2Kb
≈

∞∑
n=0

e−2nKb,

��

D ≈

(
α2θ2

2π2
+ ε2 + 1

)−1

×
∞∑

n=0

(
α2θ2/2π2 − ε2 + 1
α2θ2/2π2 + ε2 + 1

)n

e−2nKb. (29)

|^�l�È©úª∫ ∞

0

J0(Kρ) e−K(z+a+mb+nb)dK

=
1√

x2 + y2 + (z + a + mb + nb)2
,

Kk ∫ ∞

0

∞∑
n=0

(
α2θ2/2π2 − ε2 + 1
α2θ2/2π2 + ε2 + 1

)n

× e−2nKbJ0(Kρ) e−K(z+a)dK

=
∞∑

n=0

(
α2θ2/2π2 − ε2 + 1
α2θ2/2π2 + ε2 + 1

)n

× 1√
x2 + y2 + (z + a + 2nb)2

. (30)

ò�§ (23)—(30) �\�§ (1)—(6), � ε1 = 1,
µ1 = µ3 = 1, µ2 ≈ 1, ��n�«��>³ Φe1,
Φe2, Φe3 Ú^I³ Φm1, Φm2, Φm3 ©O�
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Φe1 =q

[
1√

x2 + y2 + (z + a)2
+

(−(α2θ2/2π2) − ε2 + 1)
((α2θ2/2π2) + ε2 + 1)

1√
x2 + y2 + (−z + a)2

− 4ε2

∞∑
n=0

((α2θ2/2π2) − ε2 + 1)n

((α2θ2/2π2) + ε2 + 1)n+2

1√
x2 + y2 + (−z + a + 2b + 2nb)2

]
, (31)

Φe2 =2q

[ ∞∑
n=0

((α2θ2/2π2) − ε2 + 1)n

((α2θ2/2π2) + ε2 + 1)n+1

1√
x2 + y2 + (z + a + 2nb)2

−
∞∑

n=0

((α2θ2/2π2) − ε2 + 1)n

((α2θ2/2π2) + ε2 + 1)n+1

1√
x2 + y2 + (−z + a + 2b + 2nb)2

]
, (32)

Φe3 =0, (33)

Φm1 = − αθq

π

1
((α2θ2/2π2) + ε2 + 1)

1√
x2 + y2 + (−z + a)2

+
2ε2αθq

π

[ ∞∑
n=0

((α2θ2/2π2) − ε2 + 1)n

((α2θ2/2π2) + ε2 + 1)n+2

1√
x2 + y2 + (−z + a + 2b + 2nb)2

]
, (34)

Φm2 =Φm3 =
αθq

π

1
((α2θ2/2π2) + ε2 + 1)

1√
x2 + y2 + (z + a)2

+
2ε2αθq

π

∞∑
n=0

((α2θ2/2π2) − ε2 + 1)n

((α2θ2/2π2) + ε2 + 1)n+2

1√
x2 + y2 + (z + a + 2b + 2nb)2

. (35)

d Φ e , Φm �L�ª�±wÑ, :>ÖØ=3
n�«�aA>Ö, �3n�«�aA^ü4, ù
«aA^ü4´�^ü4, aA>Ö´�>Ö. Ï
�:>Ö u z ¶þ, l�§ (31)—(35) ¥�±w
Ñ, aA^ü4ÚaA>Ö u z ¶þ.

�§ (31) ´©Ü¿��(J, 1��´|
>Ö�>³, Ù{�´aA>Ö�>³, aA
>Ö©O u z = a, z = a + 2b, z = a + 4b,
z = a + 6b, · · · , � �.

l�§ (34) �±wÑ, «� 1 �^I³´d 
u z = a, z = a+2b, z = a+4b, · · · , z = a+2b+2nb

?�aA^ü4�)�, aA^ü4���©O�

g1 = − αθq

π

1
α2θ2

2π2
+ ε2 + 1

,

gn+2 =
2ε2αθq

π

(α2θ2

2π2
− ε2 + 1

)n

(α2θ2

2π2
+ ε2 + 1

)n+2

(n = 0, 1, 2, 3, · · · ).

l gn+2 �L�ª�±wÑ, �|>Ö��>Ö

� ε2 <
α2θ2

2π2
+1 �, ÃØ n �Ûê�´óêþaA

�^ü4, ù«�¹3®²uy�ÿÀý�Ná�
¥A�Ø�Uu), ~XÿÀý�N Bi1−xSbx �

>NÇ ε2 ≈ 100,  α =
1

137
, θ = ±π, (± ÒL«

^z��)[4]. �|>Ö��>Ö� ε2 >
α2θ2

2π2
+1

�, n �ÛêaAK^ü4, n �óêaA�^ü4.
=aA^ü4��KØ
�á�ëêk'	, ��
aA^ü4¤?��m �k'

(
n =

z − a

2b

)
,

aA>Ö�÷vÓ��5Æ. ã 2 £±
aA^
ü4 gn+2 ��m � z �Cz'X (� a = b,
K z = a + 2na), :>Ö>þ�ü >þ, aA^ü
4�����
 10000 �. lã 2 �±wÑ, aA
^ü4k�kK, Ùêþ?�u|>Öêþ?.
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1.5

z

g
n
+
2
/
1
0
4

ã 2 aA^ü4 gn+2 � z ¶�Cz'X

� θ = 0 �, á�{z����>0�, l�
§ (34) Ú (35) �±wÑ, d�n�«��^I³�
", =:>Ö3��>0�¥ØUaA^ü4, ù
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�©z [17] ¥�£ã��.
��ê n D�, �±��aA^ü4�©Ù�

¹, ~X�â�§ (34) Ú (35), �±lnØþ(½
aA^ü4��m©Ù9��, 3(½
aA^ü
4���Ú ��, �±|^^åw�º��B/
(½^ü4��3.

3 ( Ø

·�|^ÿÀý�N�^>�A, nØí�

:>Ö3ÿÀý�N!>0�Ú�N¥�)�>

³Ú^I³. ïÄL²: :>Ö3ÿÀý�N¥Ø
=aA>Ö, �aA^ü4; aA>³��)8
(uaA>Ö, aA^I³��)8(uaA^ü
4, ù«aA>Ö´�>Ö, aA^ü4´�^ü
4, ·��ó��±�¢�JønØ�â. 3�©
�aA>³ÚaA^I³�í�L§¥, ·�b�
�N�/, 3ØK�(J��¹e{z
í�L§,
XJ�NØ�/, ½ö«� I Ú«� III �ØÓ�>
0�, «� II �k�þÝ�ÿÀý�N, ��±^
aq��{, |^��¼ê��VÐm, ��aA
>ÖÚaA^ü4���Ú�m �.

[1] Moore J E 2010 Nature 464 194
[2] Qi X L, Zhang S C 2010 Phys. Today 63 33
[3] Grushin A G, Cortijo A 2011 Phys. Rev. Lett. 106 020403
[4] Qi X L, Li R, Zang J, Zhang S C 2009 Science 323 1184
[5] Li R, Wang J, Qi X L, Zhang S C 2010 Nature Phys. 6 284
[6] Lan Y P, Wan S L, Zhang S C 2011 Phys. Rev. B 83 205109
[7] Qi X L, Hughes T L, Zhang S C 2008 Phys. Rev. B 78 195424
[8] Chang M C, Yang M F 2009 Phys. Rev. B 80 113304
[9] Hasan M Z, Kane C L 2010 Rev. Mod. Phys. 82 3045
[10] Moore J E 2009 Nature Phys. 5 378

[11] Kane C L, Mele E J 2005 Phys. Rev. Lett. 95 146802
[12] Fu L, Kane C L, Mele E J 2007 Phys. Rev. Lett. 98 106803
[13] Moore J E, Balents L 2007 Phys. Rev. B 75 121306
[14] Maciejko J, Qi X L, Drew H D, Zhang S C 2010 Phys. Rev. Lett.

105 166803
[15] Essin A M, Moore J E, Vanderbilt D 2009 Phys. Rev. Lett. 102

146805
[16] Hsieh D, Qian D, Wray L, Xia Y, Hor Y S, Cava R J, Hasan M Z

2008 Nature 452 970
[17] Jackson J D 1998 Classical Electrodynamics (New York: Wiley)

117302-5



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 11 (2012) 117302

Inducing magnetic monopole in conductor and
topological insulator by point charge

Zeng Lun-Wu† Song Run-Xia

( Jiangsu Key Laboratory for Intelligent Agricultural Equipment, College of Engineering,

Nanjing Agricultural University, Nanjing 210031, China )

( Received 25 June 2011; revised manuscript received 2 November 2011 )

Abstract
Using the electric potential and the magnetic scalar potential formulas which contain Bessel function of zero-order of first kind

and the constitute relations of topological insulator, we derive the induced electric potentials and induced magnetic scalar potentials
which are induced by point electric charge in dielectric, topological insulator and earthing conductor. Further research shows that the
induced magnetic monopoles and the induced electric charges are induced in dielectric, topological insulator and earthing conductor;
the positive and negative induced magnetic monopoles and electric charges and their magnitudes are determined not only by the material
parameter, point electric charge, but also by the space of the induced electric charge and induced magnetic monopole.

Keywords: topological insulator, inducing electric charge, inducing magnetic monopole
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