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É� Lanyon � (Lanyon B P et al 2008 Nature Physics 5 134) |^p� Hilbert �m¤õ{z Toffoli ��éu, �
©ò9Ï�ÝA^�Ê·þf�´¥, (Ü Cosine-Sine Decomposition(CSD), Quantum Shannon Decomposition(QSD)
�Ý
©)�{, `z
ü'AÚn'AÊ·N�þf�´, �Ñ
O� n 'AÊ·þf�´E,Ý�úª, ¿|
^�51ÆÚn QED XÚ�O
¢��Y. (JL², ü'AÚn'Aþf�´�E,Ý®©O�CÚ`u8c
�`(J, ��X'Aê�O\, ��Y�`³�\²w.

'�c: 9Ï�Ý, þf�´, E,Ý

PACS: 03.67.−a, 42.50.EX

1 Ú ó

þf�´E,Ý´þf&EÚþfO��Ä
�¯K, XÛ¦þ~�þf��ê8, �Ek��
þf�´´þfO�+��'�¯K��. þf�
´�E,Ý~±�Eþf�´¤Iü'A CNOT
��êþ5Ýþ. õc5IS	�ïÄö®JÑ

õ«`zþf�´��Y5ü$þf�´E,
Ý. 1995 c Barenco Ú Bennett �JÑ
þf�´
�1���E�n QR ©) [1−3], �E n 'Aþf
�´¤I� CNOT ê8� O(n34n), ��²L�X
�`z [4−7] �ªò n 'Aþf�´�E,Ýü�

 2×4n−(2n+3)×2n +2n; 2004 c, Vartiainen �
ò CSD ©) [8−10] A^uþf�´��E¥, ��
�þf�´�E,Ý� 4n−2×2n; 2006 c, Shende
�A^`z�� QSD ©) [7,11] òþf�´�E
,Ýü� (23/48) × 4n − (3/2) × 2n + 4/3. �,ù

�YÅÚü$
þf�´�E,Ý, �ål 2004
c Shende �<JÑ�êÆ4� (4n − 3n − 1)/4[12]

EkØ���å. �8c��, ¢�þ��#?Ð
´ 2009 c Home � [13] <3lf²XÚ¥�^

n�Å��ü'Aö�Ò¢y
Ê·�ü'Aþ
f�, �n'A½�õ'A�Ê·þf�´Ï8c

¤�9�´E,ÝLpJ±¢y.
2008 c, Lanyon �ÏL/� Ralph �<�n

Ø [14] Ú\9Ï�Ý, |^p� Hilbert �m{z

 Toffoli �ÚÉ� U �, ¿3�51ÆXÚ¥¢
y
é Toffoli ��{z [15]. ÉÙéu·�@£�,
�*âfØäk��þf'A�ü��Ý	��
Ñ�kõ{��Ý½gdÝ�ø|^, X�f�Ù
¦U?!1f�´»gdÝ�, ·��±ÏLÚ\
9Ï�Ýòõ'Aö�=z���'A½ü'A
�õ�Ýö�, ±~�É�ö�ê8. 3�©¥, ·
�ò|^9Ï�Ý¿(ÜÝ
©)nØ`zü'
AÚn'AÊ·þf�´, ¿�Ñ�A�Ôn¢y
�Y, ùéþf�´�{zäk��¿Â.

2 |^9Ï�Ý`zþf�´

2.1 üüü'''AAAþþþfff���´́́���`̀̀zzz

� Ä ü ' A A, B � Hilbert � m, � À ½
Ä {|00〉AB, |01〉AB, |10〉AB, |11〉AB} �, ?¿Ð�
�L«� |ψ〉 = a1|00〉AB +a2|01〉AB +a3|10〉AB +
a4|11〉AB . d�3?¿N�üz U �^e, ��"
� |Φ〉, = |Φ〉 = U |ψ〉 . ùp, Ø�-"��

|Φ〉 = b1|00〉AB + b2|01〉AB + b3|10〉AB + b4|11〉AB,
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Ù ¥, ai, bi � E ê,
∑
i

|ai|2 = 1,
∑
i

|bi|2 = 1,

i = 1, · · · , 4. |^9Ï�Ý¢yüþf'A�
?¿Ê·N�üz U , �ÏLkò��þf'A*
Ð¤o�, ,�3*Ð��üâf�m¥?è�5
ü'A�Ð©G�, ù�, éuü'A�ö� U Ò
�±=��éüâfo��mG��ö�, ö�(
å�, 2ò"�����ü'AG��m¥, =�
¢yüz.

*Ð�Ý�ªk�Ú��Èü«�ª [16]. 3
ùp·�æ^�È�ª?1*Ð. � A âfØ�
¤þf'A� |0〉, |1〉 G��	, �äk,	ü�
9Ï�Ý |0〉, |1〉, |^9Ï�Ý�òÙG��m
d {|0〉, |1〉} *Ð� {|00〉, |01〉, |10〉, |11〉}, *Ð�
�düâf Hilbert �mÄ�L«�

{|000〉AAB, |001〉AAB, |010〉AAB, |011〉AAB,

|100〉AAB, |101〉AAB, |110〉AAB, |111〉AAB}.

�Ð©��âf A ?u9Ï�Ý |0〉, KXÚ�Ð
��L«� |ψ0〉 = |ψ〉 ⊗ |0〉A. ½Âö� V1, òX
Ú�Ð� |ψ0〉 ?è� A âf�o�Ä¥þ, �½

Â�

|ψ1〉 = V1|ψ0〉, (1)

ùp

|ψ1〉 =(a1|00〉AA + a2|01〉AA + a3|10〉AA

+ a4|11〉AA) ⊗ |0〉B. (2)

ù�, �5�üþf'A�Ê·N�üz U �ÏL
é A âfg��ö�¢y, =

|ψ2〉 =U |ψ1〉, (3)

|ψ2〉 =(b1|00〉AA + b2|01〉AA

+ b3|10〉AA + b4|11〉AA) ⊗ |0〉B. (4)

��, ½Âö� V2, òG� |ψ2〉 �&E���üâ
f�Ä¥�m¥, �L«�

|φ〉 = V2|ψ2〉 = |Φ〉AB ⊗ |0〉A. (5)

d L § é A � þ f � ´ X ã 1(a) ¤ «. Ù ¥,
UAA ��^3 A âfo��m¥�N�ö�,
� UAA = U , �ÏL CSD ©) [7,8] �

U =

 X1

Y1




cos θ1 0 − sin θ1 0

0 cos θ2 0 − sin θ2

sin θ1 0 cos θ1 0

0 sin θ2 0 cos θ2


 X2

Y2

 , (6)

X1, X2, Y1, Y2 � 2 × 2 �N�Ý
. ü'A
m�ö� V1 Ú V2 q�±ÏLXã 1(b), (c) ¤«�
´¢y, Ù¥ A âfo��m¥�ü'Aö� X

½Â�

X ≡


1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

 . (7)

E1, E2 ´p�ü'Am� CNOT �. E1 ��^´
e B âf?u |0〉 �, Ø�?Ûö�; e?u |1〉 �,
A âf�5�Ý�m¥��?1�=, 9Ï�Ý
¥��ØC. E2 ��^´e A âf3�5�Ý�
m¥?u |0〉 �, Ø�?Ûö�; e?u |1〉 �, B â
f?1�=. ö� X , E1, E2 Ú UAA �Ôn¢y
� 3.1.

ã 1 p�9Ï�ü'Aþf�´�Oã (a) U ö��þf
�´ã (b) V1 ö��þf�´ã; (c) V2 ö��þf�´ã
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ù�, ·�/Ïu9Ï�Ý¤õ/�OÑ

ü'Aþf�´, T�´=I� 4 � CNOT �, �
,'8c�`� QSD ©) [7] õ��, �®²w�
u CSD ©) [8] (8 � CNOT).

2.2 nnn'''AAAþþþfff���´́́���`̀̀zzz

é u n � þ f ' A A,B,C � Ê · N � ü
z U , Ð©��

|ψ〉 =a1|000〉ABC + a2|001〉ABC + a3|010〉ABC

+ a4|011〉ABC + a5|100〉ABC + a6|101〉ABC

+ a7|110〉ABC + a8|111〉ABC .

E�âfäk��9Ï�Ý |0〉, |1〉, �±k|^
9Ï�Ýò B âf�Ü6�m�Ý?1�È*
Ð, d {|0〉, |1〉} *Ð� {|00〉, |01〉, |10〉, |11〉}. �Ð
©�� |ψ0〉 = |ψ〉 ⊗ |0〉B , ò B,C âf�Ð�
?è� B âf�o�Ä¥þ, �½Â� |ψ1〉 =
V1|ψ0〉, ,�?1��ü'AN�ö� UABB ≡ U ,
|ψ2〉 = UABB|ψ1〉, ��2ÏL V2 ö�òG� |ψ2〉
��� A,B,C nâf�Ä¥�m¥. TL§�
þf�´Xã 2(a) ¤«. ü'Aö� UABB éA
u 23 × 23 ��N�Ý
, kéÙ?1 CSD ©), ©
)¤ 22 × 22 �N�Ý
 X1, X2, Y1, Y2 Ú¢é�
Ý
 C, S,

C = diag(cos ϕ1 cos ϕ2 cos ϕ3 cos ϕ4),

S = diag(sin ϕ1 sinϕ2 sinϕ3 sinϕ4).

2 é Ý 
 X1, X2, Y1, Y2 ? 1 QSD © ) [7] �
� 22 × 22 �N�Ý
 P1, P2, Q1, Q2 Úé�Ý

 D, D†,

D =diag( e−iϕ1/2, e−iϕ2/2, e−iϕ3/2, e−iϕ4/2)),

D† =diag( e iϕ1/2, e iϕ2/2, e iϕ3/2, e iϕ4/2).

UABB =

 X1

Y1

  C −S

S C

  X2

Y2


=

 P1

P1

  D

D†

  Q1

Q1


×

 C −S

S C

  P2

P2


×

 D

D†

  Q2

Q2

 , (8)

ã 2 p�9Ï�n'Aþf�´�Oã (a) U �©)ã;
(b) UABB �©)ã, A ����mþf'A, B �o��m
þf'A; (c) o�EÜÉ��, N �L��'A B � |10〉
½ |11〉 �'A A ?1 Pauli-X �ö�, H �L��'A B

� |01〉 ½ |11〉 �'A A ?1 Pauli-X �ö�, k = y, z

TÝ
éA�þf�´Xã 2(b) ¤«. ù�
Òò UABB ©)� 4 �ü'Aö�Ú 3 �ü'A
ö�. ü'Am�EÜÉ�� Ry ½ Rz ���'
A B �o�, �éÙ?1Xã 2(c) ©), TL§�
Ý
L«©O� C −S

S C

 =M [Ry(θ4) ⊗ I4]N [Ry(θ3) ⊗ I4]M

× [Ry(θ2) ⊗ I4]N [Ry(θ1) ⊗ I4], (9) D

D†

 =M [Rz(θ4) ⊗ I4]N [Rz(θ3) ⊗ I4]M

× [Rz(θ2) ⊗ I4]N [Rz(θ1) ⊗ I4],
(10)

Ù¥ Ry, Rz ©O�7 y ¶Ú z ¶^=��, ÙÝ

L«�

Ry =

 cos θ/2 sin θ/2

− sin θ/2 cos θ/2

 , (11)

Rz =

 e−iθ/2 0

0 e iθ/2

 . (12)

I4 � 4 × 4 �ü Ý
, M Ú N Ý
�±L«�
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e�/ª:

M =



1 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0

0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 1

0 0 0 0 1 0 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 0 1 0

0 0 0 1 0 0 0 0



,

N =



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0



, (13)

θ Ú ϕ �mke�'X:

θ1 =
1
4
(ϕ1 + ϕ2 + ϕ3 + ϕ4),

θ2 =
1
4
(ϕ1 + ϕ2 − ϕ3 − ϕ4),

θ3 =
1
4
(ϕ1 − ϕ2 − ϕ3 + ϕ4),

θ4 =
1
4
(ϕ1 − ϕ2 + ϕ3 − ϕ4). (14)

w,o�EÜÉ��I 4 � CNOT ��¤. 3©
z [7] ¥, ����'A�EÜÉ��I� CNOT
�êþ� 2n, dd�±í�o���'A�õ´E
ÜÉ��Ù CNOT ê� 4n, n ���'A�êþ.

ù�, ·�|^9Ï�Ý�O�n'Aþf�
´�I� 16 � CNOT, '8c�`� QSD ©) (20
� CNOT) �� 4 �, ålêÆ4� (14 � CNOT)
�� 2 � CNOT.

2.3 N '''AAAþþþfff���´́́���`̀̀zzz

3âf���9Ï�Ý��Ïe, éu�õ'
A�þf�´�±A^aquc¡��{, òzü
�'A�&E?è�Ù¥��'A�p��m¥,
,�ép��þf�48/¦^ CSD Ú QSD ©
), N´�yÙE,Ý�O�úª�

Cn =



(5/16) × 4n − (5/4) × 2n + 2n

n = 4, 6, 8 · · · ;

(5/16) × 4n − 2n + 2(n − 1)

n = 5, 7, 9 · · · .

(15)

A«�E�Y�`z�J3L 1 ¥¥y. lL¥�
±wÑ, �X'Aê�O\, p�9Ï�þf�´
�E�Y�`³ò�\²w.

L 1 n«þf�´��E�Y�E,Ý'�

�E�Y
'AêÚE,Ý

1 2 3 4 5 n

CSD 0 8 48 224 960 4n − 2n+1

QSD 0 3 20 100 444 23/48 × 4n − 3 × 2n−1 + 4/3

p�9Ï 0 4 16 68 296 (15) ª

êÆ4� 0 3 14 61 252 (4n − 3n − 1)/4

3 ¢y�Y

3.1 üüü'''AAAþþþfff���´́́`̀̀zzz���¢¢¢yyy���YYY

þf��ÏL1f� �½ö´»?1?è.
ùp, üþf'A� Hilbert �m�dü1f� �
?è��, |H〉 �LY² ��, |V 〉 �LR� �

�. ü1f A, B �?¿Ð� |ψ〉 �L«�

|ψ〉 =a1|HH〉 + a2|HV 〉

+ a3|V H〉 + a4|V V 〉. (16)

é1f A, Ú\ü�´»� |S1〉, |S2〉 �¢y�o�
�m�ÿÐ, Ä¥� {|HS1〉, |HS2〉, |V S1〉, |V S2〉}.
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*Ð��ü1f Hilbert �mÄ¥�

{|HS1H〉, |HS1V 〉, |HS2H〉, |HS2V 〉,

|V S1H〉, |V S1V 〉, |V S2H〉, |V S2V 〉}AAB.

�¢yã 1 ¥�ö� V1 Ú V2, Äk�¢y��
o��m¥�ü'Aö� X . ã 1 ¥� X ò�^
3 A âf�Ä¥ {HS1,HS2, V S1, V S2} þ, Xã 3
¤«, S1 Ú S2 �1f A �ØÓ´», PBS � �
©åì, HWP45◦ L«1¶�Ý� 45◦ ��Å¡, Ù
�^´¦1f� �^= 90◦. e?\ X �âfG
��

|ψ〉 =a1|HS1〉 + a2|HS2〉 + a3|V S1〉

+ a4|V S2〉,

@oÑÑG�C�

|ψ′〉 =a1|HS1〉 + a3|HS2〉 + a2|V S1〉

+ a4|V S2〉,

lùp�±wÑ X ¢y
 �G��´»G�
���. Ùg�I�¢yp�ü'Am� CNOT
� E1 Ú E2. E1, E2 �¢yI�/Ï Hadamard �,
X �Ú�«AÏ�É�� � K, Xã 4 ¤«, Ù
¥ HWP22.5◦ L«1¶�Ý� 22.5◦ ��Å¡, Ù
�^´¢y
 Hadamard �. É�� � K �ÏL
n QED[19,20] �ª¢y, Äu©z [19], òÙ�Y¥
� �©åìÚ��º�K=�¢y K, Xã 5 ¤
«. K ��^L§´��=� i2 k1f?\�, i1

Ñ\�1f'A¼����  π, ¦Ùd |H〉 (|V 〉)
C� −|H〉(−|V 〉). ù�d X Ú E1, E2 Ò�±�
âã 1(b), (c) ¢y V1 Ú V2. ã 1 ¥�ü'A
ö� UAA �â (6) ª�©)�±dXã 6 ¤«1
´¢y, ã¥ G � �^=ì [18] , θ �Ù �^
=�. �dÒ���¢y
p�ü'AÊ·þf
�´.

ã 3 X �¢y1´ã

ã 4 E1 Ú E2 �¢y1´ã (a) E1 �¢y1´; (b) E2

�¢y1´

ã 5 É�� � K �n QED �Y

ã 6 UAA �¢y1´
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3.2 nnn'''AAAþþþfff���´́́`̀̀zzz���¢¢¢yyy���YYY

Äuã 2(a) ¤«�p�9Ï�n'Aþf
� ´, Ù ¥ V1 Ú V2 ® 3 þ � ! ¥ ¢ y, y 3
� I ¢ y AB ü â f � m � ö � UABB , é A
ã 2(b) ¤«� UABB �´, ?\T�´�Ä¥
� {|HHS1〉, |HHS2〉, |HV S1〉, |HV S2〉, |V HS1〉,

|V HS2〉, |V V S1〉, |V V S2〉}ABB . ã 2(c) ¥, o�
EÜÉ�� Rz Ú Ry �¢yI�/Ï �£�ì
Ú �^=ì [18], Xã 7 ¤«, Ù¥ W � �£
�ì, Ù� Rz �'X�

Rz(θ) = W

(
θ

2

)
=

 e−i θ
2 0

0 e i θ
2

 , (17)

ã 7 (a) p�EÜÉ�� Rz �©)�´; (b) p�EÜÉ�� Ry �©)�´

G � �^=ì, Ù� Ry �'X�

Ry(θ) = G

(
− θ

2

)
=

 cos
θ

2
sin

θ

2
− sin

θ

2
cos

θ

2

 . (18)

p�ü'Am�ö� N Ú M I�/ÏuÉ�
� � K. ã 8 =�¢yö� M ��´ã. �
â N Ú M �m�'X, �¢yö� N , Xã 9 ¤
«. ù�Ò¢y
p�9Ï�n'Aþf�´.

ã 8 n QED �{¢yö� M ��´ã (B � S2 ´»þ
�1f����'A, A þ�1f�É�'A)

ã 9 ¢y N ö��1´ã

4 ( Ø

�©JÑ
�«|^9Ï�Ý�Eþf�´
�#�Y, `z
ü'A9n'AÊ·þf�´.
�Eü'AÊ·þf�´I� 4 � CNOT, n'
AÊ·þf�´��I� 16 � CNOT, '8c�
�`�Y��� 4 �. éd·�|^�51ÆÚ
n QED XÚ�O
¢��Y. Ød�	, éu?
¿ n 'AÊ·þf�´�`z, ·��Ñ
O�Ù
E,Ý�úª, ÏLO�(Juy, �X'Aê�
O\, ·���{3~�E,Ý�¡�J�u²w,
éuJpþf�´��Çk�¿Â.
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Optimizing quantum circuits using
higher-dimensional Hilbert spaces
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Abstract
Inspired by Lanyon (B. P. Lanyon et al. 2008 Nature Physics 5 134) successfully simplifying the three-qubit Toffoli gate, we

present a novel scheme that optimizes universal quantum logic circuits using assisted higher-dimensional Hilbert space. We construct
a more efficient two-qubit circuit and a more effective three-qubit universal quantum circuit by using assisted dimension, Cosine-
Sine Decomposition (CSD) and Quantum Shannon Decomposition (QSD). Meanwhile, we present the formula for the complexity of
arbitrary n-qubit universal quantum gate. We propose the physical implementation of this scheme by linear optical circuits and cavity-
QED. The results show that the two-qubit and three-qubit universal quantum circuits are respectively close and superior to the current
optimal scheme in complexity. And with the increase of the number of qubits, the advantage of our scheme will become increasingly
prominent.

Keywords: higher-dimensional Hilbert space, quantum circuits, quantum complexity
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