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1 Ú ó

3UN��éØÔn¥, 2Âý¥¼êkX
��A^, ~X3ÚåÅ&ÿ, ���¥�þf
|Ø, Ó�§��3¥n¯K, ±93&ÒÚêi
ã�?n��¡kXã��A^d� [1−8].

1973 c Teukolsky ¤õ/éçÉ�6�§?1

©lCþ, ©O��
»���� Teukolsky �
§, Ù¥�� Teukolsky �§´ [1,2][

1
sin θ

d
dθ

(
sin θ

d
dθ

)
+ s + β2 cos2 θ

− 2sβ cos θ − (m + s cos θ)2

sin2 θ

]
Θ = −EΘ. (1)

d � § I ÷ v Θ(θ) 3 θ = 0,π ? k . � >
. ^ �, ù ´ � ã 0 - 4 � � > � ¯ K. � §
¥ s = 0,±1,±2,±1/2,±3/2, s � L g ^ � ,

3 Kerr çÉ��6¥©O�L�6|�Iþ|,

>^|, Úå|9).�|Ú Rarita-Schwinger |.

k��ò�§ (1) ¡�2Âý¥¼ê�§. ¦+§
�´ÊÏ�ý¥¼ê�*Ð, ��8c��, ÙA
5'�E,, �é5`'�J±ïÄ. 3é��ã

�ÏS, éÙ?1ïÄ¥, ��vké��Ð��
{. 3)ûÔn¯K¥, é¡´�«��g�, �
é¡þfåÆÒ´Äuù�g´, 3é�©�§�
¦)¥kXéÐ�A^, �C, ©z [9—19] |^�
é¡þfåÆ�{ïÄ s = 0, 1, 2, 1/2, 3/2 ��2
Âý¥¼ê�§.

du3©z [19] �9�O�E,, §��O
�(JI�u�. �,©z [1—8] ¥kÜ©(J
�±é©z [19] ?1�
u�. �ù
©zÑv
k�ÑÄ���¼ê�����Ï�úª, ÏÃ
{�©z [19] ?1���'�. ·�y3A^Ó
���{#ïÄ s = 3/2 ���§, Ì�Ò´�

é©z [19] ®��(J s = 3/2 ���¹?1
u�. �,�{��, Ñ´A^�é¡þfåÆ�
{¥�Cq{, �´du�Ñ��§%Ø��, Ï
O�L§��Ø�Ó. Ó��{¬�Ñaq
�þ, ��³�, l���§�Ä�Å¼ê9�
��. �rù
Ä�Å¼êÑ^Ó�gCþL«
�, ü«�{���(JAT��. ùÒ´�©�
Ì�ó�, =r�§ (1) z�#�Å½��§/ª,

A^�é¡þfåÆ�{#¦)2Âý¥ÅÄ
�§.
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2 co��³ÚUþ����O�

2.1 ���ééé¡¡¡þþþfffåååÆÆÆ���{{{���ÚÚÚ\\\

�
¦^�é¡þfåÆ�{¦)�§, Äk
7Lr�§=z¤Å½��§�/ª. Ï~kü«
�{�±r�§ (1) z¤Å½��§/ª, 1�«
´ÏLUCÅ¼ê�/ª, 1�«´ÏLUCgC
þ�/ª. ©z [10—19] ^�´1�«/ª, =Ï
LéÅ¼ê Θ �C�

Θ(θ) =
Ψ(θ)√
sinθ

, (0 < θ < π). (2)

r�§ (1) C�Å½��§/ª, =

d2Ψ

dθ2
+

[
1
4

+ s + β2 cos2 θ − 2sβ cos θ

− (m + s cos θ)2 − 1/4
sin2 θ

+ E

]
Ψ = 0. (3)

1�«�{´é�§ (1) ¥�gCþ θ ?1e¡�
C�:

dΘ

dθ
=

1
sin θ

dΘ

dz
, (4)

ù��§ (1) ��±=z¤Å½��§/ª, =

d2Θ

dz2
+

[
ssech2z + Esech2z + 2ssech2z

×tanhzβ + tanh2z × sech2zβ2

+2mstanhz − s2tanh2z]Θ = m2Θ. (5)

� A � Å ¼ ê Θ ÷ v > . ^ �, = Θ|z=−∞ =

Θ|z=+∞ k�. �§ (5) ���

− d2Θ

dz2
+ V Θ = m2Θ, (6)

Ù¥³U V �

V (z, β, s) = − [ssech2z + Esech2z + 2ssech2z

× tanhzβ + tanh2z × sech2zβ2

+ 2mstanhz − s2tanh2z]. (7)

�³ W 3�é¡þfåÆO�¥åX�~��
�^, §�Ä�Å¼ê Θ0 ���', Θ0 �d W ¦
� [20], =

Θ0 = N exp
[
−

∫
W dz

]
. (8)

�³ W ÏL±e�§d V (z, β, s) ½Â [9−20]:

V (z, β, s) − E0 = W 2 − W ′, (9)

=3�é¡þfåÆ¥, ´d V (z, β, s) ÏL�
§ (9) ¦ � � ³ W , , � d � § (8) ¦ � Ä �
Å¼ê [20].

·���, ¦)�§ (1) Ú (9) Ñ´���~(
J�ó�, Ïd·�Ïé,	�«g´, =Cq�
�{�)û¯K, r�³ W Ðm¤'u β �Ã¡
?ê, =

W =
∞∑

n=0

βnWn. (10)

ù«�{�¦^¦¦)Ä�Å¼ê�\B$, ·�
�±d (8) ª��O�ÑÄ�Å¼ê Θ0 5,

Θ0 =N exp
[
−

∫
W dz

]
=N exp

[
−

∫
(W0 + βW1 + β2W2

+ β3W3 + · · · )dz

]
. (11)

ddª, ÏLO�Ñ W1, W2, W3, · · · , Ò�±(½
ÑÄ�Å¼ê�CqL�ª [10−19]. �©¥%ó�
Ò´|^�³Ðm{�{'�O�Ñ
Ä�Å¼
ê Θ0. �dÄ���� E0 ��7L�A/Ðm¤
'u β �Ã¡?ê, =

E0 =
∞∑

n=0

βnE0,n;m, (12)

Ù¥, E0,n;m ¥1���I 0 �LÄ�Uþ, ,�
��I n �Lëê β ��ê. d (9) ª, (10) ª
Ú (12) ª� [10−18]

V (z, β, s) −
∞∑

n=0

βnE0,n;m = W 2 − W ′

=
∞∑

n=0

(
∞∑

i=0

WiWn−i − W ′
n)βn, (13)

?�Úrþªm>z{�
∞∑

n=0

(
∞∑

i=0

WiWn−i − W ′
n)βn

=W 2
0 − W ′

0 + β(2W0W1 − W ′
1)

+
∞∑

n=2

βn

[ n−1∑
k=1

WkWn−k

+ 2W0Wn − W ′
n

]
. (14)

ò (7) ª�\ (13) ª, �

(W 2
0 − W ′

0)β
0 + (2W0W1 − W ′

1)β
1
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+
∞∑

n=2

βn

[ n−1∑
k=1

WkWn−k + 2W0Wn − W ′
n

]
=

[
− (E0,n;m + s)sech2z − 2smtanhz

+ s2tanh2z + m2
]
β0

+ (−E0,1;msech2z − 2stanhz × sech2z)β1

+ (−E0,2;msech2z − tanh2z × sech2z)β2

+
∞∑

n=3

(−E0,n;msech2z)βn. (15)

d β �Ó�ê�Xê�Ó, �

W ′
0 − W 2

0 =(E0,n;m + s)sech2z + 2smtanhz

− s2tanh2z − m2, (16)

W ′
1 − 2W0W1 =E0,1;msech2z + 2stanhz

× sech2z ≡ f1(z), (17)

W ′
2 − 2W0W2 =E0,2;msech2z + tanh2z

× sech2z + W 2
1 ≡ f2(2), (18)

W ′
n − 2W0Wn =E0,n;msech2z

+
n−1∑
k=1

WkWn−k

≡fn(z)(n > 3). (19)

éu s = 3/2, lþ¡��§|¥·���

E0,0;m = m(m + 1) − 15
4

, (20)

W0 = mtanhz − 3
2
. (21)

d~êC´{, ���

Wn(z) =An(z)cosh2mze−3z

=An(z)cosh2mz
[
4cosh3z − 3coshz

+ sinhz(1 − 4cosh2z)
]
, (22)

Ù¥ An deª(½:

An(z) =
∫

fn(z)cosh−2mz e3z dz, (23)

=

An(z) =
∫

fn(z)cosh−2mz
[
4cosh3z

− 3coshz + sinhz(4cosh2z − 1)
]
dz. (24)

2.2 ¦¦¦))) s = 3/2 ���cccooo��� n 6 4 ���UUU
þþþ E0,n;m ÚÚÚ���³³³ Wn

1��:

A1(z) =
∫

(E0,1;m + 3tanhz)sech2z

× cosh−2mz
[
4cosh3z − 3coshz

+ sinhz(4cosh2z − 1)
]
dz. (25)

e ¡ · � ½ Â � � ¼ ê P (2m + 1, z) =∫
sech2m+1zdz 5{zþª [20]:

P (2m + 1, z) =
∫

sech2m+1zdz

=
sinhz

2m + 1

m−1∑
k=0

J(2m + 1, k)

× sech2m−2kz

+
(2m − 1)!!

(2m)!!
arctansinhz. (26)

·�-

J(2m + 1, k) =
(2m + 1)(2m − 1)(2m − 3) · · · (2m − 2k + 1)

(2m)(2m − 2)(2m − 4) · · · (2m − 2k)
, (27)

¤± A1(z) �z�

A1(z) =(4E0,1;m + 12)P (2m − 1, z)

− (3E0,1;m + 15)P (2m + 1, z)

+ 3P (2m + 3, z) + (12 + 4E0,1;m)

× cosh−2m+1z

−2m + 1
− (9 + E0,1;m)

× cosh−2m−1z

−2m − 1
. (28)

|^ (26), (27) ª, ·��±í�Ñ4í'X

P (2m + 1, z) =
2m − 1

2m
P (2m − 1, z)

+
sinhz

2m
sech2mz, (29)

P (2m + 3, z) =
2m + 1
2m + 2

P (2m + 1, z)

+
sinhz

2m + 2
sech2m+2z, (30)

P (2m + 3, z) =
(2m + 1)(2m − 1)

(2m + 2)(2m)
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× P (2m − 1, z)

+
(2m + 1)sinhz

(2m + 2)(2m)
sech2mz

+
sinhz

2m + 2
sech2m+2z. (31)

¤±ò P (2m+1, z) Ú P (2m+3, z) =z� P (2m−
1, z), K A1(z) �z�

A1(z) =a1 × P (2m − 1, z)

− 6
m + 1

sinhz × sech2mz

+
3

2m + 2
sinhz × sech2m+2z

− 6
m + 1

sech2m−1z

+
9

2m + 2
sech2m+1z, (32)

Ù¥

a1 =
3(2m + 1)(2m − 1)

2m(2m + 2)
+ 4E0,1;m

+ 12 − (2m − 1)(3E0,1;m + 15)
2m

. (33)

Ï� A1(z) ¥¹k P (2m−1, z) �, ¬¦ Θ0 3 z =

±∞ ?uÑ, ÙXê7L�"âU�yÅ¼ê Θ0

3 z −→ ±∞ �k.5, =
3(2m + 1)(2m − 1)

2m(2m + 2)
+ 4E0,1;m + 12

− (2m − 1)(3E0,1;m + 15)
2m

= 0, (34)

¤±,

E0,1;m = − 9
2m + 2

. (35)

ò E0,1;m �£� (28) ªk

A1(z) = − 6
m + 1

sinhz × sech2mz

+
3

2m + 2
sinhz × sech2m+2z

− 6
m + 1

sech2m−1z

+
9

2m + 2
sech2m+1z, (36)

¤± W1(z) �

W1(z) =A1(z)
[
4cosh3z − 3coshz

+ sinhz(1 − 4cosh2z)
]
cosh2mz

= − 3
2(m + 1)

sech2z. (37)

^aq¦ W1 ��{5¦Ñ E0,2;m, E0,3;m, E0,4;m,

W2,W3,W4, äN(J�

E0,2;m = −8m3 + 96m2 + 168m − 1
8(m + 1)3(2m + 3)

, (38)

W2(z) = −3
8

(2m − 1)(2m + 5)
(m + 1)3(2m + 3)

sech2z − 1
4

(2m − 1)(2m + 5)
(m + 1)2(2m + 3)

sinhz × sech3z, (39)

E0,3;m = − 9(2m − 1)2(2m + 5)2

16(m + 1)5(m + 2)(2m + 3)
, (40)

W3(z) =
27(2m − 1)(2m + 5)

16(m + 1)5(m + 2)(2m + 3)
sech2z +

9(2m − 1)(2m + 5)
8(m + 1)4(m + 2)(2m + 3)

sinhz × sech3z

− 3(2m − 1)(2m + 5)
8(m + 1)3(m + 2)(2m + 3)

sech4z, (41)

E0,4;m = − (2m − 1)2(2m + 5)a
128(m + 1)7(2m + 3)3(m + 2)

, (42)

a = (−7942 − 6975m + 2416m2 + 3320m3 + 672m4 + 16m5), (43)

W4(z) =
3(2m − 1)(−7942 − 6975m + 2416m2 + 3320m3 + 672m4 + 16m5)

128(m + 1)7(m + 2)(2m + 3)3
sech2z

+
(2m − 1)(−7942 − 6975m + 2416m2 + 3320m3 + 672m4 + 16m5)

64(m + 1)6(m + 2)(2m + 3)3
sinhz × sech3z
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−9(2m − 1)(4m3 + 16m2 − 25m − 64)
32(m + 1)5(m + 2)(2m + 3)2

sech4z

−(2m − 1)(4m3 + 16m2 − 25m − 64)
16(m + 1)4(m + 2)(2m + 3)2

sinhz × sech5z (44)

3 8B¿y² s = 3/2 ��³�Ïª

ÏL4íÑco�Uþ��� E Ú�³ W , ·��±8BÑ Wn(z) �Ïª/ªXe:

Wn(z) = sinhz

[n/2]∑
k=1

an,ksech2k+1z +
[(n+1)/2]∑

k=1

bn,ksech2kz, (45)

Ù¥ an,k, bn,k ©O´ Wn(z) ~Xê, e¡·�^êÆ8B{5y² Wn(z) Ïªé?¿� n > 1 Ñ¤á. �
Ò´`b� k < n � Wk(z) ÷vÏª�/ª, XJ� k = n � Wn(z) �U�¤Ïª�/ª, @o·�8B
Ñ� Wn(z) �/ªÒ´�(�. �
�Bå�, ·�r (40) ª�¤

Wn(z) = sinhz

[(n+1)/2]∑
k=1

an,ksech2k+1z +
[(n+1)/2]∑

k=1

bn,ksech2kz, (46)

¿�5½, � k < 1 ½ k > [n/2] �,an,k = 0, � k < 1 ½ k > [(n + 1)/2] �,bn,k = 0. ¢Sþ, kù
5½,

ée¡�O��±�B�
.

y² b� Wk(z) Ú Wn−k(z) þ÷vÏª�/ª, �©O�¤±e/ª:

Wk(z) =sinhz

[(k+1)/2]∑
i=1

ak,isech2i+1z +
[(k+1)/2]∑

i=1

bk,isech2iz, (47)

Wε(z) =sinhz

[(ε+1)/2]∑
j=1

aε,jsech2j+1z +
[(ε+1)/2]∑

j=1

bε,jsech2jz, (48)

Ù¥, ε = n − k, 3e¡�úª¥, ε Ñ´d¹Â, ¤±
n−1∑
k=1

WkWε =
n−1∑
k=1

[(k+1)/2]+[(ε+1)/2]+1∑
p=2

p−1∑
j=1

[ak,p−jaε,j − ak,p−1−jaε,j + bk,p−jbε,j ]sech2pz

+ sinhz

n−1∑
k=1

[(k+1)/2]+[(ε+1)/2]∑
p=2

p−1∑
j=1

[ak,p−jbε,j + bk,p−jaε,j ]sech2p+1z

=
[n/2+1]∑

p=2

Cn,psech2pz + sinhz

[n/2]+1∑
p=2

Dn,psech2p+1z. (49)

Ù¥�Xê Cp Ú Dp ©O�

Cn,p =
n−1∑
k=1

p−1∑
j=1

(ak,p−jaε,j − ak,p−1−jaε,j + bk,p−jbε,j), (50)

Dn,p =
n−1∑
k=1

p−1∑
j=1

(ak,p−jbε,j + bk,p−jaε,j). (51)
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3±þ�O�L§¥, p �þ�´ [n/2] + 1, �
)
¤k� i Ú j ��U��, Ù{õ{�d (45)

ªÚ (46) ª¥ an,i, bn,i ´Ä�"û½Ù´Ä�".

¯¢þ, ·��±w�� p < 2 ½ p > [n/2] + 1 �,

Cn,p = 0, � p < 2 ½ p > [(n + 1)/2] �, Dn,p =

0. ò fn(z) = E0,n;msech2z +
∑n−1

k=1 WkWn−k �
\ (23) ª¥�

An(z) =
∫ [

E0,n;msech2z +
n−1∑
k=1

WkWn−k

]

× cosh−2mz[4cosh3z − 3coshz

+ sinhz(4cosh2z − 1)]dz

=4E0,n;mP (2m − 1, z)

− 3E0,n;mP (2m + 1, z)

+
[n/2]+1∑

p=2

[4Cn,p + 4Dn,p]

× P (2m + 2p − 3, z)

+
[n/2]+1∑

p=2

[−3Cn,p − 5Dn,p]

× P (2m + 2p − 1, z)

+
[n/2]+1∑

p=2

Dn,p, P (2m + 2p + 1, z)

+ 4E0,n;m
cosh−2m+1z

−2m + 1

+ E0,n;m
cosh−2m−1z

2m + 1

+
[n/2]+1∑

p=2

[Cn,p + 3Dn,p]
ch−2m−2p+1z

2m + 2p − 1

+
[n/2]+1∑

p=2

[4Cn,p + 4Dn,p]

× ch−2m−2p+3z

−2m − 2p + 3
. (52)

òþª P (2m+2p+1, z) �?1z{, P� P (2m+

2p+1, z) = P1(2m+2p+1, z)+P2(2m+2p+1, z),

Ù¥

P1(2m + 2p + 1, z)

=
sinhz

2m + 2p + 1

p∑
k=0

J(2m + 2p + 1, k)

× sech2m+2p−2kz, (53)

P2(2m + 2p + 1, z)

=
sinhz

2m + 2p + 1

m+p−1∑
k=p+1

J(2m + 2p + 1, k)

× sech2m+2p−2kz

+
(2m + 2p − 1)!!

(2m + 2p)!!
arctansinhz. (54)

d (51) ªÚ (52) ª·�w� P (2m + 2p + 1, z) �
üÜ©¥� P2(2m + 2p + 1, z) ¬¦��A�Å¼
ê Θ0 3 z ∈ (−∞,+∞) S´uÑ�,  P1(2m +

2p + 1, z) �Ø¬¦ Θ0 3 z ∈ (−∞,+∞) uÑ, ù

�le¡?�Ú�z{¥w�. � j = p − k, K

P1(2m + 2p + 1, z)

=
sinhz

2m + 2p + 1

p∑
j=0

J(2m + 2p + 1, p − j)

× sech2m+2jz.

� i = k − p − 1, K

P2(2m + 2p + 1, z) =
sinhz

2m + 2p + 1

×
m−2∑
i=0

J(2m + 2p + 1, i + p + 1)sech2m−2i−2z

+
(2m + 2p − 1)!!

(2m + 2p)!!
arctansinhz. (55)

d J(2m+2p+1, p+i+1) = J(2m+2p+1)J(2m−
1, i) 9 (23) ª�

P2(2m + 2p + 1, z) =
2m − 1

2m + 2p + 1

× J(2m + 2p + 1, p)P (2m − 1, z). (56)

¤± P (2m + 2p + 1, z) z{�

P (2m + 2p + 1, z)

=P1(2m + 2p + 1, z) +
2m − 1

2m + 2p + 1

121101-6



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 12 (2012) 121101

× J(2m + 2p + 1, p)P (2m − 1, z). (57)

ÏdA^ (56) ª�

P (2m + 2p − 1, z)

=P (2m + 2(p − 1) + 1, z)

=P1(2m + 2p − 1, z)

+
2m − 1

2m + 2p − 1
J(2m + 2p − 1, p − 1)

× P (2m − 1, z). (58)

P (2m + 2p − 3, z)

=P (2m + 2(p − 2) + 1, z)

=P1(2m + 2p − 3, z)

+
2m − 1

2m + 2p − 3
J(2m + 2p − 3, p − 2)

× P (2m − 1, z). (59)

ò (56), (57), (58) ª�\ (50) ª, ¿z{�

An(z) =P (2m − 1, z) × A

− 4E0,n;m

2m − 1
sech2m−1z

+
E0,n;m

2m + 1
sech2m+1z

+
[n/2]+1∑

p=2

Cn,p + 3Dn,p

2m + 2p − 1
sech2m+2p−1z

−
[n/2]+1∑

p=2

4Cn,p + 4Dn,p

2m + 2p − 3
sech2m+2p−3z

− 3E0,n;m

2m
sech2mz × sinhz

+
[n/2]+1∑

p=2

4Cn,p + 4Dn,p

2m + 2p − 3

×
p−2∑
j=0

J(2m + 2p − 3, p − 2 − j)

× sech2m+2jz × sinhz

+
[n/2]+1∑

p=2

−3Cn,p − 5Dn,p

2m + 2p − 1

×
p−1∑
j=0

J(2m + 2p − 1, p − 1 − j)

× sech2m+2jz × sinhz

+
[n/2]+1∑

p=2

Dn,p

2m + 2p + 1

×
p∑

j=0

J(2m + 2p + 1, p − j)

× sech2m+2jz × sinhz, (60)

Ù¥

A =4E0,n;m − 3E0,n;m
2m − 1

2m

+
[n/2]+1∑

p=2

[4Cn,p + 4Dn,p]
2m − 1

2m + 2p − 3

× J(2m + 2p − 3, p − 2)

+
[n/2]+1∑

p=2

[−3Cn,p − 5Dn,p]

× 2m − 1
2m + 2p − 1

J(2m + 2p − 1, p − 1)

+
[n/2]+1∑

p=2

Dn,p
2m − 1

2m + 2p + 1

× J(2m + 2p + 1, p). (61)

��yÅ¼ê Θ0 3 Z = ±∞ k�, 7Lk A = 0.

l��

E0,n;m =
2m

2m + 3

{
[n/2]+1∑

p=2

[4Cn,p + 4Dn,p]

× 2m − 1
2m + 2p − 3

× J(2m + 2p − 3, p − 2)

+
[n/2]+1∑

p=2

[−3Cn,p − 5Dn,p]

× 2m − 1
2m + 2p − 1

× J(2m + 2p − 1, p − 1)

+
[n/2]+1∑

p=2

Dn,p
2m − 1

2m + 2p + 1

× J(2m + 2p + 1, p)

}
. (62)

ù �, An(z) � ± { � ¤ An(z) = Rn(z) +

Tn(z)sinhz, Ù¥

Rn(z) = − 4E0,n;m

2m − 1
sech2m−1z

+
E0,n;m

2m + 1
sech2m+1z

121101-7
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+
[n/2]+1∑

p=2

[Cn,p + 3Dn,p]

× 1
2m + 2p − 1

sech2m+2p−1z

−
[n/2]+1∑

p=2

[4Cn,p + 4Dn,p]

× 1
2m + 2p − 3

sech2m+2p−3z

=
[n/2]+1∑

p=0

Rn,psech2m+2p−1z, (63)

Tn(z) = − 3E0,n;m
1

2m
sech2mz

+
[n/2]−1∑

j=0

[n/2]+1∑
p=j+2

[4Cn,p + 4Dn,p]

× 1
2m + 2p − 3

× J(2m + 2p − 3, p − 2 − j)

× sech2m+2jz

+
[n/2]∑
j=0

[n/2]+1∑
p=j+1

[−3Cn,p − 5Dn,p]

× 1
2m + 2p − 1

× J(2m + 2p − 1, p − 1 − j)

× sech2m+2jz

+
[n/2]+1∑

j=0

[n/2]+1∑
p=j

Dn,p
1

2m + 2p + 1

× J(2m + 2p + 1, p − j)sech2m+2jz

=
[n/2]+1∑

l=0

Tn,lsech2m+2lz. (64)

Ù¥

Rn,0 = − 4E0,n;m

2m − 1
, (65)

Rn,1 =
E0,n;m − 4Cn,2 − 4Dn,2

2m + 1
, (66)

Rn,p =
−Cn,p − 3Dn,p − 4Cn,p+1 − 4Dn,p+1

2m + 2p − 1
,

(p > 2), (67)

Tn,0 = − 3
2m

E0,n;m

+
[n/2]+1∑

p=2

4Cn,p + 4Dn,p

2m + 2p − 3

× J(2m + 2p − 3, p − 2)

+
[n/2]+1∑

p=1

−3Cn,p − 5Dn,p

2m + 2p − 1

× J(2m + 2p − 1, p − 1)

+
[n/2]+1∑

p=0

Dn,p

2m + 2p + 1

× J(2m + 2p + 1, p), (68)

Tn,1 =
[n/2]+1∑

p=3

4Cn,p + 4Dn,p

2m + 2p − 3

× J(2m + 2p − 3, p − 3)

+
[n/2]+1∑

p=2

−3Cn,p − 5Dn,p

2m + 2p − 1

× J(2m + 2p − 1, p − 2)

+
[n/2]+1∑

p=1

Dn,p

2m + 2p + 1

× J(2m + 2p + 1, p − 1). (69)

� l > 2 �, Tn,l �±�¤

Tn,l =
[n/2]+1∑
p=l+2

4Cn,p + 4Dn,p

2m + 2p − 3

× J(2m + 2p − 3, p − l − 2)

+
[n/2]+1∑
p=l+1

−3Cn,p − 5Dn,p

2m + 2p − 1

× J(2m + 2p − 1, p − l − 1)

+
[n/2]+1∑

p=l

Dn,p

2m + 2p + 1

× J(2m + 2p + 1, p − l). (70)

¤±

An(z) =Rn(z) + Tn(z)sinhz

=
[n/2]+1∑

l=0

[Rn,lcoshz + Tn,lsinhz]

× sech2m+2lz. (71)

d (22) ª��

Wn(z) =An(z)
[
4cosh3z − 3coshz

+ sinhz(1 − 4cosh2z
)
]cosh2mz
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=
[n/2]+1∑

l=0

[
Rn,lcoshz + Tn,lsinhz

]
×

[
4cosh3z − 3coshz

+ sinhz(1 − 4cosh2z)
]
sech2lz

=
[n/2]+1∑

l=0

[
4(Rn,l − Tn,l)ch4z

+ (5Tn,l − 3Rn,l)cosh2z − Tn,l

]
× sech2lz +

[n/2]+1∑
l=0

sinhz

×
[
4(Tn,l − Rn,l)cosh3z

+ (Rn,l − 3Tn,l)coshz
]
sech2lz. (72)

Ù¥, O���e¡'X:

4Rn,0 − 4Tn,0 = 0, (73)

4Rn,1 − 4Tn,1 − 3Rn,0 + 5Tn,0 = 0, (74)

4Rn,2 − 4Tn,2 − 3Rn,1 + 5Tn,1 − Tn,0 = 0, (75)

ddq�±��

4Tn,1 − 4Rn,1 + Rn,0 − 3Tn,0 = 0, (76)

4Tn,2 − 4Rn,2 + Rn,1 − 3Tn,1 = 0. (77)

¤±

Wn(z) =
[n/2]+1∑

l=3

[
4(Rn,l − Tn,l)sech2(l−2)z

+
[n/2]+1∑

l=2

(5Tn,l − 3Rn,l)sech2(l−1)z

−
[n/2]+1∑

l=1

Tn,lsech2lz

+ sinhz

[
[n/2]+1∑

l=3

4(Tn,l − Rn,l)

× sech2(l−1)−1z

+
[n/2]+1∑

l=2

(Rn,l − 3Tn,l)sech2l−1z

]

=
[n/2]+1∑

l=1

bn,lsech2lz

+
[n/2]∑
l=1

an,lsech2l+1z × sinhz. (78)

Ù¥

bn,l(z) =4(Rn,l+2 − Tn,l+2)

+ (5Tn,l+1 − 3Rn,l+1) − Tn,l, (79)

an,l(z) =4(Tn,l+2 − Rn,l+2)

+ (Rn,l+1 − 3Tn,l+1). (80)

w,, (78) ªØ
'u¦Ú
∑[n/2]+1

l=1 bn,lsech2lz ¥
�þ�� (45) ª�Ø��, Ù¦�Ñ��. e¡
y²ùü�¦ÚÒ�þ��´���. � n �ó
ê�, l ����, = [n/2] + 1 = n/2 + 1 w,�
u [(n + 1)/2] = n/2, ù��±O���

bn, n
2 +1 = −Tn, n

2 +1 = 0, (81)

bn, n
2

= −3Rn, n
2 +1 + 5Tn, n

2 +1 − Tn, n
2
6= 0.

� n �Ûê�,l �����, = l = [n/2] + 1 =

[(n + 1)/2], ù�

bn, n+1
2

= −Tn, n+1
2

6= 0. (82)

ÏL±þ©Û, (78) ª�±�¤Ïª/ª, =

Wn(z) =
[(n+1)/2]∑

k=1

bn,ksech2kz

+
[n/2]∑
k=1

an,ksech2k+1z × sinhz. (83)

Ïd, ·�®²y²
k' Wn úª��(5, �
Ò´`, éu?¿� n > 1, Wn ÷vd'Xª.

?�Úz{��

an,l =
[ n
2 ]+1∑

p=l+1

Gn,p
J(2m + 2p − 3, p − l − 1)(2m + 2l − 2)(2m + 2l)

(2m + 2p − 3)(2m + 2l + 1)(2m + 2l + 3)
, (84)

bn,l = − 3an,l

2m + 2l
, l = 1, (85)

bn,l = − 3an,l

2m + 2l
− Dn,p

2m + 2l
, l > 2. (86)
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Ù¥

Gn,p = 4(Cn,p + Dn,p) + (2m + 2p − 3)Fn,p

=
[(2m + 2p)Cn,p + 3Dn,p](2m + 2p + 1)

(2m + 2p − 2)(2m + 2p)
, (87)

Fn,p = −3Cn,p + 5Dn,p

2m + 2p − 2
+

(2m + 2p − 1)Dn,p

(2m + 2p − 2)(2m + 2p)
. (88)

4 ¦)Ä�Å¼ê

·���
 Wn(z) �Ïª, Ò�±�â³�/ØCA5¦Ñ�A�-u�Å¼ê Θ0. Ï�

W = W0 +
∞∑

n=1

[
sinhz

[n/2]∑
k=1

an,ksech2k+1z +
[(n+1)/2]∑

k=1

bn,ksech2kz

]
βn. (89)

¤±Ä�Å¼ê Θ0 �

Θ0 = N exp
[
−

∫
W dz

]
= N exp

[
−

∫
W0dz −

∞∑
n=1

∫
Wndz

]

= N exp

[
−

∫
W0dz −

∞∑
n=1

∫ [
sinhz

[n/2]∑
k=1

an,ksech2k+1z +
[(n+1)/2]∑

k=1

bn,ksech2kz

]
βndz

]

= Nchmz exp[−3z/2] exp

[ ∞∑
n=1

[n/2]∑
k=1

an,k
sech2kz

2k
−

∞∑
n=1

[(n+1)/2]∑
k=1

bn,kQ(k, z)

]
βn. (90)

Ù¥, Q(k, z) �

Q(k, z) =
∫

sech2kzdz =
∫

cosh−2k zdz

=
sinh z

k

k−1∑
i=0

I(k, i) cosh−2k+2i+1 z. (91)

þª¥ I(k, i) �

I(k, i) =
2ik(k − 1)(k − 2) · · · (k − i)

(2k − 1)(2k − 3)(2k − 5) · · · (2k − 2i − 1)

=
k(2k − 2)(2k − 4) · · · (2k − 2i)

(2k − 1)(2k − 3)(2k − 5) · · · (2k − 2i − 1)
(92)

d�, A���

E = E0,0;m +
∞∑

n=1

βnE0,n;m = m2 + m − 15
4

+
∞∑

n=1

βnE0,n;m. (93)

Ù¥, E0,n;m d (62) ª�Ñ. �
�©z [19] é', ·�7LrÄ�Å¼ê3z¤ θ �¼ê/ª. ù�±d

C� sechz = sin θ, tanhz = − cos θ, sinhz = − cot θ, exp(−z) =
1 + cos θ

sin θ
��

Θ0 = N
(1 − cos θ)3

sinm−3/2 θ
exp

[ ∞∑
n=1

[
[n]/2∑
k=1

an,k
sin2k θ

2k
+ cos θ

[(n+1)/2]∑
k=1

bn,k

k−1∑
i=0

I(k, i) sin2k−2i−2 θ

]]
βn. (94)

lúª [17]

P (2m + 1, θ) =
∫

sin2m+1θdθ

= − cos θ

2m + 2

[
m∑

k=0

I(2m + 1, k) sin2m−2k θ

]
, (95)
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ùp
I(2m + 1, k) =

(2m + 2)(2m) · · · (2m + 2 − 2k)
(2m + 1)(2m − 1) · · · (2m − 2k + 1)

, (96)

��

P (2m − 1, θ) =
∫

sin2m−1 θdθ

= −cos θ

2m

[
m∑

k=0

I(2m − 1, k) sin2m−2k−2 θ

]
. (97)

é' (91), (93), (95) Ú (97), ��

Θ0 = N
(1 − cos θ)3

sinm−3/2 θ
exp

[ ∞∑
n=1

[
[n]/2∑
k=1

an,k
sin2k θ

2k
− cos θ

[(n+1)/2]∑
k=1

bn,kP (2m − 1, θ)

]
βn. (98)

©z [19] ¥

Θ0 = N
(1 − cos θ)3

sinm−3/2 θ
exp

[ ∞∑
n=1

[
[n]/2∑
k=1

−an,k
sin2k θ

2k
− cos θ

[(n+1)/2]∑
k=1

bn,kP (2m − 1, θ)

]
βn. (99)

5¿©z [19] ¥� an,k ��©¥ an,k p�
��ê, ¤±üö�(J´���. �,·��
³�/ª9¼��ª�©z [19] ØÓ, �´, �©
z [19] é', �� Θ0(θ) � E0;m ����, ù�m
���y
�©�(5.

5 ( Ø

�©¥, ·�|^�é¡þfåÆù«#��
{5Á&�¦)2Âý¥¼ê, �±�é2Âý¥
¼ê��\ïÄ�
éÐ�Á=. ©Ù¥·�í�
Ñ
�³�Ïª, ¿�^êÆ8B{y²
dÏª
��(5, ¿¦Ñ
Ä��Uþ���Ú��¼ê.
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Solving the spheroidal wave equation with s = 3/2
by super-symmetric quantum mechanic
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Abstract

In the paper, we use the method of super-symmetric quantum mechanics to study the spin-weighted spheroidal wave equation in

the case of s = 3/2. We first change the equation into Schrödinger’s form, then calculate and derive the first four terms concerning

E and super-potential W . we summarize the general formula of super-potential Wn and use mathematical induction to prove its

correctness. In turn, this completely gives all the information about the ground eigenvalue and eigenfunction.

Keywords: spin-weighted spheroidal wave equation, super-symmetric quantum mechanics, super-potential, exited
state wave functions
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