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�©|^�Z���zÐm�{, éü�:ü>f Hubbard-Holstein 4zf�.�UÌ±9ÄåÆA5?1

°(¦). ?Ø
ÍÜrÝ g!²þ(fê n̄ ±9>fÐ�éÅ�üzA59XÚ¾ì�ù��K�. ê�O�(
JL²: 1) Å�Ý��m�üz¥yÑûÐ�±Ï5, �Ù¦�ëê�½�, üz±Ï�ÍÜrÝ g O�Åì~�,

�²þ(fê n̄ Ã'; 2) XÚ¾ì�ù�Ó>fG�ÓkÇLyÑî��ÓÚüzA5; (3) 3fÍÜrÝÚ$²
þ(fêe, Ð©>f� c+

2↑c
+
2↓|0〉 e ½ c+

1↑c
+
1↓|0〉 e � c+

1↑c
+
2↓—c+

1↓c
+
2↑ äk�����¾ì�ù�, ¿�ÍÜrÝO

�!²þ(fê�O\Åì�C.

'�c: �Z���zÐm, Hubbard-Holstein �., 4zf, |�

PACS: 42.50.−p

1 Ú ó

gl 1933 cK�JÑg�4zfVg±5,

<�é4zf�ïÄÒvkmäL, ,éõ¯K
y3E,vk��÷¿�£�. �C, r'é>f
NX� Hubbard-Holstein(H-H)[1] �.¤�<�ï
Ä�9:, �DÚ� Holstein[2] �.�', Hubbard-

Holstein �.�Ä
>f�>f�m�¥Õü½
å, ùé�.�¦)Ã¦qO\
���JÝ.

C 20 c5, <�éü�>f3ü��:�m�$
Ä� H-H �.^�«ØÓ��{?1L¦), ~X
C©�{ [3,4], �6�{ [5], ê�é�z�{ [6,7],

��¼ê{ [8] �, éù��.�¦)Ø=éù�
�.���5�k
�Ð�n), �éÃ���
:�4zf�kXé�����^.

þfÅ�´þfåÆ�wÍ�A5��, þf
Å�Ø=Ny
þf���½�5, �éþf&

EÚþfO�k�©��¿Â [9,10], �´¢yþ
fÛ/D� [11], þf�²©� [12], þf?è9þ
fÅ� [13] �þf&EL§���Ä:. �dÓ
�, 3$§õNÔn¥, éõþfy�Ñ�þfÅ
�kXé���'é, ~X��y� [14], þf¿�
�A±9þf�C. Cc5, |^�5ÝþþfÅ
�§ÝÚå
<��pÝÀ, ¿�d�
�þ�
ó� [15−18]. �©|^�Z�é�z�{ [19,20] °
(¦)
ü�:ü>f� H-H �.�UÌ±9>
fÓkÇ9¾ì�ù��üz.

2 �.�¦)

� � X Ú ü � : ü > f H-H � . � M �
îþ� [1]

H =
∑
i,σ

εniσ −
∑

σ

t(c1σ+c2σ + c+
2σc1σ)
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+ U
∑

i

ni↑ni↓ + V n1n2

+ gω0

∑
i,σ

niσ(bi + b+
i ) + ω0

∑
i

b+
i bi, (1)

Ù ¥ i (= 1 ½ ö 2) L « � :   �, ci,σ(c+
i,σ)

Ú bi(b+
i ) ©O´�:�I i þ� (�Äg^) >

fÚ(f��v (�)) �Î; ni,σ(= c+
iσciσ) ´1 i

��:þg^� σ �ê�Î, ni = ni↑ + ni↓; t ´à
�[È©, g �>(ÍÜ~ê; �{üå�, 3�©
¥� ~ = 1, ω0 = 1.

e¡·�òXÚ�M�îü©¤üÜ© (H =

Hd + Ha)[21], Ú\#�(f�Î a = (b1 + b2)/
√

2

Ú d = (b1−b2)/
√

2, Ïd (1) ª�C�Xe�/ª:

Hd =d+d + ε(c+
1↑c1↑ + c+

1↓c1↓ + c+
2↑c2↑ + c+

2↓c2↓)

− t(c+
1↑c2↑ + c+

1↓c2↓ + c+
2↑c1↑ + c+

2↓c1↓)

+ U(c+
1↑c1↑c

+
1↓c1↓ + c+

2↑c2↑c
+
2↓c2↓)

+ V [(c+
1↑c1↑ + c+

1↓c1↓)(c+
2↑c2↑ + c+

2↓c2↓)]

+
1√
2
g(c+

1↑c1↑ + c+
1↓c1↓ − c+

2↑c2↑ − c+
2↓c2↓)

× (d+ + d) − 1
2
g2(c+

1↑c1↑ + c+
1↓c1↓

+ c+
2↑c2↑ + c+

2↓c2↓)2, (2)

Ha =a
′+a′. (3)

3 þ ª ¥, ® - a
′+ = a+ + ng/

√
2, a′ =

a + ng/
√

2. Ha ´����o�>fêk'�
��f, �Åðþ. u´3ù�NX¥k�M�î
=� Hd Ü©, §�L�´(fÚ>f�m��5
ÍÜ. 3�¡�O�¥, ·���Ä Hd Ü©.

3ü>f H-H �.¥, >f�k8��, Ù
¥ |ψ1〉 = c+

1↑c
+
1↓|0〉 e , |ψ2〉 = c+

2↑c
+
2↓|0〉 e Ú |ψ3〉 =

(c+
1↑c

+
2↓ − c+

1↓c
+
2↑)/

√
2|0〉 e � o S = 0 � g ^ ü

�, |ψ4〉 = c+
1↑c

+
2↑|0〉 e , |ψ5〉 = c+

1↓c
+
2↓|0〉 e Ú |ψ6〉 =

(c+
1↑c

+
2↓ + c+

1↓c
+
2↑)/

√
2|0〉 e � S = 1 �g^n�,

g^ü�Úg^n«��m�pÕá�, �XÚ�
�$Uþ?ug^ü� [21], �©ïÄog^� 0

�ü�, ù�XÚÅ¼ê�±�¤Xe/ª [19]:

|ϕ〉 =|ϕ1〉c+
1↑c

+
1↓|0〉 e + |ϕ2〉c+

2↑c
+
2↓|0〉 e

+ |ϕ3〉(c+
1↑c

+
2↓ − c+

1↓c
+
2↑)/

√
2|0〉 e , (4)

Ù¥ |ϕ1〉, |ϕ2〉 Ú |ϕ3〉 ´�A�(fÜ©, e¡
ò (2) ªÚ (4) ª�\Å½��§ H|ϕ〉 = E|ϕ〉 ¥

�±�� [19]

[d+d + 2ε + U +
√

2g(d+ + d) − 2g2]

× | × ϕ1〉 −
√

2t|ϕ3〉 = E|ϕ1〉, (5)

[d+d + 2ε + U +
√

2g(d+ + d) − 2g2]

× |ϕ2〉 −
√

2t|ϕ3〉 = E|ϕ2〉, (6)

(d+d + 2ε + V − 2g2)|ϕ3〉

−
√

2t(|ϕ1〉 + |ϕ2〉) = Eϕ3〉. (7)

e¡Ú\#�²£C� A+ = d+ +
√

2g, B+ =

d+ −
√

2g[22]. ò A+(B+) �\ (5), (6), (7) ª, �

[A+A + 2ε + U − 4g2]|ϕ1〉 −
√

2t|ϕ3〉

=E|ϕ1〉, (8)

[B+B + 2ε + U − 4g2]|ϕ2〉 −
√

2t|ϕ3〉

=E|ϕ2〉, (9)

(d+d + 2ε + V − 2g2)|ϕ3〉 −
√

2t(|ϕ1〉 + |ϕ2〉)

=E‖ϕ3〉. (10)

|^�Z���zÐm�{(fÜ©�Å¼ê�
±Ðm¤Xe/ª:

|ϕ1〉 =
N∑

n=0

cn|n〉A =
N∑

n=0

cn
1√
n!

× (d+ +
√

2g)n e−
√

2gd+−g2
|0〉ph, (11)

|ϕ2〉 =
N∑

n=0

dn|n〉B =
N∑

n=0

dn
1√
n!

× (d+ −
√

2g)n e
√

2gd+−g2
|0〉ph, (12)

|ϕ3〉 =
N∑

n=0

fn|n〉, (13)

ª¥ |n〉A, |n〉B ·�¡��²£ Fock � [23]. §
�÷v��8�5, Ïd |n〉A, |n〉B Ú |n〉 ©O�
¤�|#���8�Ä. O�¥ò n Ð��½�
ê�¦d (11), (12), (13) ª¤L«�Å¼ê3O�
UÌÚÄåÆ5��v
°(. ò (11), (12), (13)

ª�\ (8), (9), (10) ª, ¿�©O�¦ A〈m|, B〈m|
Ú 〈m| ��

[m + 2ε + U − 4g2]cm

+
√

2t
∑

n

A〈m|n〉fn = Ecm, (14)

[m + 2ε + U − 4g2]dm
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+
√

2t
∑

n

B〈m|n〉fn = Edm, (15)

[m + 2ε + V − 2g2]fm −
√

2t(
∑

n

cn〈m|n〉A

+
∑

n

dn〈m|n〉B) = Efm, (16)

Ù¥

A〈m|n〉 =〈m|n〉B = (−1)nDmn,

B〈m|n〉 =〈m|n〉A = (−1)mDmn, (17)

Dmn =e−g2
min[m,n]∑

i=0

(−1)−i

×
√

m!n!(
√

2g)m+n−2i

(m − i)!(n − i)!i!
. (18)

Ï L ¦ ) ù 3N + 3 � � � � §, � ± � �
X Ú � � � Å ¼ ê {ci

n}, {di
n} Ú {f i

n} ± 9 U
Ì {Ei}.

ã 1 �Ñ� n̄ = 9, t = 2, U = 6, V = 0.2,

ε = 0.2, XÚ�½�Uþ E/t � g2/t �Czã.

ã¥�Ñ
XÚÄ�ÚcÊ^-u��UÌ. �
±wÑ, �XÍÜrÝ g �O�, �U?UþþÅ
ìü$.

ã 1 XÚ�½�UÌ (n̄ = 9, t = 2, U = 6, V = 0.2,

ε = 0.2)

3 üzO�

3.1 XXXÚÚÚÓÓÓkkkÇÇÇ

�Ð©��>f?u (c+
1↑c

+
2↓−c+

1↓c
+
2↑)/

√
2|0〉 e ,

(f|?u�Z�, KÐ��±L«�

|ψ(0)〉 =eα0d+−(1/2)α2
0 |0〉 1√

2
(c+

1↑c
+
2↓ − c+

1↓c
+
2↑)|0〉 e

=
3N+3∑
i=1

ki

[ N∑
n=0

ci
n|n〉Ac+

1↑c
+
1↓|0〉 e

+
N∑

n=0

di
n|n〉Bc+

2↑c
+
2↓|0〉 e +

N∑
n=0

f i
n|n〉

1√
2

× (c+
1↑c

+
2↓ − c+

1↓c
+
2↑)|0〉

]
. (19)

| ^ c+
1↑c

+
1↓|0〉 e , c+

2↑c
+
2↓|0〉 e Ú (c+

1↑c
+
2↓ −

c+
1↓c

+
2↑)/

√
2|0〉 e �m��8�5, '� (19) ª�

Xê, �±��

eα0d+−(1/2)α2
0 |0〉 =

3N+3∑
i=1

ki

N∑
n=0

f i
n|n〉,

3N+3∑
i=1

ki

N∑
n=0

ci
n|n〉A = 0,

3N+3∑
i=1

ki

N∑
n=0

di
n|n〉B = 0.

(20)

é (20) ª n � � § © O � ¦ 〈m|, A〈m|
Ú B〈m|, K (20) C�

1√
m!

αm
0 e−(1/2)α2

0 =
3N+3∑
i=1

kif
i
m, (21)

3N+3∑
i=1

kic
i
m = 0, (22)

3N+3∑
i=1

kid
i
m = 0. (23)

ÏL¦) (11) ª|¤�n��§|, �±�
� {ki}, (i = 1, · · · 3N + 3). Ïd?¿���Å¼
ê�L«�

|ψ(t)〉 =
3N+3∑
i=1

ki e−iEit

[ N∑
n=0

ci
n|n〉Ac+

1↑c
+
1↓|0〉 e

+
N∑

n=0

di
n|n〉Bc+

2↑c
+
2↓|0〉 e +

N∑
n=0

f i
n|n〉

× 1√
2
(c+

1↑c
+
2↓ − c+

1↓c
+
2↑)|0〉 e

]
. (24)

�
��>f3 (c+
1↑c

+
2↓ − c+

1↓c
+
2↑)/

√
2|0〉 e �

þÅ¼ê��m�üz�¹, ·�ò¤���Å¼
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êÝK� (c+
1↑c

+
2↓ − c+

1↓c
+
2↑)/

√
2|0〉 e ¥�þ, =

e〈0|
1√
2
(c2↓c1↑ − c2↑c1↓)|ψ(t)〉

=
3N+3∑
i=1

ki e−iEit
N∑

n=0

f i
n|n〉. (25)

d d � ± � � > f ? 3 (c+
1↑c

+
2↓ −

c+
1↓c

+
2↑)/

√
2|0〉 e ��VÇ�

P =
3N+3∑
i,j=1

k∗
j ki e−i(Ej−Ei)t

N∑
n=0

f j∗
n f i

n. (26)

3.2 ¾¾¾ììì���ùùù���������mmmüüüzzz

3þfÏ&ÚþfO�¥, þfÅ�äk2�
��^, XÛé���Ð��{5ÝþþfÅ�

´�©��. gl Phoenix Ú Knight �<ò�n
Ø^uþf1Æ+�±5, �3)º1|��f�
'é§Ý!1|��f�p�^�¤¥y�þf
�A�¡Ñw«Ñ
ér�`�5, cÙ<�uy
�±|^|�5Ýþ1|��f�m�Å�§Ý,

l�Ð���Å��5¢yþfÏ&ÚþfO
�. Cc5, <�é|�34zf¥�¿Â�3Ø
ä�ïÄ¥ [24−26], ¿�¤��8���9:¯K.

þfXÚ�¾ì�ù� (|�) ½Â�

S = −Tr(ρ ln ρ),

ª¥ ρ �þfXÚ��Ý�Î,

ρ = |ψ(t)〉〈ψ(t)|

@o>f��z�ÝÝ


ρ e = Trh |ψ(t)〉〈ψ(t)|

=
3N∑

ij=0

k∗
j ki e−i(Ei−Ej)t



∑N
m=0 c

(i)
m c

(j)∗
m

∑N
nm=0 c

(i)
n d

(j)∗
m B〈m|n〉A

∑N
nm=0 c

(i)
n f

(j)∗
m 〈m|n〉A

∑N
nm=0 d

(i)
n c

(j)∗
m A〈m|n〉B

∑N
m=0 d

(i)
m d

(j)∗
m

∑N
nm=0 d

(i)
n f

(j)∗
m 〈m|n〉B

∑N
nm=0 f

(i)
n c

(j)∗
m A〈m|n〉

∑N
nm=0 f

(i)
n d

(j)∗
m B〈m|n〉

N∑
m=0

f
(i)
m f

(j)∗
m


.

éu (19) ª¤«�Ð�, (fÚ>fþ?uX
�, ��XÚ�|��", 3 t > 0 �?¿��, (
f�>f�|���. Ïd�|^>f�z�ÝÝ

��þfXÚ�|� [27]

Sh(t) = S e(t) = −Tr{ρ e(t) ln ρ e(t)}

= −
∑

k

λk lnλk, (27)

ª ¥ λk (k = 1, 2, 3) � > f � z � Ý Ý 
 �
���.

4 ê�O�(J9?Ø

ã 2 �Ñ
 n̄ = 9, t = 2, U = 2, V = 0.2, ε =

0.8, Ð©��>f?3 (c+
1↑c

+
2↓− c+

1↓c
+
2↑)/

√
2|0〉 e �

�, ØÓ g eÓkÇ9|���m�üz5Æ. Ä
k, ã (a), (c) w«>f3Ð�þ�ÓkÇ��mü
zÑy²w�¥ £Ey�. �¥ £E�±Ï�

ÍÜrÝ�O�Åì~�, ?�ÚéØÓ� n̄, t, U ,

V , ε O�L²ù«5ÆäkÊH5. Ùg, ã (a),

(b) � (c), (d) w«ÑÓkÇ�¥ £EÓXÚ|�
�mî��ÓÚ5: �XÚ|������½=>
(Å�Ý������, >f3Ð�þ�ÓkÇ¥
 � 0.5, ± c+

1↑c
+
1↓|0〉 e Ú c+

2↑c
+
2↓|0〉e �>fÐ��

�LyÑù��5Æ. ,	, �ÍÜrÝé��, |
������C 0, L²>f�(f�mÑy²w
�ò�Zy�, �XÍÜrÝ�O�ù«�AÅì
��.

ã 3 �Ñ
� t = 2, g = 0.02, U = 2, V = 0.2,

ε = 0.8 �, >fÐ©��?u c+
1↑c

+
1↓|0〉 e ��, Ø

Ó²þ(fê n̄ e, |ù��müz5Æ. n̄ = 4

�, |�����ªC 0, LyÑ²w�ò�Z�
A, ¿�|�¥yéÐ�±Ï5üz5Æ. �X²
þ(fê�O\, |������üz×�O\,

ò�Z�A9±Ï5üz5ÆÅì��.
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ã 2 ØÓÍÜrÝ g e, ÓkÇÚ|���m�üz (a) g = 0.01 �, ÓkÇ��m�üz; (b) g = 0.01 �, |���m�
üz; (c) g = 0.05 �, ÓkÇ��m�üz; (d) g = 0.05 �, |���m�üz

ã 3 ØÓ²þ(fê n̄ e, |���m�üz (a) n̄ = 4 �, |���m�üz; (b) n̄ = 9 �, |���m�üz; (c) n̄ = 25

�, |���m�üz; (d) n̄ = 50 �, |���m�üz
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ã 4 >fÐ�!ÍÜ~ê±9²þ1fêéüzL§¥�
�|��K� (a) >fÐ�e� c+1↑c+1↓|0〉 e �, ØÓ²þ1
fêe, üzL§���|��ÍÜrÝ�Cz5Æ; (b) >
fÐ�e� (c+1↑c+2↓ − c+1↓c+2↑)/

√
2 �, ØÓ²þ1fêe,

üzL§���|��ÍÜrÝ�Cz5Æ

ã 4 �Ñ
 t = 2, g = 0.02, U = 2, V = 0.2,

ε = 0.8, ØÓ>fÐ�e, �müz¥|���
��ÍÜ~ê�Cz5Æ. dc¡�?Ø��, 3
ÍÜrÝ'���, |���müz¥yéÐ�

±Ï5. ã 4 ?�ÚL²3fÍÜ�¹e, >fÐ
��ÀJéüzL§���|�ké�K�: é
u g < 0.1 ��¹, ØÓ²þ(fêe>fÐ�
� c+

1↑c
+
1↓|0〉 e (>fÐ�� c+

2↑c
+
2↓|0〉 e ����Ó)

�, üz¥�����|�þ3 0.9 ±þ, >f
Ð�� (c+

1↑c
+
2↓ − c+

1↓c
+
2↑)/

√
2 ���|�%3 0.9

±e. ù«�O�XÍÜrÝÚ²þ(fê�O
�Åì��. dd��, ¢�¥>fÐ��ÀJ
é?1þfö�¥�¦����Å�Ýäké�
�K�.

5 ( Ø

�©$^�Z�é�z�{, °(¦)
ü
�:ü>f� Hubbard-Holstein �., XïÄ

XÚ�½�UÌ!ÓkÇ�Ú¾ì�ù���
müz5Æ±9ØÓ>fÐ�!ÍÜrÝ!²þ
1fêéÙ�)�K�. Ð©��?uX��(
fÚ>f*d¿Ã'é, ��Xüz�?1, (f
�>fÅìLÞ�Å��. 3üzL§¥, XÚ
¾ì�ù�Ó>fÐ�ÓkÇ�mLyÑéÐ�
ÓÚ5Ú±Ï5, ¿��XÍÜrÝ�O�, ù«
ÓÚ5Ú±Ï5ÑÅì~f, �²þ(fêÃ'.

Ó�, 3fÍÜ�¹e, éuØÓ²þ(fê, >
fÐ�?u c+

1↑c
+
1↓|0〉 e (½ c+

2↑c
+
2↓|0〉 e ) �äk�?

u (c+
1↑c

+
2↓− c+

1↓c
+
2↑)/

√
2 ��p���|�, w«Ñ

>fÐ��ÀJéüzL§¥XÚ���Å�Ý
kwÍK�.
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quantum entanglement properties∗

Ren Xue-Zao† He Shu Cong Hong-Lu Wang Xu-Wen

( School of Science, Southwest University of Science and Technology, Mianyang 621010, China )

( Received 11 May 2011; revised manuscript received 14 September 2011 )

Abstract

We obtain the exact solution of energy spectrum and dynamics for the two-site Hubbard-Holstein model by the coherent states

orthogonal expansion method. The influences of coupling strength g, the average number of phonons n̄ and the initial electronic state

on the evolution of system entanglement and von Neumann entropy are discussed. Numerical results are as follows. (a) Entanglement

evolution with time shows a good periodicity. When the other parameters are fixed, the evolution period decreases as the coupling

strength g goes up but it is independent of the average number of phonons n̄. (b) The von Neumann entropy of the system demonstrates

strict synchronia with the electronic state occupancy probability. (c) Under the weak coupling strength and low average number of

phonons, the initial electronic state c+
2↑c

+
2↓|0〉 e or c+

1↑c
+
1↓|0〉 e shows larger maximum von Neumann entropy during its evolution than

that of c+
1↑c

+
2↓ − c+

1↓c
+
2↑ but they gradually approach to each other with the increase of coupling strength or average number of phonons.

Keywords: coherent-state orthogonalization expansion, Hubbard-Holstein model, polaron, field entropy
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