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1 Ú ó

þfÅ�´üN½öõNþfXÚ�m�½
�!�²;�'é [1], �w�þfÏ&Úþf&E
?n�. ÄuÅ�1fé�þfÏ&äkÏ&N
þ�!��5r�`:, �¢y²;&�Ã{�¤
�?Ö, cÙ´��Å��3þf��©u!þf
Û/D�Úþf�8?è��¡kX��A^.
1994 c Shih �<|^guëþe=���
V1
f� �Å��, ù�Äu �Å��þfÏ&J
ø
Å�. 1f��Äþ�)g^�ÄþÚ;
��Äþ, 1fäk�g^�Äþ����� σ~,
σ = ±1 ©OéA�´�^ �1Úm^ �1,
ÏdÄu �Å��1fé~^u¢y 2-qubit �
þfÏ&. 1992 c, Allen �< [2] 3¢�þy²

1fØ=äkg^�Äþ��äk;��Äþ.
ù«äk;��Äþ1å�µ^1å, T1å�A
:´� ¥Ú^©ÙÚ¥%1r� 0, Ù¥�~^
�µ^1å�.X� - pd (Laguerre-Gaussian LG)
1å, ü�1fäk;��Äþ����� l~, l�
?¿�. ü1f�;��Äþ?è� ��?è�

ªØÓ, ±ü1f�;��Äþ��&E�1N5
?è&E, U
��O\DÑ�&ENþ [3], Ï�
;��Äþ�����Ã¡�, ^;��Äþ5?
èU
¢yp��þfÏ&, �äk�p���
5 [4], ù�ü1f�õ'AþfÏ&�¢yC½

Ä:. 2001 c, Mair �< [5] 3¢�þy²
guë
þe=�L§¥�)�V1f3;��Äþþ´
Å��. du;��Äþ�����±|¤Ã��
� Hilbert �m,�¢yÅ��Ä:�õ�þf&E
?nÚþf&E?èÏ&Jø
�U. �DÚ� 
�Å��', Äu1f;��ÄþÅ��þfÏ&
äk�p���5!�p�?èrÝ�`:.

3þfÏ&¥, �Ì��?Ö´����&E
�Å�1féU
3������DÑålS�
±Ù�Z5. éu1nDÑ�&�U
�±Å�1
fé��Z5�ê�úp [6−8], ,3gd�mþ
fÏ&¥, ?uÅ���1fØ=É�íâfé1
f�Ñ�ÚáÂ, �É��íë6éÅ�1fò
�ZK� [9], ¦Å�1f�Å�ÝÅìeü, Å�
1félÅ�X�üz���Å�·Ü�, $��
�©l�, ��gd�mþfÏ&ó´�¥äÚÏ
&�Ç�ü$. Anguita �< [10] ïÄ
C/¡?
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� Kolmogorov Ì.�íë6éÄu;��ÄþÏ
&1ó´m�K�. Gopaul �< [11] ïÄ
�í&
�éÅ�1f�;��Äþ�éÜ&ÿVÇ�K
�. Üº#�< [12] ïÄ
ü1f�§þf&�Å
��Äþ��íë6�A, ïÄL²�XDÑål
�O\, 1f�éÜ&ÿ�ÇÅìeü. Filippus �
< [13] ©Û
C/¡rë6é;��ÄþÅ�1f
�Z5�K�, ïÄL²Å�1f3rë6eDÑ,
Å�1f��Z5Åìòz. Å�1fé3�í&
�¥DÑ, þf'AÚ�í&���p�^, ¦þ
fXÚ��Z5Åì�ò, �Z5�òz¦XÚ�
Å�A5Åì��, Å�1félÅ��Cz��
Å��, l��&E�DÑ��} [9], 3gd�
mþfÏ&��í&�¥Å�1fé3ÙDÑ�
�þ�±Å�ål�ïÄw�c�7�.

�©Ì�|^ von Karman ë6Ìïá 2-qubit
Å�Ý�., ¿©Û
3�í&�¥ØÓ��íë
6rÝ±9��ëêéØÓ;��ÄþÅ�1f
é�Å�A5�K�,�?�ÚïÄÄu;��Ä
þÅ�1f�p�gd�mþfÏ&Jø
nØ
�â.

2 2-qubit XÚ¥þfÅ���Å�Ý

Å�3þfÏ&Úþf&E?n�¡äk
��A^. Å�´þfåÆ��SN, ´�3u
þfåÆ¥õNþfXÚ¥�«AÏ�!�½�
�þf'é. Å��´�õNþfXÚ¥þf�
�L�ÑØUdþf���È�L«�AÏ�þ
fy�. ÄuÅ��þf&EÏ&�±)û²;Ï
&¤ØU¢y�&E?n, ±1f�Å����þ
fÏ&¥�, Å��3gd�m�þf&�¥D
Ñ, Å��É�	.�¸�K�, ��Å����
Ñ, $���1fdÅ��üz��©l�, ùÒ
´þf�ò�Z�A [14]. �
½þ��½��þ
fNX´Ä´Å�±9Å�þ�õ�, <�Ú?

Å�Ý [15] �Vg. Å�Ý´éÅ�1fÅ�§Ý
�Ýþ, �½Å��¤äkÅ�þõ���â. Å
�Ý�XÚØÓ�Å��Jø
�±'��'X,
~^�Å�Ýþ��{kÜ©�Å�Ý!/¤Å
�Ý [16,17]!�2Å�!�éÅ�� [18] ÚKÝ.

3gd�mþfÏ&¥, Å��  É�	
.�¸�K�, ¦Å�1félÅ�X�üz�
��Å�·Ü�, u´ Bennett �<JÑ
/¤Å
�Ý [16,17]. ��üNp�Å�·��/¤Å�Ý

Ñ´J±O�, �?uïÄ&¢�ã. �´éu 2-
qubit XÚ, Wotters �Ñ
/¤Å�Ý�)ÛL�
ª [19]�

E(ρ) = H

[
1
2
(
1 +

√
1 − C2(ρ)

)]
, (1)

Ù¥, H(x) = −x lnx−(1−x) ln(1−x), ρ� 2-qubit
XÚeÅ�1fé��ÝÝ
, C(ρ) ��)Å�
Ý [19], E(ρ) �X C(ρ) �CzüNCz, K C(ρ)
�L�ª�

C(ρ) = max{λ1 − λ2 − λ3 − λ4, 0}, (2)

ùp, λ1, λ2, λ3, λ4 ���Ý
 ς �����â²
��, � λ1 > λ2 > λ3 > λ4, ς �L�ª�

ς = ρ(σy ⊗ σy)ρ∗(σy ⊗ σy), (3)

ùp, σy ��|Ý
, � σy =

 0 −i

i 0

, ⊗ L«�

È�, ρ∗� ρ �E�Ý. éuÅ�5`, � C(ρ) = 1
�, Å�1fé���Å��; � C(ρ) = 0 �, �
�Å��; � 0 < C(ρ) < 1 �, Å�1fé?u�
��Å��.

3 ;��ÄþÄeÅ�V1f���
ÝÝ


3�í&�¥, �íë6U
�Å�UC1å
�Ì�A5, Úå1å�ÌÝ�Å�åÏ, éuü
� LG ��1f�5`, Ù�Ý�Î�^;��Ä
þ�Ä5L«,� [13]

ρ(z) =
∑
mn

|m〉ρmn(z)〈n|, (4)

ùp, ρmn ��ÝÝ
�, |m〉 Ú 〈n| �L;��Ä
þÄe� LG �. ;��Äþ5L��mÅ¼ê
� LGm(K, z) = 〈K|m, z〉, ùp K ´ü��mª
Çî�¥þ, LGm(K, z)� LG ����Fp�C
�¼ê, T¼ê�DÑ�� z k', KT;��Ä
þ��d |m, z〉 5L«, �������ü���
Ä. 3C¶Cq�¹e, 1f3ë6¥DÑ�Å¼
êdüÜ©|¤ [13]: �Ü©´vk�íë6�3
�&�¥DÑ, ,�Ü©3�íë6�3&�¥D
Ñ. 3Ã���DÑål dz ¥, Å¼ê�L«�

LGm(K, z)
dz−→ LGm(K, z) + i[|K|2]LGm(K, z)

− 2k2N(K, z) ∗ LGm(K, z)]dz/(2k), (5)
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ùp, ∗ �òÈ, k �Åê, N(K, z) �ò�ÇÅ
Ä�ü�Fp�C�, §�L�ª� N(K, z) =
1
2π

∫ ∞

−∞
χ̃(k)(Φ0(k)∆−3

k )1/2 exp(ikzz)dkz Ù ¥ k

�n��mªÇ¥þ, Φ0(k) �ò�ÇÅÄ�õ
ÇÌ�Ý, � ∆k �ª�S�mªÇ¥þ��Z
°Ý, χ̃(k) �n�Ì¼ê, ÷v χ̃∗(k) = χ̃(−k),
� 〈χ̃(k1)χ̃∗(k2)〉 = (2π∆k)3δ3(k1 − k2) δ3(k)�n
� Dirac-delta ¼ê. ò (5) ª�\ (4) ª¥, K1f
�ÝÝ
Cz�

ρ(z) =
∑
mn

(
1

4π2

)2 ∫ ∞

−∞
|K1〉LGm(K1)ρmn(z)

× LGn(K2)〈K2|d2K1d2K2, (6)

Kd (5) Ú (6) ª, �Ý�Î��©/ª�

∂zρ(z) =
∑

mnpq

|m〉ρpq(z)〈n|
∫ ∞

−∞
LG∗

m(K1)

× LGn(K2)
[
k2

∫ ∞

−∞
Φ1(K ′)LGp(K1 − K ′)

× LG∗
q(K2 − K ′)

d2K ′

4π2
− k2LGp(K1)

× LG∗
q(K2)

∫ ∞

−∞
Φ1(K ′)

d2K ′

4π2

+
i

2k
(|K1|2 − |K2|2)LGp(K1)

× LG∗
q(K2)

]
d2K1

4π2

d2K2

4π2
, (7)

ùp, Φ1(K) = Φ0(K, kz = 0). (7) ª¥�1��È
©�±L«�

Emnpq = k2

∫ ∞

−∞
Φ1(K)W ∗

mp(K)Wnq(K)
d2K

4π2
,

(8)

Ù¥, Wmn(K, z) =
1

4π2

∫ ∞
−∞ LGm(K1)LG∗

n(K1 −
K)d2K1. du LGp(K1) Ú LG∗

q(K2) �p��, ¤

±
1

4π2
k2LGp(K1)LG∗

q(K2)
∫ ∞
−∞ Φ1(K ′)d2K ′ ��

{z� δp,qR, Ù¥ δp,q � Kronecke-delta ¼ê, R

deªL«:

R = k2

∫ ∞

−∞
Φ1(K)

d2K

4π2
. (9)

(7) ª¥�����

Vmnpq =
i

2k

∫ ∞

−∞
(|K1|2 − |K2|2)LGp(K1)

× LG∗
m(K1) × LGn(Kn)LG∗

q(K2)

× d2K1

4π2

d2K2

4π2
. (10)

ã 1 ;��ÄþÅ�1fé3�í&�¥DÑ«¿ã

3�íë6Úå��Å� åÏÚò�ÇÅ
Ä, E¤Ð©;��Äþ�Ñ��Ù¦��ªE¤
Å��ª�ò�Z. 3guëþe=�¥, |^p
d1å��Ä$1å, bXÅ�V1f�»��
ê p = 0, �� ��ê�����, l = ±q � LG
�. e�´1å3ë6�3&�¥DÑ, ,�´1
å3ë6Ø�3�&�¥DÑXã 1 ¤«, @o�
|^ (7), (8), (9) Ú (10) ª, ��Å�V1f��Ý
Ý
���ªL�ª�

∂zρmnpq =Vmnrsρrspq + Vpqrsρmnrs

+ Emnrsρrspq − Rρmnpq. (11)

|^ Von Karman �íë6Ì5©Û3�í&
�¥�íë6é;��ÄþÅ�1fé�K�. �
í&�¥�íë6 Von Karman Ì [20] �L�ª�

Φ0(k) = 0.033C2
n(|k|2 + κ2

0)
−11/6, (12)

ùp, C2
n ��íë6�ò�Ç(�~ê, 3ØÓ�

ë6rÝeÙ��XL 1 ¤«. κ0 �ë6�	ºÝ
¤�'. ùpr�íë6Ì��ò�ÇÅÄ�õÇ
Ì�Ý, d (9) Ú (12) ª��

R = 0.1244C2
nκ

−5/3
0 . (13)
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e Vmnpq(z) = 0, @oë6	ºÝ�^�e Emnrs

��"��

Eq,q,q,q(z) = Eq,−q,q,−q(z) = E−q,q,−q,q(z)

= E−q,−q,−q,−q(z)

= R − αqh(z), (14)

Eq,q,−q,−q(z) = E−q,−q,q,q(z) = βqh(z), (15)

ª¥ αq Ú βq ´d q û½�~ê�þ�u 0, h(z)
�L�ª�

h(z) = π3C2
nw

11/3
0 λ−3z

−8/3
R (z2

R + z2)5/6, (16)

ª¥ zR �a|�Ý� zR = πw2
0/λ, w0 �1åå

��», λ�1å�Å�, K (16) ª���

h(z) =π1/3C2
nw

−5/3
0 λ−1/3

× (π2w4
0λ

−2 + z2)5/3. (17)

r (13), (14), (15) Ú (17) ª�\ (11) ª��� 2-
qubit Å�1fé��ÝÝ
,�

ρ =
1
4


ad 0 0 0l

0 bd cd 0

0 cd bd 0

0 0 0 ad

 , (18)

ùp,

d = exp[−(αq − βq)H(z)], (19)

a = 1 − exp[−2βqH(z)],

b = 1 + exp[−2βqH(z)],

c = −2 exp[−βqH(z)], (20)

H(z) =
∫ z

0

h(y)dy,

ª¥, z �Å�1fé�DÑål, � z = 0 ���
� H(z) = 0.

L 1 ØÓ��íë6e�ò�Ç(�~ê

�íë6�rÝ �íë6ò�Ç(�~ê C2
n

fë6 C2
n < 6.4 × 10−17

¥�ë6 6.4 × 10−17 < C2
n < 2.5 × 10−13

rë6 C2
n > 2.5 × 10−13

4 �íë6eÅ�1fé�Å�Ý

éuÅ��5`, �ÝÝ
÷v tr(ρ) = 1, �
�Å�X�� tr(ρ2) = 1, Å�·�� tr(ρ2) < 1.
dÝ
 (18) ��T 2-qubit XÚ�ÝÝ
�, T =
tr(ρ) = d, ��ÝÝ
�,´Cz�. �
ïÄ

Å�1fé�Å�Ý, ùpb��ÝÝ
�,©
ª� 1. ÏLïáÅ�1fé/¤Å�Ý��.
5©Û�í&�¥Å�1fé�Å�A5. d (2)
ª��

ς =
(

1
4

)2


a 0 0 0

0 b c 0

0 c b 0

0 0 0 a




0 0 0 −1

0 0 1 0

0 1 0 0

−1 0 0 0



×


a 0 0 0

0 b c 0

0 c b 0

0 0 0 a




0 0 0 −1

0 0 1 0

0 1 0 0

−1 0 0 0

 ,

(21)

ùp

σy ⊗ σy =


0 0 0 −1

0 0 1 0

0 1 0 0

−1 0 0 0

 ,

ρ = ρ∗ =
1
4


a 0 0 0

0 b c 0

0 c b 0

0 0 0 a

 ,

K

ς =
1
16


a2 0 0 0

0 b2 + c2 2bc 0

0 2bc b2 + c2 0

0 0 0 a2

 . (22)

@o ς A����â²���

λ1 =
1
4
(b − c), λ2 =

1
4
a,

λ3 =
1
4
a, λ4 =

1
4
(b + c). (23)

r (20) Ú (23) ª�\ (2) ª¥, ��� C(ρ),�

C(ρ) =max
{

1
2

exp[−βqH(z)]

+ exp[−2βqH(z)] − 1), 0
}

. (24)

(24) ª� �, C(ρ) � X z � O �  Å ì ~ �, 3
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z = 0 ? C(ρ) = 1. r (24) ª�\ (1) ª¥�� � 2-qubit /¤Å�Ý�L�ª,�

E(ρ) = max

{
1
2
H

(
1 +

√
1 − 1

4
exp[−βqH(z)] + exp[−2βqH(z)] − 1)2

)
, 0

}
, (25)

Ù¥, H(x) = −x lnx − (1 − x) ln(1 − x).

5 ê�©Û

ã 2— ã 7 ¥� (a), (b) Ú (c) ©OéA�
íë6ò�Ç�ê� C2

n = 6.4 × 10−17 m−2/3,
C2

n = 1.7 × 10−14 m−2/3 Ú C2
n = 3 × 10−13 m−2/3

�Å�1féÅ�Ý�Cz�. lã¥�±w�

ã 2 �íë6eØÓ�;��ÄþÅ�1fé��)Å�
ÝCzã

3�íë6�3��í&�¥, Å�ÝÅìP~
� 0, Å�1féd��Å�ÝÅìò�Z��
©l�, V1f�m��
'é5; 3�Óë6
rÝ^�e, ØÓ�;��Äþ�êÅ�1fé
��±Å��ålØÓ, ;��Äþ��Å�1
féÅ�ÝP~��ú; éu�Ó�;��Äþ
�ê�Å�1fé, ë6rÝ��Å�ÝP~�
�¯.

ã 3 �íë6eØÓ�;��ÄþÅ�1fé/¤Å�Ý
�Cz
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ã 2 Úã 3 ©O�Å�1fé��)Å�Ý
Ú/¤Å�Ý�DÑål'X�Cz�ã, ùp
ëê λ = 650 nm, w0 = 0.01 m.

ã 4 Úã 5 ©O�Å�1fé�)Å�Ý
Ú/¤Å�Ý�DÑål'X�Cz�, ùp
ëê λ = 650 nm, w0 = 0.1 m. dã 2 Úã 4

é'½öã 3 Úã 5 é'�±w�, 3�íë
6rÝÚ;��Äþ�ê�Ó��¹e, � w0

d 0.01 Cz� 0.1 �Å�ÝP~��, Å�1f
é�DÑålC�, ù`²
·��~� w0 �
±~�Å�Ý�P~¿O�Å�1fé�DÑ
ål.

ã 4 �íë6eØÓ�;��ÄþÅ�1fé�)Å�Ý
�Cz

ã 5 �íë6eØÓ�;��ÄþÅ�1fé/¤Å�Ý
�Cz

ã 6 Úã 7 ©O�Å�1fé��)Å�Ý
Ú/¤Å�Ý�DÑål'X�Cz�. ùpë
ê λ = 720 nm, w0 = 0.01 m. dã 2 Úã 6 é'½
öã 3 Úã 7 é'�±w�3�íë6rÝÚ;

��Äþ�ê�Ó��¹e, � λ d 650 nm Cz
� 720 nm �Å�ÝP~� 0 �, Å�1f�DÑ
ålC�, ù`²
·��O� λ �±~�Å�Ý
�P~¿O�Å�1fé�DÑål.
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ã 6 �íë6eØÓ�;��ÄþÅ�1fé��)Å�
Ý�Cz

ã 7 �íë6eØÓ�;��ÄþÅ�1fé�/¤Å�
Ý�Cz

6 ( Ø

�©Ì�lnØþ©Û
�í&�¥�íë
6éÄu 2-qubit ;��ÄþÅ�1féÅ�A5
�K�. |^ von Karman ë6Ìïá�íë6eÅ
�1fé�Å�Ý�., ÏLé�í&�¥K�1
féÅ�Ý���ëê�©Û, �±wÑ3�í&
�¥du�íë6�K�, 3DÑ��þÅ�1f
é�Å�Ý�XDÑål�O\ÅìP~� 0,

1fdÅ��Åìòz��©l�. ;��Äþ
���Å�1fé�DÑål��u;��Äþ
��Å�1fé. ëê λ Ú w0 éÅ�1fé�ò
z��3XK�, λ �DÑål¤�', , w0 �
DÑål¤�'. Ïd, 3�í&�¥e¦Å�1
f3���DÑålþ�±Å�A5, �±·�O
\1å�Å�½ö~�1å�å���, ù�ïÄ
Äu;��ÄþÅ��gd�mp�þfÏ&J
ø
nØ�â.
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Abstract
In this paper, we describe orbital angular momentum entangled photon pair entanglement in atmospheric channel. The Von

Karman spectrum of turbulence is used to create a model of two-photon pair entanglement. The effects of atmospheric turbulence on
the entanglement of entangled photon pairs of different orbital angular momentum bases are analyzed. The obtained results are as
follows because of the presence of atmospheric turbulence, the entanglement of entangled photon pairs decreases with the increase of
the propagation distance z in the atmosphere channel. The entanglement of the entangled photon pairs decreases with the increase
of transmission distance. The bigger the turbulence intensity, the faster the entanglement decline and the shorter the propagation
distanceis. In the same intensity of atmospheric turbulence of the atmospheric channel, the bigger the orbital angular momentum index,
the slower the entanglement decline and the further the propagation distanceis.
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