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�©ïÄ
ü²1��+�¥�5Å�56N�±Ï>'6Ä, Ù¥�5Å�56N���'X´d2
Â Maxwell �.£ã�. ò>'å��Nå, )Û¦)
��5� Poisson-Boltzmann (P-B) �§, �ÜÄþ�§Ú2
Â Maxwell ���§. ÏLê�O�, ©Û
Ãþj9¡ Zeta ³ ψ̄0!±Ï>'6 (electroosmotic flow, EOF) ��X
ìê Re ÚÃþjµþ�m λ1ω é�Ý¿¡�K�. (JL²: é�½�>Ä°Ý K(L«�+��A�ºÝ�V
>�þÝ�'�)!µþ�m λ1ω Ú��Xìê Re, p Zeta ³ ψ̄0 �)��� EOF �Ý�Ì, ¿��Ý¿¡�Cz
Ì�8¥3V>� (electric double-layer, EDL) �dÄ�«�. d	, �Xµþ�m�O�6N��5wÍO\, �Ý
�Cz�±ò����6Ä�«�¥. é�½�Xìê Re, ���µþ�m λ1ω �� EOF �Ý¿¡�¯�Cz,

��Ý¿¡��ÌÅìO�.

'�c: EDL, ±Ï EOF, 2Â Maxwell 6N, ²1�m�+�

PACS: 47. 61.−k, 47.50.−d, 47.57.jd, 02.60.−x

1 Ú ó

�6N��3�>fXÚ (micro electro me-

chanical systems, MEMS) Ú)ÔDaì+�, X�
¡¢�¿ (lab-on-a-chip)[1,2], ké��A^. �
>)���+�+�9�p�>�, Ò¬Úå9
¡�>)��m�>Ö��. ù�6u�+��
zÆ¤©Ú>)�3L¡�zÆ�AL§. L¡
�>ÖÏLK�6N¥ÒlfÚ�lf�©Ù
��
 EDL �/¤. ��>�lfé¯/à8
39¡NC, /¤
�k��;.lf�»þÝ
� stern �. ;bX stern �, /¤
=¹k�lfq
¹kÒlf� diffuse �, ¿�§�lf�Ý©Ù÷
v Boltzmann ©Ù. �	\>|÷�>L¡���

��, 3 EDL ¥�lfò¬É�¥Õå��^
$Ä. ù�du6NÅ5��^, �±£Ä� (gd)

lfò¬�ÄNC6N�ì$Ä, �ª/¤
 EOF.

y3 EOF �2�/^u)Ô!zÆÚ��+�.

3�«AÛ/G��+¥, X²1�+� [3]!
�ÎG�+ [4]!�/«�+� [5,6]!ý�/+
� [7]!Ý/�+� [8,9]!T / [10] Ú��/·Ü
�¡�+� [11], ��uÐ��+�Úî6N EOF

3nØ�¢��¡®kéõïÄ. ,, ù«½
~ EOF y��¦�p>ØÚ��|r, ùk�U
�¢�^��5Ãõ(J.

�C, ��mk'� EOF �����6Nå
Æ°ÄÅnÚå
�5�õÆö�5¿. Dutta

Ú Beskok[12] �@^)Û��{5&?ü�²1
��m±Ï EOF. ¦��ã
ü²1�m±Ï EOF
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Úd÷�d1�¯K�m�ÉÓ:. 3Ø�¦�
� EDL þÝb�e, Keh Ú Tseng[13] ïÄ
]�
���+�¥�>Ä6Ä, �Ñ
�+�¥>'6
�ÝÚ]�6Ç�)ÛL�ª. ÏL$^��¼
ê��{, Kang �< [14] )Û�Ñ
��mCz
�	\>|�^e�+¥�]� EOF �Ý|. é
uÝ/�+�¥�±Ï EOF 6Ä, Wang �< [15]

�Ñ
�)Û). ¦�uy, ±Ï EOF ��Ýr
�/�6u��Xìê!EDL �á5Ú	\>
|. Chakraborty Ú Ray[16] ïÄ
�/�+�¥�
þ6Ç���¯K. �C, éu±Ï EOF �k
Ü EDL �2Â�.d Chakraborty Ú Srivastava[17]

JÑ. ¦�ÿÐ
 Qu Ú Li[18] �'uÜ EDL

�ïÄ¤J. �C, Jian �< [19] ��
�/�+
�¥±Ï EOF �Ý©Ù�)Û). ¦�?Ø
ü
«4���¹, =²1��mÚ�/�+¥�±
Ï EOF.

±þ¤kJ9�ïÄ�Ä�Ñ´Úî6N. �
�6N��²~�^5©Û)Ô6N, ù
6N²
~´�ó©f�M�. �´duù
�ó©f¦�
6N¥yÑ�
�Úî6N�5�, ~X�±Cz
�Å5!PÁ�A!{�Aå�A!¯ÑAå±
9´¢6Ná5. �
£ã�Úî6N3�+�S
�6ÄA:, ÄkAT�ÑÜ·���'X5L�
ÄåÆÅ5Ú}�CzÇ�méX, ,�^�2Â
��ÜÄþ�§5£ã�Úî6N�$Ä. �Úî
6N�>'6Ä3nØþ�ïÄ��, �ÏÌ�´
6N��E,���'X�5�)Ûþ�(J, �
ù�¡�ïÄÌ���3�
{ü��Úî6N
�.þ.

Das Ú Chakrabotry[20,21] ïÄ
�Úî���
5�Æ6N�½~ EOF 6Ä. Ó��6N�.
� Zhao �< [22] $^u�+�d¿¥�½~ EOF

�¡�ïÄ�¥. ¦�¼�
�6u�Æ�ê n

��Ý¿¡�)ÛL�ª. Vasu Ú De[23] ïÄ

p Zeta >³Ý/�+�¥�Æ6N� EOF ¯K.

Zhao Ú Yang[24] ��
3?¿ Zeta ³�9¡þ,

�Æ6N EOF �2Â Smoluchowski �Ý. Tang �
< [25] $^�f Boltzmann �{�[
�+�¥
�Æ6N EOF �6Ä. Wang �< [26] ê��[

C Zeta ³�¹ef[+��>'6|, `² Zeta

³�Czò4�/K�6|��ÝÚØå©Ù.

Zhang �< [27] |^k��©{é>'°Ä�Ï

�¥óÀ�¬�ßÝ*Ñ?1
ê��[. Lin �
< [28] |^��Nk��©{é�þ!�Ï�Ø
ÓL¡³�·Ü�¬?1
ê�©Û. 3©z [29]

¥, Liu Ú Jian �<?Ø
²1��+�¥Å�5
6N�±Ï EOF ¯K. A^�5z� P-B �§, ¦
�Äg��
²1��+�¥�5Å�56N —–

2Â Maxwell �.�)Û), ¿�Ñ
Ãþjz
�Ý¿¡�)ÛL�ª. Ó��6N�. Jian �
< [30] 3Ý/�+�¥ïÄ
�½~ EOF, ¦�¼
�
2Â Maxwell �.��Ý¿¡�)ÛL�ª.

d	 Jian �< [31] 3�/�+�¥ïÄ
 Jeffreys

6N� EOF. �Ä
�+�NC�àÜÔ�©f�
ü½�A, ò6Ä«�©�ü�. �Ñ
�Ý¿¡
)ÛL�ª.

3¢S�ó§A^¥, �õê� - �.¡þ�
L¡·>³Ñpu 25mV, A^�5z� P-B �§
��´ØÎÜ¢S�¹�. �©í2
©z [29]

�(J, ò�3��5 P-B �§, ïÄ²1��+
�¥�5Å�56N —– 2Â Maxwell �.�±
Ï EOF. �Ñ EOF �Ý��)Û)L�ª, ¿é(
J?1
ê�O�.

2 úªí�Ú)Û)

Xã 1 ¤«, �Äü�må� 2H!�K>Ö
�²1�+�¥Ø�Ø 2Â Maxwell 6N��
½~ EOF. �+���Ý� L, °Ý� W . b�ùü
�ëê���u�+��pÝ, = L, W À 2H . ï
á���IX, - x ¶ y ¶�pR�¿�©O��
>²¡��. Ó�, ·�5½e� u y = −H ?,

þ� u y = H ?. >)�M���N9¡�m�
zÆ�p�^�)
 EDL. EDL ´���~�� 
u�N - �N.¡þ��>6N�. EOF 6Ä´�
÷¶����\�|r� E0 ��6>|¤°Ä.

duAÛ/Nþ�é¡5, ·�=éu+��þ�
Ü©?1ïÄ. e�Ñ÷ x ���ØåFÝ, @o
����ÜÄþ�§�±L«�

ρ
∂u(y, t)

∂t
= − ∂

∂y
(τyx) + ρ e(y)Ex(t), (1)

Ù¥, u(y, t) L«÷ x ¶����Ý©þ, ρ ´6
N��Ý, t L«�m, τyx L«AåÜþ, ρ e(y)

L«>ÖN�Ý, Ex(t) L«�6>|. éu2
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Â Maxwell 6N, ��'X÷vXe'X [32]:

τyx = −
∫ t

−∞

η0

λ1
exp[−(t − t′)

λ1
]
∂u(y, t′)

∂y
dt′, (2)

Ù¥ λ1 L«6N�µþ�m, η0 ´"}�ÇÅÝ.

3 (2) ª¥, t ���Aå�6ukc�� t′ ��
ÝFÝ. ,, du��'X¥�È¼ê´�ê¼
ê, ¤±ål t C� t′ ���G�é(J�K��
�. Ïd, 6NéuCÏ� “PÁ” ru§é±c�
�� “PÁ”. ù«y�¡� “PòPÁ” �A [32].

ò (2) ª�\ (1) ª��

ρ
∂u(y, t)

∂t
=

∫ t

−∞

η0

λ1
exp

[
− (t − t′)

λ1

]
∂2u(y, t′)

∂y2
dt′

+ ρ e(y)Ex(t). (3)

b��6>|Ú±Ï EOF ��Ý�±�¤Xe�
E¼ê/ª

u(y, t) = <u0(y)eiωt, Ex(t) = <E0 e iωt, (4)

ª¥, <{} L«±Ï EOF ¼ê�¢êÜ©, ω L«
�6>|����ªÇ. ò (4) ª�\ (3) ª�, 3
�ªü>Ó�Ø± e iωt, �K¢ÜÎÒ, ��

ρiωu0(y) =
d2u0(y)

dy2
(

η0

1 + iλ1ω
) + ρ e(y)E0. (5)

ã 1 �+�¥2Â Maxwell 6N��m±Ï EOF 6�«¿ã

�â·>ÆnØ, >³ ψ Úü NÈ�·>Ö
�Ý ρ e(y) �m�'X�d P-B �§£ã

∇2ψ = −
ρ e(y)

ε
, (6a)

ρ e = −2n0zνesinh
zνeψ

kBT
, (6b)

ª¥ ε ´>)�M��0>~ê, n0 ´�Nlf
ßÝ, zν ´>ÖzÜd, e ´>f¤��>Öþ,

kB ´ Boltzmann ~ê, T ´ýé§Ý. ��§ (6b)

� (6a), �

∂2ψ

∂y2
=

2n0zνe

ε
sinh

(
zνeψ

kBT

)
. (7)

§éA�>.^��

ψ|y=H = ψ0, (8a)

dψ

dy
|y=0 = 0, (8b)

ª¥ ψ0 �9¡� Zeta >³. Ú\ÃþjCþ

ψ̄ =
zeψ

kBT
, ψ̄0 =

zeψ0

kBT
,

ȳ =
y

H
, K = κH,

Ù¥

κ =
(

2n0z
2
νe2

εkBT

)1/2

, (9)

þª¥, κ ¡� Debye-Hückel ëê, Ù�ê 1/κ ä
k�ÝÏg, �L EDL �þÝ, ¡� Debye �Ý.

K ¡�Ãþj�>Ä°Ý, §L��+���°Ý
� Debye �Ý�'�. ò (9) �\ (7),(8) ª, ��Ã
þj P-B �§Ú�A�>.^�

∂2ψ̄

∂ȳ2
= K2sinhψ̄, (10)

ψ̄|ȳ=1 = ψ̄0, (11a)

dψ̄

dȳ
|ȳ=0 = 0. (11b)

¦)¯K (10) Ú (11), �ª¦�>|³Ú>Ö�Ý
©Ù

ψ̄ =2ln
[(

1 + eK(ȳ−1)tanh
ψ̄0

4

)
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/(
1 − eK(ȳ−1)tanh

ψ̄0

4

)]
, (12)

ρ e = − 2n0zνesinhψ̄

= − κ2ε
kBT

zνe
sinhψ̄. (13)

¯¢þ, du>Ö�Ý©Ù��½G���m�
~á, � Debye �þ�>Ö©ÙØ¬É���mC
z� EOF �K�. ò (13) ª�\ (5) ª, �

d2u0(y)
dy2

−
[ iρω(1 + iλ1ω)

η0

]
u0(y)

=εk2 kBT

zνe
E0 sinh ψ̄

(1 + iλ1ω)
η0

, (14)

d�§�>.^�Xe:

u0(y)|y=H = 0, (15a)

du0(y)
dy

|y=0 = 0. (15b)

Ú\�|Ãþjëê

ū0(ȳ) =
u0(y)
U eo

,

U eo = −εψ0E0

η0
,

Re =
ρωH2

η0
, (16)

þ ª ¥, U eo L « Ú î 6 N  ½ � Helmholtz-

Smoluchowski EOF �Ý, Re ´>��Xìê. $
^�ª (16), �§ (14) Ú�A�>.^� (15) �Ã
þjz�Xe/ª:

d2ū0(ȳ)
dȳ2

− [iRe(1 + iλ1ω)]ū0(ȳ)

= − K2

ψ̄0
sinhψ̄(1 + iλ1ω), (17)

ū0(ȳ)|ȳ=1 = 0, (18a)

dū0(ȳ)
dȳ

|ȳ=0 = 0. (18b)

�ª (17) ´��'uE¼ê ū0(ȳ) ����àg
� �©�§, �Xê

iRe(1 + iλ1ω) = (α + iβ)2, (19)

Ù¥ α Ú β ´¢ê, §�de¡��ª�Ñ:

α =

√
Re

2
[√

1 + (λ1ω)2 − λ1ω
]1/2

, (20a)

β =

√
Re

2
[√

1 + (λ1ω)2 + λ1ω
]1/2

. (20b)

�§ (17) �Ï)^~êC´{�Ñ, �ª/ª�

ū0(ȳ) =

{∫ ȳ

0

[
− (α + iβ)

2iRe
· K2

ψ̄0
e−(α+iβ)ȳ′

× sinhψ̄′
]
dȳ′ + C1

}
e(α+iβ)ȳ

+

{∫ ȳ

0

[
(α + iβ)

2iRe
· K2

ψ̄0
e(α+iβ)ȳ′

× sinhψ̄′
]
dȳ′ + C2

}
e−(α+iβ)ȳ, (21)

þª¥ sinhψ̄′ L« sinhψ̄ ¥� ȳ �� ȳ′. Ð©^
� (18) �\�§ (21), K~ê C1 Ú C2 �L«�

C1 =C2 =
K2(α + iβ)

2iReψ̄0[ e(α+iβ) + e−(α+iβ)]

×
{ ∫ 1

0

[
e(α+iβ)(1−ȳ) − e(α+iβ)(ȳ−1)

]

× sinhψ̄dȳ

}
. (22)

3 (J�?Ø

¦+þã(J´dÃþjëê5�Ñ�, �3
¢S�ó§¯K¥E,I��Ñ�
;.�kþ
jëê���. 3±e�O�¥, ;.ëê���
Xe [33,34]: ρ = 103 kg·m−3, η0 = 10−3 kg·m−1s−1,

H = 100 µm, 9 ¡ Zeta ³ Ψ0 � C z � � @
� −25 mV � −250 mV. Ó�, 	\>|ªÇ�
Cz��´l 0 � 1.6 kHz, ��éA��ªÇ ω

�Cz��´l 0 � 104s−1. Ïd, Xìê Re �±
l 0 � 100 �m��. 9¡Ãþj Zeta ³ ψ̄0 �C
z��� −1 � −10. �â©z [32], µþ�m λ1ω

���é2�, 3�©¥�����½� 10−4 s

� 103 s.

é y � � ê � È © � {, F / ¦ È ú ª
Ú Simpson ¦Èúª�,O�{ü!¦^�B,

�´°Ý��. pd.¦Èúª�°Ý�p, �
ÏÙ!:Ø5K, �!:O\�, c¡O��¼
ê�ØU��¡¤^, O����ýk�\ØÓ
�!:�ÚXêL, ���¦^. |^�©Eâ
��� Romberg �{��{{ü, ´u?§¢y.
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�!:\�JpÈ©Cq§Ý�, c¡O��(
J�±��¡¤^, é~�O�þékÐ?, ¿
k'�{ü�Ø��O. Ïd (21) ª^ Romberg

ê�È©O�, � K = 20, �½�µþ�m λ1ω

(0.5 Ú 3.5), ã 2 Úã 3 ©O�Ñ
3ØÓ� Zeta

³ ψ̄0 (−1.0, −5.0, −7.0 Ú −10) e, ØÓ���X
ìê Re (3, 10, 30 Ú 100) éA�2Â Maxwell 6
N��+� EOF �Ý¿¡. lã 2 ¥�±wÑ, é
u�á�µþ�m λ1ω, �Ý�Cz���3;
b EDL �dÄ«�. éu���µþ�m λ1ω, X
ã 3, EOF �ÝCz*Ð���«�. �)ù«y�
��Ï´���µþ�m λ1ω ¿�X����5
�AÚ���¡EUå. du2Â Maxwell � “P
òPÁ” y�, éu�½���Xìê, O\µþ
�m λ1ω �� EOF ��Ý¿¡3	\>|��^
e�\N´Cz. Ïd, lã 3 ¥·��±w��
Ý¿¡�¯�/Cz. d	, lã 2 Úã 3 �±w
Ñ, é�½�>Ä°Ý K, ��Xìê Re Úµþ�
m λ1ω, O\9¡ Zeta ³¦�6N� EOF �Ý�Ì
C�.

lã 2 Úã 3 ��±wÑ, éu�½�µþ�
m λ1ω, O\��Xìê Re ò¬�� EOF �Ý¿
¡�¯�Cz. �)ù«y���Ï´ÑÑ�m
ºÝ���u�Ä±Ï. Ïd, 6N�$Ävkv

��m*Ñ��+��ü9¡¥m�²¡, ¿
� EOF ��ÝCz���3;bü�N9¡��
�¥.

ã 4 �Ñ
3ØÓ�µþ�m λ1ω(0,2 Ú 4)

e, Ø Ó � � � X ì ê Re (0.1 Ú 50), Ø Ó 9
¡ Zeta ³�¹e2Â Maxwell 6N� EOF �Ý
¿¡©Ù. � λ1ω = 0 �, L«Úî6N��Ý
¿ ¡. l ã 4 ¥ � ± w Ñ Ú î 6 N Ú Maxwell

6 N (λ1ω = 2 Ú 4) � m � � Ý � Ì � � É
´²w�. ÏdïÄ Maxwell 6N3�Ï�¥
� EOF ´ � ~ 7 � �. l ã 4 ¥ � � ± w Ñ,

é u � $ � � � X ì ê Re Ú � á � µ þ �
m λ1ω, ²;� Helmholtz-Smoluchowski �Ý¿¡
¬Ñy (ã 4(a), (c)). p Zeta ³éA��Ý¿¡ã
�Ì��.

ã 2 ØÓ Re Ú ψ̄0 �Ãþj EOF �Ý�¿¡ã (K = 20, λ1ω = 0.5) (a) Re = 3; (b) Re = 10; (c) Re = 30; (d) Re = 100
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ã 3 ØÓ Re Ú ψ̄0 �Ãþj EOF �Ý�¿¡ã (K = 20, λ1ω = 3.5) (a) Re = 3; (b) Re = 10; (c) Re = 30; (d) Re = 100

ã 4 ØÓ Re Ú λ1ω �Ãþj EOF �Ý�¿¡ã (K = 20) (a) Re = 0.1, ψ̄0 = −1; (b) Re = 50, ψ̄0 = −1; (c) Re = 0.1,

ψ̄0 = −5; (d) Re = 50, ψ̄0 = −5
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4 ( Ø

�©ïÄ
²1��+�¥2Â Maxwell 6
N�±Ï EOF. $^©lCþ9~êC´{, Ï
L¦)��5� P-B �§!�ÜÄþ�§Ú2
Â Maxwell ���§, ·�¼�±Ï EOF �Ý¿¡
��)Û). ÏLê�O�, (JL²2Â Maxwell

6N��Ý¿¡r�/�6uÃþj9¡ Zeta

³ ψ̄0, �ÄXìê Re Úµþ�m λ1ω, ¿�ÑX
e�(Ø:

1. éu�½�µþ�m λ1ω, O\��Xì

ê Re ò¬�� EOF �Ý¿¡�¯�Cz.

2. éu�½���Xìê Re, O\µþ�
m λ1ω �� EOF ��Ý¿¡3	\>|��^e
�\N´Cz.

3. éu�½���Xìê Re, µþ�m λ1ω,

>Ä°Ý K, O\9¡ Zeta ³ ψ̄0 ¬���Ý¿¡
�ÌC�, ?`²
æ^�5z� P-B �§¬Ú
åé��Ø�.

4. éu�$���Xìê Re Ú�á�µþ�
m λ1ω, ²; Helmholtz-Smoluchowski � EOF �Ý
¿¡¬Ñy.
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Abstract

In this study, semi-analytical solutions are presented for the time periodic electroosmotic flow (EOF) of linear viscoelastic fluids

between micro-parallel plates. The linear viscoelastic fluids used here are described by the general Maxwell model. The solution in-

volves analytically solving the nonlinear Poisson-Boltzmann (P-B) equation, the Cauchy momentum equation and the general Maxwell

constitutive equation. By numerical computations, the influences of the dimensionless wall Zeta potential ψ̄0, the periodic EOF electric

oscillating Reynolds number Re, and normalized relaxation times λ1ω on velocity profiles are presented. Results show that for pre-

scribed electrokinetic width K, relaxation time λ1ω and oscillating Reynolds number Re, higher Zeta potential ψ̄0 will lead to larger

amplitude of EOF velocity, and the variation of velocity is restricted to a very narrow region close to the electric double-layer (EDL).

In addition, with the increase of relaxation time λ1ω, the elasticity of the fluid becomes conspicuous and the velocity variations can be

expanded to the whole flow field. For prescribed Re, longer relaxation time λ1ω will lead to quick change of the EOF velocity profile,

and the amplitude becomes larger gradually.
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