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�©/Ïu��g^ 1/2-XXZ �.� Bethe-ansatz °(), |^Û��ÝCq (LDA), ?Ø
��³¥��Ã
g^¤�f��Ý©Ù, �Ñ
 ρ̃–u �ã (ùp� ρ̃�Ãþj�âfê�ÝCþ, u��p�^rÝ). é�ã�©Û
L², �X�f�ÝÚC��p�^�Cz, XÚÑyÊ�ØÓ�·Üþf�. ÏLé9åÆMÝ Sρ �O�, uy
Ù���NX�Sëþ, ÙÛÉ:�^±ÝþÉ�NX¥þf�C�u).
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1 Ú ó

3L�A�c¥, ��NXduÙ Luttinger �
N�Ak5���Úå<�2��'5. éu��
r'é¤��. ('XÃg^C��p�^¤�f
�., t-J �., Hubbard �.�) �&?±9ù
�
.¥�Ñ$Ú�A5��ïÄ®Úå<��2�
'5 [1−13]. ��þfg^ 1/2 °Ü��., ´ïÄ
Å�, þf�.y�Ú�C1��{'
­���
.�� [8,9]. �� XXZ �.´��É5°Ü��
.�AÏ�¹, ÏL Jordan-Wigner C� [14], ·�
�±rd�.Ó¬�XÚ¥äkC��p�^�
��Ãg^¤�f�.éXå5.

þfõN�p�^�., 'X Ising �., XXZ
�.Ú�� Hubbard �.�, E,U
^ Bethe-
ansatz ��{)Û¦). ,
�XÚ�3X	|
½ (e�fXÚ¥�) åP³��^���Øþ!
5�, �A��.  Ã{)Û¦) (~	��/
kÃ��³²¥�C��p�^¤�fXÚ [10],
��³åPXÚ¥äkÃ¡�ü½�p�^�
¤�fXÚ� [11]). daNX�¦)��I/Ï
u²þ|�{, �Ý�¼nØ [12] ½î��ê�

�{Xþf�AkÛ (QMC) Ú�ÝÝ
­�z
+ (DMRG)[13] �. Û��ÝCq (LDA) ´íäX
ÚÄ�5��­��{�� [15], ®²�2�A^
u��¬�XÚÄ�5��ïÄ [16,17] , 'X^±
©Û��1¬�¥��e¤�f [18,19], ��7á
¥�6p���� [20], Hubbard �.¥� Mott U
Y [16] Úþfg^ó�A5 [20] �.

3 LDA ¥, �þ!XÚ���'éU´ÏL
þ!XÚ�Û�Cq5?n�. Û��ÝCq�(
JÏ~U�Ð��N�þ!NX��CA:. 3�
p�^Ø�r½ö	³Cz�ú�, æ^ LDA O
�XÚ5�  U��'�Ð�(J [21]. �'u
°(é�z½ö DMRG �ê��{, LDA 3£ã
XÚ�Ä�5��¡äkO��má, vkº��
�����A:.

þ!¬�XÚ¥���Ãg^¤�f��p
�^Ú7á — ý�N�C��p'X®²��

éÐ�n). 
�©Ì�ïÄ�¢Se�f¢�k
'é��?u��³¥���Ãg^¤�fXÚ.
·�æ^ïá3��g^ −1/2 XXZ �. Bethe-
ansatz î�)Ä:þ�Û��ÝCq, �Ñ
TX
Ú��Ý©Ù±9�A��ã. ÏL�ã·�uy,
�XXÚ��ÝÚ�p�^�Cz, XÚòÑy
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Ê�ØÓ�þf·Ü�. Ó�, ·�|^9åÆM
Ý Sρ ��NX�Sëþ, �y
�ã¥��C:.

2 �.ÚO��{

2.1 ��� ...

éu��þf�½��1¬�¥�Ãg^¤
�f, �^;åP�.5£ã. �Ä
��³åP
ÚC��p�^���Ãg^¤�f�M�Ýþ
�L«�

Ĥ = − t

Ns∑
i

(ĉ†i ĉi+1 + H.c.)

+ V

Ns∑
i

(
n̂i −

1
2

)(
n̂i+1 −

1
2

)

+ V2

Ns∑
i

(
i − Ns + 1

2

)2

n̂i, (1)

Ù¥ ĉ†i (ĉi) L«¢�m¥1 i ��:��) (�v)
�Î. n̂i = ĉ†i ĉi �âfê�Î. t ´XÚ�C�m
�BÇ (3�e5�O�¥·�� t�Uþ�IÝ,
- t = 1). 3T�.¥·���Ä�C��p�^,
V ��C��p�^rÝ, Ù¥ V > 0 L«�C�
�:�m�ü½�p�^, V < 0 K�áÚ�p�
^. Ns ��:ê, V2 ��A	³rÝ. 3·��O
�¥, XÚ�Ý Ns �À�o´�y¤�fÑåP
3XÚ¥
vkÄÑ.

3vk	³�þ!�¹e (V2 = 0), éu�¿
÷�XÚ, 3�r��p�^e: V = 2t XÚ?
u Tomonaga-Luttinger �NÚúÝ�>Ö�ÝÅ�
.:, ��n)�7á — ý�N�C:, = V < 2t

�XÚ?u Tomonaga-Luttinger �N�; V > 2t �
XÚ?uúÝ�>Ö�Ý�. d�.�7á — ý
�N�C²wØÓuIO� Hubbard �.: 3�
¿÷�, 7á — ý�N�Cu)u?Û�"�Ó
�:�p�^. Ãg^¤�f�.�ÏL Jordan-
Wigner C� [14] =�� XXZ �.,

Ĥ = −J

Ns∑
i

(ŝx
i ŝx

i+1 + ŝy
i ŝy

i+1) + ∆

Ns∑
i

ŝz
i ŝ

z
i+1. (2)

�'�u�§ (1): J = 2t,∆ = V . d�.�
^ Bethe-ansatz �{î�¦). |∆| > 1 �XÚ
kUY, ∆ > 1 �� Ising «, ∆ 6 −1 ��c^�,
−1 < ∆ < 1 �XÚÃUY, Ä�äk�c^�§

S. XÚ¥�3î�^|�, �§ (2) � U(1) é¡
5�»�, KXÚØ2äk�È5, IÏ¦Cq)
½ê�). d�.�±£ãO��g^ −1/2 �c
^á� Cs2CoCl4 �$§1�. �§ (1) ¥����
�3g^XÚ¥éAX��: �k'�î�^
|

∑
hiŝ

z
i , Ù¥ hi = V2[i − (Ns + 1)/2]2.

��³�\\7,���þ!�Ý©Ù. �
. (1) vk)Û), éÙïÄÏ~/Ïuê��{.
3�©¥·�Ì�æ^Äu°( Bethe-ansatz )�
Û��ÝCqïÄdXÚ¥âfê�Ý©Ù�Ä
�5�. �XâfêÚâfm�p�^rÝ�C
z, XÚ¥�âfò¥yØÓ�©ÙA:. �ââ
f�Ý©Ù3ØÓëê«��A:, �±��X
Ú��ã. ·�� ρ̃ Ú u ���Aëê, ?ØXÚ
� ρ̃–u �ã, Ù¥ ρ̃ �Ãþj��zâfê�Ý
Cþ (ρ̃ = Nf

√
V2/t), u �± t �IÝ��p�r

Ý (u = V/t), Nf �¤�f�ê8.

2.2 OOO������{{{

2.2.1 Û��ÝCq
éu�þ!XÚ�?n´ÏLÛ��ÝCq

5¢y�. ·�Äk¦)�§ (1) ¥� V2 = 0
� � z Æ ³ µhom(n, u): ½ Â� µhom(n, u) =
∂Ehom(n, u)/∂n, d? n = 〈n̂〉. 
 Ehom(n, u) ´
Ï L � § (2) ¦ � �. 3 d � § ¥, Ä � U ä
kî�), �d�|ÍÜ�§�Ñ [23−25] (äN
ú ª �©z [14]). é Ä � U ��© � � z Æ
³. 3 ã 1 ¥, ·� � Ñ 
 þ ! N X ¥ Ø Ó �
p � ^ r Ý e z Æ ³ � � Ý © Ù � C z ' X.
� ± w Ñ 3 −2 < u < 2 �, X ÚÃU Y. 

3 u > 2 �, XÚÑyUY. 3þ!XÚ�Ä:
þÚ\Û��ÝCq, =�þ!XÚ¥?¿�
:�zÆ³�^þ!XÚ¥äk�Ó¤�f�
Ý�zÆ³5CqL«. doUþ�¼ E[n] =∑

i Ehom(n, u)|n→ni + V2

∑
i[i − (Ns + 1)/2]2ni �

4�, �±í�Ñ�þ!íN�Û�²ï^� (�
¡� Euler-Lagrange �§)

µ0 = µhom(n, u)|n→ni + V2

(
i − Ns + 1

2

)2

, (3)

µ0�~ê. ¤�f�Ý÷vâfêÅð

Nf =
Ns∑
i

ni. (4)
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�½âfê Nf ,	³rÝ V2 ±9�p�^rÝ u

�, gUÍÜ¦)�§ (3) Ú (4) �¦�þ!NX
��Ý©ÙÚzÆ³ µ0. I��Ñ�´, ùp�
Û��ÝCq�du�Ý�¼nØµe¥éÃ�
p�^�ÄU�¼Ü©�^
Û��ÝCq, �
ØÓu Thomas-Fermi Cq, 3@p�p�^��
��Ñ. ùp�Û��ÝCq�,|^
ÄU�Ã
�p�^Cq, �Ó���Ä
þ!NX��p�
^�A.

ã 1 þ ! N X ¥ Ø Ó � � p � ^ r Ý e z Æ
³ µhom(n, u) ��Ý©Ù n �Cz'X

3 O�(J�?Ø

3.1 ��� ããã

·�Äkæ^Û��ÝCq5¦)É��
�Ãg^¤�fXÚ��Ý©Ù. ·�½ÂÃþ
j��zâfê�Ý ρ̃ = Nf

√
V2/t. ½Â ρ̃ �

�Ï´: ØÓ� Nf , V2 |Ü, �� ρ̃ �Ó, �Ý©
ÙCq­Ü. ÀJ	³rÝ V2/t = 0.002, ¬��
Ý Ns = 300, �p�^r u = 10. Czâfê Nf ,
l
���A¤�fêe��Ý©Ù. Ù¥¬�
�Ý�ÀJo´�y�Ý©Ù3>.?²wªu
", =¤�f�åP3��³XÚ¥. 3��³
e, ¤�f�Ý��:ÚâfêCz�n�ã�
ã 2. lã 2 �±wÑ, XÚ��Ý©Ùäk�¿
÷ (n = 0.5) �ý�N²�Ú band ý�N (n = 1)
²�.

3ã 3 ¥,·�Ó�Cz�p�^ u Ú ρ̃, �â
�Ý©Ù�ØÓ·��ÑÊ«ØÓ�þf�«�
l
�� ρ̃–u �ã. �XÚ�Ý���, 3��³

��^e, âf8¥u³²¥
, XÚ�Ý©Ùa
qu���Ô�,�7á� (�Ý©Ù�ã 3 ¥�
�ã, P� A �, ³²¥�Ý©Ù n < 0.5). âfm

ã 2 3��³��^e, âf�Ý��:ÚâfêCz
�n�üzã (3Tã¥�p�^rÝ u = 10, 	³r
Ý V2/t = 0.002, ¬��Ý Ns = 300)

ã 3 Ãg^¤�f� ρ̃–u �ã (¢�«©ÑÊ�ØÓ�
·Ü� (A,B,C,D,E), 3 u = −1, 1, 4, 8, 12 ?·�^��
�IÑ
ÏLÿþNX�9åÆMÝ
O�Ñ��.:
� � (äN�ã 4), ã¥�Jp�éAu�½ u = 10,
Cz ρ̃, XÚ²{�«��X�zâfê�Ý�~��g
²{o«ØÓ��, lþ�e�g� D,C,B Ú A �. d�
éAuã 2 ¤�Ñ�n�üzã)

�p�^rÝ�f (u 6 2.8) �¤�f�Ý��
�, XÚ¥y7á -band ý�N·Ü� (P� E �),
³²¥m?�¬��W÷. �âfm�p�^r
Ýv
��, �X¤�f�zê�Ý�O�, XÚ
�gÑy7á - ý��·Ü� (P� B �, ³²¥
mÑy n = 0.5 �²�), 7á - ý�N - 7á·Ü
� (P� C �, n = 0.5 �²�?Ñy n > 0.5 �
7á�), 7áý�N7á -band ý�N·Ü� (P
� D �, XÚ3 n = 0.5 Ú n = 1 ?�k��²
�, ¥më�X7á�)[26,27]. 37á - ý��·
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Ü�«�S, ³²¥m�ý�����¬�X�
p�^�O\
O�, 
37á -band ý�N·Ü
��«�S, band ý�����¬�X��zê
�Ý�O\
O�. �±ÿÁØÓ� Nf , V2 |Ü,
� ρ̃ �Ó��¹, ·�ò¬�Ñ�~�C��ã
­�.

3.2 999åååÆÆÆMMMÝÝÝ

du	³Ú\
/¤��C�±ÏLÿþN
X�Û�Ø ', �ýÝ [28], ½ö9åÆMÝ5.
½. ùp·�?Ø9åÆMÝ3ØÓëê�¹e�
Cz�¹½Â9åÆMÝ [29]

Sρ =
δµ0

δNf
=

δ2E

δN2
f

. (5)

ÏLO�9åÆMÝ, �âÙÛÉ:� �(½
��C:, �äÙ´Ä���XÚ���Sëþ.
�Kþ Sρ �ê�O�I�Uþ½zÆ³�°(
ê�, 
ÏL LDA ·��±�B¯$/��ù�
:. Ó°(�ê��{X�ÝÝ
­�z+�(
J�', LDA �{�Ñ�Uþ½zÆ³��éØ
�3 3%±S.

3ã 4 ¥,·�O�
�ã¥ØÓ«��9å
ÆMÝ. ã 4(a), (b) ©OéA�ã¥�ü�«�:
−2 6 u 6 2.8 Ú u > 2.8. ·�uy3�½�â
fê� �, 9åÆMÝÑyÛÉ, Ùê�~��
2O�, =Ñy$:éAuØ�Ø �ý�N��
Ñy. ��þ!XÚ�Ø�Ø �ý�N�ØÓ,
@p9åÆMÝªu 0. 
éuÉ�XÚ, duå
P³�5��þ!5, 3³²¥mÑyØ�Ø 
�ý�N��Ó�, XÚ�>.?o´¬Ñy7á
� (n 6= 0), l
��d�«E,äk�½��Ø 
5, =9åÆMÝE�k��. � −2 6 u 6 2.8 �,
éu,��½��p^rÝ u, =k��$: (�
ã 4(a)), éAu�ã¥d A �� E ���C�.
:. 
� u > 2.8 �, éu,��½��p�^ u,
�3n�$: (�ã 4(b)), ©OéAu�ã¥d A
�� B �, B �� C �, C �� D ���C�.:.
3�ã (ã 3) ¥ u = −1, 1, 4, 8, 12 ?·�IÑ
Ï
LÿþNX�9åÆMÝ
O�Ñ��.:� 
�,·�uyÏL9åÆMÝ(½��.:��ã
¥��C:UéÐ��Î, l
(½Ù���XÚ
���Sëþ.

ã 4 ��³eÃg^¤�fNX�9åÆMÝ (Ù¥	³rÝ V2/t = 0.002, ¬��Ý Ns = 300)

4 (Ø9Ð"

ÏL��g^ −1/2 XXZ �.� Bethe-ansatz
), ·�|^Û��ÝCq��{ïÄ
É��
Ãg^¤�f�¬�XÚ, ��
 ρ̃–u �ã. é�
ã�©ÛL², XÚ¥�3Ê«ØÓ�·Üþf
�. �
�y�ã¥��C:, éÑ���±Ýþ
�C�Sëþ, ·�O�
NX�9åÆMÝ, u

yÛÉ:�ÑyÚXÚÑyØ�Ø �ý�N�
�3��éA'X, l
�±°(ÝþÉ�XÚ¥
·Üþf��=C. �©��{�±?�Úí2^
uïÄÃSÚ�C��p�^�¿�, ?Ø Ander-
son Û�zÚ Mott ý�N��¿�'X. lþ!N
X¥í�Ñ�zÆ³��^u¹��Ý�¼nØ
�¥, ïÄÛ�	³�Úå�þf|»éXÚ�
K�.
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One-dimensional spinless fermions in
a confined system∗
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Abstract

According to the exact analytical Bethe-ansatz solution of the one-dimensional spin-1/2 XXZ model, we perform a numerical

study of one-dimensional spinless fermions in an optical lattice in the presence of harmonic potential by using a local density ap-

proximation. We study the density profile, and obtain the ρ̃-u phase diagram (here ρ̃ = Nf

√
V2/t is the characteristic dimensionless

density and u = V/t is the interaction strength scaled in units of the hopping parameter t). With the increases of particle density and

nearest-neighbour interaction, the system undergoes five different quantum phases. Through calculating the thermodynamic stiffness

Sρ, we find that it can be used as an order parameter. Its singular points can measure the quantum phase transitions in such a confined

system.

Keywords: local density approximation, XXZ model, phase diagram thermodynamic stiffness
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