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��ê����«#L�¢�C�3Ä:ïÄÚEâA^�¡Ñò¬u�X���^, �\ïÄ�«^�
e��ê��>�6ÄA�´�~k¿Â�. �©lnØþïÄ
þ!ð½	>|¥���ê�3�Å>Y>|
°Äe�ÄåÆA�, )Û/�Ñ
��=Ä���Ý���Cz�5Æ. nØ(JL², ��¬�X>Y>|ª
Ç�O�dé¡5 E=ÄÅì=C��Ä, ùØ=kÏulnØþ@£��ê��Ä�Ôn�, ��3¢SA
^¥�O����ÅJø
�«#g´.

'�c: >�6Ä, �N��, �Å>|, ���=Ä

PACS: 47.65.−d, 68.15.+e, 83.60.La, 77.22.Ej

1 Ú ó

du>|3�����6Ä�¡äkÙÕA
�5�, �'�¡�ïÄ��´-<X���ï
�K [1−3]. <�uy?u>|¥�gd]2��
¬LyÑ���>�6Äy� [4−9]. �C Amjadi

� [10−12] uy
�«#Û�>�6Äy�: Ïk
>Y>6 Jel (Jel = γEel, γ ��N�>�Ç, Eel

�>Y>|) �]2Y�¬3R�u Jel �	>
| Eext ¥=Ä. ��¦�uyÙ§45�N�¤
�]2���¬LyÑaq�>�6Äy� [13].

Ï�ÏLUC	\>| Eext ½ Eel ���Ú��
ÒU
������=Ä���Ú¯ú, �A�¢
�C��¡���ê�.

¢�uy��ê�QU3���6>|¥=
Ä, �U3���6>|¥ó� [12]. �
�B,·
�ò3�6>|Ú�6>|¥=Ä���©O�
��6��ê�Ú�6��ê�. �6��ê�Ì
�k±eÄåÆA�: (1) ���6��ê�U

=Ä,	>| Eext ½>Y>Ø Uel 7L�L,��

K� (Ó�,��Ø�"), ¿�K�>|÷v{ü
�IÝ'X EextUel = const; (2) ���=Ä���
	\>|���÷vmÃÚ^'X Eext × Eel; (3)

��¥%NC�âfo´'±>âf=Ä�¯. �
�6��ê��', �6��ê��$Ä�ªK�
>|�ªÇk': (1) �ü�C>|�ªÇ���
Ó�, ���U=Ä; (2) �ü�C>|�ªÇØÓ
�, ��Ã{=Ä, §�U�Ä.

â·�¤�, î8��IS	�'�¡�nØ
ïÄ��. Shiryaeva � [14] JÑ��.�,U
�
Ñ�6��ê���ü�A�, �´¦�@���
�=ÄåÏu>.�A, ù��6��ê��1n
�A��->. 2010 c Grosu Ú Bologa l��¤
ÉåÝ��Ý¤õ/)º
�6��ê���ü
�A� [15], �´éu1��A�¦�EvU�Ñ
Ün�)º. 3c¡�ó�¥ò	| Eext ¥��
�w��k��>ó4Ý��56N,·�XÚ/
)º
�6��ê� [16] Ú�6��ê� [17] �Ä
åÆA�.

��ê�3�6Ñ$cÙ´3)Ô�Æ±9
�6��¡Eâ�+�¥kXd3�A^cµ, ~
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X§�±^u�.ê�,�.��Å½�¬DÑ�
���OÚ�E. lnØþ�\ïÄ�«^�e�
�ê��>�6ÄA�´ék¿Â�. �d�©l
nØ�¡ïÄ
?uð½	| Eext ¥�]2��
3�Å>Y>| Eel (t) °Äe�ÄåÆA�. �©
1�Ü©ò{�/0�£ã��ê��ÄåÆ�
., 1nÜ©ò�Ñ��3�Å>Y>|°Äe�
ÄåÆA�, 1oÜ©�(Ø.

2 ��ê��ÄåÆ�.

2.1 >>>|||¥¥¥���]]]222YYY���

3·���.¥ò?u	| Eext ¥�]2Y
�w��k��>ó4Ý� Bingham �56N. C
c5�5�õ�nØÚ¢�ïÄ|±·��b�,

e¡òéd�Ñ{��£�.

þf|Ø@�3¿§¿Øe��Y´ü�·
ÜÔ [18]: �«´d�þ�ZÆ|¤�$�Ý�Z
�; ,�«´dgdY©f|¤�p�Ý��Z
�. õ�ÕáïÄìè�nØÚ¢�ïÄuyù
ü�3Nõy�¥�üX��ØÓ��Ú [18−36].

��Ý� X ��Ñ�¢�y¢��Y¥�(�
3ü«ØÓ�Ý�� [37]. <��uy��Y¥
�3õ«�ZÆ, ;.�ZÆ�º�¾U��ê
z µm [18−20], k
�ZÆ�k�"�>ó4Ý.

3NÈY¥ù
�ZÆ�>ó4Ý��´�Å
� [18−20], �´3.¡NC��ZÆ¬Ï.¡�4
z�^C��©½ [18−20,38], Ïd3k�.½�
þM��3��¹e, ù
�ZÆ3�Nþ¬�3
�{4z [39].

nØÚ¢�ïÄþL²	\>|U
p¦�
k�">ó4Ý��ZÆ/¤�Æ [18,21−29,40]. é
u45�N5`, þf|Ø�Ñ	\>|¬p¦�
ZÆ/¤$���§kSóG(� [40], �Akâ
Ú©fÄåÆ�[�(J�uy3����¥>
|¬p¦�k>ó4Ý�M¥/¤óG(� [41,42].

��¥fÑ�¢�L²]2Yx¥�3�§kS
�óG(� [43]. ·���>6C6N3>|�^
e¬lÚî6N]mC� Bingham �56N, 6N
¥�]2�â3>|�^e/¤�óG(�EÒ

>6C6NXdÛA5� [44,45]. aq/, �´ù

�ZÆ/¤��§kS�óG(�¦�	|¥

�]2Y�LyÑ Bingham �56N�A�. éu
{ü�}�6Ä u = u (y) 5`, Bingham �56N
���'X [46,47]�

∂u

∂y
=

0, (τ < τ0)

(τ − τ0) /µ, (τ > τ0)
(1)

Ù¥ τ �}�Aå, τ0 ´¤¢�¯ÑAå, µ �L
����5ÅÝ, y ��R�u6� u (y) ���.

(1) ªL²�k3}�Aå�u¯ÑAå���â
¬LyÑ6NA�.

éuEv3	| Eext ¥���5`, §é¯
Ò¬��4z²ï. �"�>Y>| Eel Ò¬�
)�\3��þ�åÝ. 1eåÝv
�, §ò¬
»�d	>| Eext �±�4z²ï. du Eext ¬
3���Ä�4zL§¥åÌ��^, Ïd	>
| Eext ¬×�ïd§�±�4z²ï. du�
ZÆ¥�©f�m�3r'é$Ä, ùÒ¦�·�
Ø�U��£Ä��¥���©fØK��Ù
¦©f [38], ù�>Y>| Eel é	>| Eext ¤�
±�4z²ïëYØä�»��^Ò�)
±Y
�\3��þ�åÝ. �Ò´`, é	>| Eext ¤
�±�4z²ï�»�Úï�mØä�¿��
�
���>�6Ä.

��¦��U
=Ä, �^3���ZÆ (½
�Æ) �ÌÄåÝ7L��u¯ÑAå¤�)��
�·{åÝ. duÌÄåÝ����ûuü NÈ
��>ó4Ý���Ú��, O��²¡S¤k�
ZÆ�>ó4Ý3>Y>|�^e¬�)R�u
���åÝ, 3�þ��½NÈY¥�ZÆ�>
ó4Ý�é,Ï����¦�^3§�þ�åÝ
���,ÏÃÙ, ùÒ¦��^3ü NÈþ�å
Ý¬���þÝ�O�~�. ù�·�Ò�±l
nØþ½5/n)��UÄ=Ä�ûu��þÝ
��Ï. ¯¢þ, ¢�L²��¦��ê�=Ä, �
��þÝA�u 1 µm[12,13].

2.2 ]]]222������>>>���666ÄÄÄ���ÄÄÄåååÆÆÆ���...

¢�uy�kv
� (Az nm ½��) �]2
��âU3��>|¥LyÑ>�6Äy�, @o
����w���6N (h → 0). É�/ (½�/)

��3½=Ä��çÚÓ%�G(��éu [48],

34�IX (r, θ) ¥·�r��w��X��Ó%
�G��. ò§���ïÄé�, |^Úî=Ä½
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Æ·��Ñ
�/ (½�/) ��>�6Ä�Äå
Æ�§ [16,17]

ut =
µ

ρ r2

(
r2urr + rur − u

)
+

∆(t)
ρ r

,

(0 6 r 6 R, t > 0) , (2)

Ù¥ ut �L��=Ä��Ý u (r, t) é�m t ��
� �ê,ur Ú urr ©O�L u (r, t) é�» r ��
� �êÚ�� �ê. µ Ú ρ ©O�L���
�5ÅÝÚ�Ý, R = l/2��/��>� l ��
� (½�/����»). �§ (2) L² ∆(t) ´��
ê��°Ä, §�N
��¤ÉÜåÝ���Ú
��.

1 e Ì Ä å ÝÃ{ � Ñ � � � � 5 ( �,

d � ∆(t) = 0, � � � ± · �. X J Ì Ä å Ý
U
»�����5(�, K ∆(t) 3 t ���
] � � �� ∆(t) = |B(t)| − 2τ0, Ù ¥ B(t) =

ε0(1 − 1/εr)Eext(t)Eel(t) sin θEJ. B(t) 5guÌÄ
åÝ,  −2τ0 5gu¯ÑAå�)���·{å
Ý, Ù¥ ε0 Ú εr ©O�Lý�>NÇÚ45�N
��é>NÇ, Eext(t) Ú Eel(t) ©O�L	>|
Ú>Y>|3 t ���]��, θEJ � Eext Ú Eel

�m�Y�, Ï~ θEJ � 90◦. du�^3��þ
�ÜåÝ���±R�uY²��ç��þ��
±ç��e, K ∆(t) Ò¬kü«��:|B(t)| − 2τ0

½ − (|B(t)| − 2τ0). nþ¤ã, ∆(t) �L�ª�:

∆(t) =


0, (|B(t)| < 2τ0)

B(t) − 2τ0, (B(t) > 2τ0)

B(t) + 2τ0, (B(t) 6 −2τ0)

(3)

þ ª L ² |B(t)| � � � � |B(t)|max U Ä ÷
v |B(t)|max > 2τ0 ´��¥UÄÑy>�6Ä
��â, =

|B(t)|max = 2τ0, (4)

´��¥m©Ñy>�6Ä�K�>|A÷v�
�§.

�§ (2) A÷v±eü�>.^�Ú��Ð©
^�: 3��¥%? (r = 0) Ú>�? (r = R) ��
�Ý�", 3Ð©�� (t = 0) ����A?u·�
G�, =

u (r, t) |r=0 = 0, u (r, t) |r=R = 0, (5)

Ú
u (r, t) |t=0 = 0. (6)

|^��¼ê�{·���
�§ (2) ÷v>
.^� (5) ÚÐ©^� (6) �Ï):

u (r, t) =
∫ t

0

dς

∫ R

0

G (r, t; ξ, ς) f (ξ, ς) dξ, (7)

Ù¥

G (r, t; ξ, ς) =
∞∑

n=1

2ξ

R2J2
0 (κn)

J1

(
κnξ

R

)
(8)

× J1

(κnr

R

)
e−

µ
ρ

κ2
n

R2 (t−ς),

f (ξ, ς) =
∆(ς)
ρξ

, (9)

(8) ª¥� κn��� Bessel ¼ê J1(ζ) �1 n �"
:, J0(ζ)�"� Bessel ¼ê.

3 ��3�Å>Y>|°Äe�>�
6ÄA�

3ù�Ü©·�ò3{ü£��6��ê�
�ÄåÆA��Ä:þ?Ø?uð½	| Eext ¥
���3�Å>Y>| Eel °Äe�>�6ÄA
�.

3.1 ���666������êêê������ÄÄÄåååÆÆÆAAA���

éu�6��ê�5`, Eext Ú Eel Ñ´ð½
>|, |^c¡J���â (4) ���6��ê�
m©=Ä�K�>|÷v�'Xª�:

EextUel sin θEJ = ± 2τ0l

ε0(1 − 1/εr)
, (10)

Ù¥ Uel = Eell, Uel Ú l ©O�L>Y>ØÚ�/
���>�. (Ü¢�ëê, 2ÀJÜ·�¯ÑA
å τ0 (X τ0 = 6.77 × 10−5 Pa), (10) ªÚ¢�êâ
[Ü�éÐ [16]. |^�§ (3), (7), (8) Ú (9), ·�
éN´���6��ê�=Ä���Ý [16]:

uDC (r, t) = ∆(t)
∞∑

n=1

CnJ1

(κn r

R

) (
1 − e−an t

)
,

(11)

Ù¥

Cn =
2R

µ

1 − J0 (κn)
κ3

nJ2
0 (κn)

, an =
µ

ρ

κ2
n

R2
. (12)

�§ (3) Ú (11) U
£ã�6��ê��n«�U
�$ÄG�: ·�, _��=ÄÚ^��=Ä.
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3.2 ���ÅÅÅ>>>YYY>>>|||°°°ÄÄÄeee���������>>>���666ÄÄÄ
AAA���

ò����3þ!ð½	| Eext ¥, bX�
\3��þ��Å>Y>| Eel(t) Xã 1(a) ¤«,

K Eel(t) 3��±ÏS�L�ªkXe/ª

Eel(t) =

Eel, (0 < t 6 T/2)

−Eel, (T/2 < t 6 T )
. (13)

ò Eext(t) = Eext Ú (13) ª�\ (3) ª��: X
J ∆(t) 6= 0, ∆(t) �´±Ï� T �¼ê, Xã 1(b)

¤«, K ∆(t) 3��±ÏS�L�ª�

∆(t) =

Ad, (0 < t 6 T/2)

−Ad, (T/2 < t 6 T )
, (14)

Ù¥ Ad = ε0(1− 1/εr)EextEel sin θEJ − 2τ0. Eel(t)

ÎÒ�UC�L>Y>| Eel(t) ����=, Ó
n ∆(t) ÎÒ�UC�L
�\3��þ�ÜåÝ
����=. (14) ªÚã 1(b) L²��¬3±Ï
� T ��Å°Ä��^e$Ä. |^c¡J��
�â (4) ª, - Ad = 0, ·�Ò��
3�Å>Y
>|�°Äe��¥Ñy>�6Ä�K�>|÷
v�'Xª, §Ú (10) ª�Ó. ÖöéN´n)ù
�:, 3dØ2Kã.

∆(t) ´± T (T = 2π/ω)�±Ï�Û¼ê, §
�Fp�ÐmªXe:

∆(t) =
∞∑

m=1

Dm sin(mω t), (15)

Ù¥Xê

Dm = 2Ad[1 − (−1)m]/mπ, m = 1, 2, · · · . (16)

|^ (7), (8), (9) Ú (15) ª,·�����=Ä��
Ý���Cz�5Æ

u (r, t) =
∞∑

m=1

∞∑
n=1

CnDm

1 + (mω)2/a2
n

J1

(κn r

R

)
×

[
sin(mωt) − mω

an

(
cos(mωt)

− e−an t
)]

, (17)

Ù ¥ Cn,an Ú Dm © O d (12) Ú (16) ª � Ñ.

l (17) ª�±wÑ��=Ä��Ý��m©Ù
d�X���� Bessel ¼ê J1 (κn χ) (χ ⊆ [0, 1],

n = 1, 2, · · · ) �Ñ,  J1 (κn χ) Ø J1 (κ1 χ) 	þ
� χ �~¼ê, ù�·�Ò�±lêÆ�Ýn)�

�o��¥%NC�âf�'±>âf$Ä�¯
��Ï.

�
��\/n)�Å>Y>|°Äe�
��> �6ÄA�, ·�±Y�ê��~ïÄ

 3 Ø Ó ± Ï (½ ª Ç) � > Y > | ¥ � � >
� 6 Ä � Ä å Æ A �. ( Ü ¢ � ¥ ¦ ^ � ë
ê, - ε0 = 8.85 × 10−12 C2/N · m2, εr = 80,

EextUel sin θEJ = 1.44×107 V2/m, l = 1.2×10−2 m,

µ = 10−3 Pa · s Ú τ0 = 6.77 × 10−5 Pa, Ù¥ τ0 �
�´ÏL (10) ª[Ü¢�(J��� [16]. o«
ØÓ�Å>Y>|�±Ï©O�: T = 2.00 s,

T = 0.01 s, T = 10−4 s Ú T = 10−6 s. |
^ù
ëêÚ (17) ª, ·�3ã 2 ¥xÑ
�
�=Ä���Ý3 9 �;.���¿¡ã, Ù
¥ (a) T = 2.00 s, (b) T = 0.01 s, (c) T = 10−4 s

Ú (d) T = 10−6 s. ã 2 ¥I\ 1-9 éA���
©O� T/2, T , 3T/2, m1T , (m1 + 1/2)T , m2T ,

(m2 + 1/2)T , m3T , (m3 + 1/2)T . éã (a) 5`,

m1 = 2, m2 = 10, m3 = 100; éã (b), (c), (d) 5`,

m1 = 2/T , m2 = 4/T , m3 = 20/T . ·�ù�ÀJ
ëê´Ï�3ù
�������Ý¬���, �
A��U
�VÑ��=Ä��mCz��N
A�. ã 2(c) Ú (d) �Ñ
��=Ä��Ýl��
¥%� r = 0.1R ��S�©Ù�¹, Ù¥��ã©
O�Ñùü«�¹e��=Ä��Ý©Ù��N
Ó+, î�I r ±����» R�ü . �� � � � � �� � � �� �	 � �� � �	 � � � � � 
 � � � �� � 
 � �

0

� 
� � �� � �

ã 1 	\>|Ú°Ä��m t Cz�«¿ã (a) ð½
	| Eext(t) Ú�Å>Y>| Eel(t) ��m t Cz�«¿ã;

(b) °Ä ∆(t) ��m t Cz�«¿ã. Eel Ú Ad ©O�
L Eel(t) Ú ∆(t) �Ì�, T � Eel(t) Ú ∆(t) �±Ï

lã 2(a) ��, ��Å>| (½°Ä) �±Ï
��� (~X T = 2.00 s), ��¬LyÑl_��
=Ä�^��=Ä2�_��=Ä�±Ï5��
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=Ä. l��m©=Ä� t = T/2 ��±ÏS��
_��=Ä, �C��¥%?�âfo´'±>â
f=Ä�¯, 3 t = T/2 ��, ���=Ä�Ç¬�
���� (�ã 2 � 1). 3�e5���±ÏS,

�\3��þÜåÝ���¬�>Y>|���
�=�=, ?°¦������=Ä (=^�
�=Ä), 3 t = T ����^��=Ä��Ç¬�

���� (�ã 2 � 2). 3 t = T � t = 3T/2 �
�mãS, ��¬2g��=Ä. Xd�E, �X �
m�í£, 6�L§Åì��, ��Ò¬��Å>
Y>| Eel ���±Ï5Cz�é¡5 E=
Ä, ù«é¡5 E=ÄÒ¦���3�Å>Y>
|�°Äe�±¤�n������Å.

� � � � � � � � � � � � � � � �� �� ���� � � � � � � � � � � � � � � � �� � � � �� � � � ��� � � �� � � �� � � �

� � � � � � � � � � � � � � � � � � � � �� � �� ���� �� �
� � � � � � � � � � � � � � � � � � � � �� � � �� � � �� � ��� �� � �� � �� � �� � �

� 	���� 
�� �  � � � � � � � ��� � ���� �� ���� �� � ���� �� ����
�� � ���� �� ���� �� � ���� �� ����� �  
� 	���� �� � ! � � � � � � � �

� �  " " # $ " # % " # & " # '( ) "( *"*) ") *� 
� 	���� � � + � � � � � , - �� �  " " # $ " # % " # & " # ' ) # "( ) " "") " "$ " "
� 	���� �� � . � / � � � � � �� �  
ã 2 o«>Y>|°Äe��=Ä��Ý3 9 �;.���¿¡ã (a) T = 2.00 s; (b) T = 0.01 s; (c)

T = 10−4 s; (d) T = 10−6s

� � � � � � � � � � � � � � � �� �� ���� � 	 � � � 
� �  � � � � �� �  � � � � �� �  � � � � �� �  � � � � �� �  � � � � �� �  � � � � ������ �  ! "#$ % &'() ** +,-.
ã 3 ��=Ä��Ý3 t = 20.0 s � t = 21.0 s ��±
ÏSØÓ���¿¡ã

·�uy3��é¡5 E=Ä���Ûõ

���~k��y�. ã 3 �Ñ
ã 2(a) ¥1 6

^Ú1 7 ^��méA��±ÏS��=Ä�
�Ý��mCz�5Æ. lã 3 ����3��
=Ä�L§¥��¥%NC�âf¬Äk��=
Ä (�� a) ?2�Ä�l��¥%�âf�
��=Ä (�� b), �ª�������=Ä (�
� c, d Ú 7). ¢�¹� 2[48] L²3�Ï��>Y
>Ø�]m, ��=Ä������UC, ¿��
�¥%?ôÚ�Cz¬²w/¯u��Ù§«�
ôÚ�Cz. ¢�¹� 8[48] L²3�Ï>Y>Ø�
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]m��¥%«��ß�Ú^�GçÚ^«L²
��m©=Ä�¥%NC�âfÄk=Ä, �X�
m�í£Ú^�GçÚ^«¬Åì�	*Ð, ØÈ
�Ú^�GçÚ^«ìì��, ��¥yÑ�Gç
Ú^«, 3�Ï��>Ø�����=Ä�¬Ly
Ñaq�y�. ±þ?ØL²¢�*ÿ(JÚ·�
�nØ(J´���.

ã 2(b), (c), (d) �g�Ñ
3,	n«ªÇ�
�Å>Y>|°Äe��=Ä��Ý�¿¡ã. Ï
L'�·�uy�X�Å>| (½°Ä) ªÇ�
O�, ���=Ä�¬LyÑÚã 2(a) aq�=Ä
A�, �´��=Ä���Ý��¬�X>|ªÇ
�O�×�~� (lz¦A mm b~�z¦ê
z nm), ¿��k��¥%NC�âfU
�X	
|��=���=Ä, Ù§«����Ä�þ?
u·�G�. ù4·��å
¢�¥uy��3�
��{u�C>|¥�Ä�y�,·�íä¢�þ

uy����Äy�¢�þ´��pª� E=
Ä, ���¥%«���u�, ù�íä�k�
¢��?�Úy¢.

4 ( Ø

�©ïÄ
?uþ!ð½	>|¥�]2Y
�3�Å>Y>|�°Äe>�6Ä�ÄåÆA
�, )Û/�Ñ
��=Ä���Ý���Cz�
5Æ. nØ(JL², �>Y>|�ªÇ���, �
�¬LyÑé¡5 E=Äy�, ��¥%NC�
âfé	|��A�Ýo´¯u±>âf��A
�Ý, ùÚ¢��*ÿ(J��¬Ü. ��Å>|
�ªÇ�p�, nØ(Jýó��¬LyÑ�Äy
�, Ù�Ä���´��¥%«��pª E=Ä,

ù�ýó�k�u¢��?�Úy¢.

a� Yinnon T A Æ¬�9%|±ÚLk¤J�?Ø.
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Abstract

Liquid film motor as a novel experimental device will play an important role in basic research and technology applications. In-

depth theoretical studies on its electro-hydrodynamics (EHD) motions under various conditions are of great significance. In current

paper, the dynamical characteristics of the liquid film motor driven by a square-wave electrophoresis electric field perpendicular to

a uniform constant external electric field are investigated. Space-time dependence of the film’s rotation linear velocity is derived

analytically. The theoretical results indicate that a symmetrical reciprocating rotation in the film gradually converts to a vibration as the

frequency of the electrophoresis electric field increases. This not only helps us understand the physical origin of the vibration of the

liquid film motor, but also provides a new option to design a liquid film mixer in the application.

Keywords: elecrohydrodynamical motions, liquid thin film, square-wave electric field, rotation of liquid film
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