
Ô n Æ � Acta Phys. Sin. Vol. 61, No. 14 (2012) 140201

CCCXXXêêê������555uuuÐÐÐ���§§§��� G′/G ÐÐÐmmm)))*


¬† @ s ër

( S��ó��ÆnÆ�, �ÚÓA 010051 )

( 2011 c 10 � 17 FÂ�; 2011 c 12 � 23 FÂ�?Uv )

^Cc5JÑ� (G′/G) Ðm{Äg}Á
éCXê��5uÐ�§�¦), ¿±üaCXê��5 KdV �
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1 Ú ó

¯¤±�, ��5uÐ�§´�a�Ag,y
��pÝ°{Úß , Ta�§�¦)¯K��´
ÔnÆ[ÚêÆ[�2�'5ÚïÄ���K.

duÙ���E,5, ¤±�éJ^��Ú���
{�¦). CA�c5, �XO�ÅÎÒO��Ñ
yÚ2�A^, <��E
Nõ«k��¦)�{,

'Xàg²ï{!�ê¼ê{!Jacobi ý�¼êÐ
m{!Á&¼ê{!U?� tanh �{!�äÐm
{!g Bäcklund C�{, ��. ù
�{�õÑ^
3¦)~Xê��5uÐ�§þ, éCXê��
5uÐ�§¦)�ïÄ{¤�éá. l?�ÚïÄ
�y¢¿Âw, CXê��5uÐ�§U�Ð/�
Ný¢g,y�, ïÄÙÄ�nØ�~k7�. �
©Ò´3ù���µeJÑ5�.

e¡�Ä��Æ[�2�'5�üa��5
CXêÅ�§:

ut + a(t)uux + b(t)uxxx = 0, (1)

ut + (σ(t) + µ(t)x)ux

+α(t)uux + β(t)uxxx + γ(t)u = 0. (2)

©z [1] ^ Jacobi ý�¼êÐm{��
ùüaÅ
�§�aý�{uÅ)Ú�f); ©z [2] ^Á&
�§{��
ùüa�§�aý�{uÅ)Ú�
f)�	, �¼�
n�¼ê)!kn¼ê); ©
z [3] ^U?� tanh �{�¦�
ùüa�§�N
õwª°(); ©z [4—7] ©O|^U?� tanh

¼ê�{!�äÐm{!²;oé¡�{!^Ê
Ï� KdV �§�C���{¦)
2Â KdV �§
¿¼�
T�§��f)!a�f)!�Å)!
kn¼ê)!n�¼ê), ��; 3©z [8] ¥^
g Bäcklund C�{¦)
CXêÍÜ KdV �§
|¿��
õ�áf); ©z [9] K��^)
��E¦)
þãüa±92ÂCXê KdV �
§,��.

Cc5, �²��<JÑ
�«#�¦){:

(G′/G) Ðm{. ùp� G = G(ξ) ´�����
5~�©�§�). T{�Ì�g�´: ��5ü
z�§�1Å)�±L«¤ (G′/G) �õ�ª, õ
�ª�gê�dàg²ï�K(½; õ�ª�X
ê�ÏL)����5�ê�§|¦�; ��5�
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ê�§|´A^ (G′/G) Ðm{L§¥�)�. ù
«�{é�Bk�!{'¢^, �®�y²3~X
ê (X©z [10—13]) ��5�§¦)�¡k�~
2��A^, éCXêuÐ�§¦)�ïÄ��
9é�. Ïd�©Ì�´òù«�{}ÁA^�¦
CXê��5uÐ�§¥�, ¿± (1) Ú (2) ª�~
Ðm¦). ¢�y² (G′/G) Ðm{éCXê��
5uÐ�§Eép�, �äk2��A^cµ, ¿
��
#�°().

2 1�aCXê KdV �§�)

ùp·�ò (G′/G) Ðm{¥�1ÅC�U?,

P�

u(x, t) = u(ξ),

ξ = k(x) + c(t) + l, (3)

�½¼ê k(x) Ú c(t) ©O´gCþ�üC�¼ê.

ò G = G(ξ) ÷v���~�©�§^©z [14] ¥
�/ª (�$�{Bå�):

G′′(ξ) + λG(ξ) = 0, (4)

Ïdò (3) ª�\ (1) ª¥C/�

[c′(t) + b(t)k′′′(x)]u′ + a(t)k′(x)uu′

+b(t)[k′′(x)k′(x) + k′(x)]u′′ + b(t)k′(x)3u′′′

= 0. (5)

ÏLàg²ï�K, ²ï (5) ª¥��5�Ú�p
��©�� n = 2, K� (5) ª�)�

u(ξ) = a0 + a1
G′(ξ)
G(ξ)

+ a2

(
G′ (ξ)
G (ξ)

)2

. (6)

ò (6) ª�\ (5) ª, ¿|^ (4) ªz{�'
u (G′/G) ���gõ�ª, ¿-��gXê�",

��Xe�|ÎÒ�ê�§|:

12b(t)k′(x)2 + a2a(t) = 0, (7)

2a1b(t)k′(x)2 − 2a2b(t)(k′′(x)

+2) + a1a2a(t) = 0, (8)

−40a2λb(t)k′(x)3 + 2a1b(t)(k′′(x)k′(x)

+2k′(x)) − (2a0a2 + a2
1 + 2a2

2λ)a(t)k′(x)

−2a2(b(t)k′′′(x) + c′(t))

= 0, (9)

−8a1λb(t)k′(x)3 + 8a2λb(t)(k′′(x)k′(x)

+2k′(x)) − (a0a1 + 3a1a2λ)a(t)k′(x)

−a1(b(t)k′′′(x) + c′(t))

= 0, (10)

−16a2λb(t)k′(x)3 + 2a1b(t)(k′′(x)k′(x)

+2k′(x)) − (2a0a2 + a2
1)a(t)k′(x)

−2a2(b(t)k′′′(x) + c′(t))

= 0, (11)

−2a1λb(t)k′(x)3 + 2a2λb(t)(k′′(x)k′(x)

+2k′(x)) − a0a1a(t)k′(x)

−a1(b(t)k′′′(x) + c′(t))

= 0. (12)

d (7), (8) üª�±��:

a1 = −12b(t)(k′′(x) + 2)
5a(t)

, (13)

a2 = −12b(t)k′(x)2

a(t)
. (14)

2d Mathematics z{ (9)—(12) ª�

k′′(x) = −2, (15)

b(t) = Ca(t),

c′(t) + a0a(t)k′(x) + 8b(t)λk′(x)3 = 0. (16)

Kd (13)—(16) k:

k′(x) = −2x + C1,

k(x) = −x2 + C1x + C2,

a1 = 0,

c(t) = C3

∫ t

0

a(τ)dτ,

a0 = − C3

k′(x)
− 8Cλk′(x)2,

a2 = −12Ck′(x)2, (17)

Ù¥ C1, C2, C3 þ�È©~ê, C �?¿~ê.

��, ò (4) ª�)�\ (6) ª¥, =��§ (1)

Xe�°():

u1 = − C3

k′(x)
− 8Cλk′(x)2 + 12λCk′(x)2

×

[
A2 cosh(

√
λξ) + A1 sinh

(√
λξ

)]2

[
A1 cosh(

√
λξ) + A2 sinh

(√
λξ

)]2 (λ < 0),
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u2 = − C3

k′(x)
+ 4λCk′(x)2 − 12λCk′(x)2

× A2
1 + A2

2[
A1 cos

(√
λξ

)
+ A2 sin

(√
λξ

)]2 (λ > 0),

Ù¥ ξ = −x2 + C1x + C2 + C3

∫ t

0

a(τ)dτ + l.

3 1�a��5CXê KdV �§�)

ò (3) ª�\ (2) ªK�§z�

{c′(t) + [σ(t) + µ(t)x]k′(x) + β(t)k′′′(x)}u′

+β(t)[k′′(x)k′(x) + 2k′(x)]u′′

+β(t)k′(x)3u′′′ + α(t)k′(x)uu′ + γ(t)u

= 0. (18)

�Ù)�/ª�

u(ξ) = a0 + a1
G′(ξ)
G(ξ)

+ a2

(
G′ (ξ)
G (ξ)

)2

òþª�\ (18) ª, ¿|^ (4) ªz{�'
u (G′/G) ���gõ�ª, ¿-��gXê�",

��Xe�ê�§|:

12β(t)k′(x)2 + a2α(t) = 0, (19)

2a1β(t)k′(x)2 − 2a2β(t)(k′′(x) + 2)

+a1a2α(t) = 0, (20)

−2a2{c′(t) + β(t)k′′′(x)

+[σ(t) + µ(t)x]k′(x)}

+2a1β(t)(k′′(x)k′(x) + 2k′(x))

−40a2λβ(t)k′(x)3 − (2a0a2

+a2
1 + 2a2

2λ)α(t)k′(x)

= 0, (21)

−a1{c′(t) + β(t)k′′′(x)

+[σ(t) + µ(t)x]k′(x)}

+8λa2β(t)(k′′(x)k′(x) + 2k′(x))

−8a1λβ(t)k′(x)3 − (3λa1a2

+a1a0)α(t)k′(x) + a2γ(t)

= 0, (22)

−2a2λ{c′(t) + β(t)k′′′(x)

+[σ(t) + µ(t)x]k′(x)}

+2λa1β(t)(k′′(x)k′(x) + 2k′(x))

−16a2λ
2β(t)k′(x)3 − (2λa0a2

+λa2
1)α(t)k′(x) + a1γ(t)

= 0, (23)

−λa1{c′(t) + β(t)k′′′(x)

+[σ(t) + µ(t)x]k′(x)}

+2λ2a2β(t)(k′′(x)k′(x) + 2k′(x))

−2a1λ
2β(t)k′(x)3)

−λa1a0α(t)k′(x) + a0γ(t)

= 0. (24)

Ó�§ (1) �){, d (19), (20) üª�±��:

a1 = −12β(t)(k′′(x) + 2)
5α(t)

, (25)

a2 = −12β(t)k′(x)2

α(t)
. (26)

2d Mathematics O� (21)—(24) ��:

γ(t) 6= 0,

a0 = λa2,

k′′(x) = −2,

β(t) = Cα(t),

c′(t) + [σ(t) + µ(t)x]k′(x)

−4λCα(t)k′(x)3 = 0.

¤±dþãª��:

k′(x) = −2x + C1,

k(x) = −x2 + C1x + C2 (27)

a0 = −12λCk′(x)2,

a1 = 0,

a2 = −12Ck′(x)2 (28)

c(t) = C3 − k′(x)
∫ t

0

σ(τ)dτ

− xk′(x)
∫ t

0

µ(τ)dτ

+ 4λCk′(x)3
∫ t

0

α(τ)dτ , (29)

Ù¥ C1, C2, C3 þ�È©~ê, C �~ê.

Ïd2ò (4) ª�)�\ (6) =��§ (2) �
Xe°():

u3 = −12λCk′(x)2 + 12λCk′(x)2
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×

[
A2 cosh

(√
λξ

)
+ A1 sinh

(√
λξ

)]2

[
A1 cosh

(√
λξ

)
+ A2 sinh

(√
λξ

)]2

(λ < 0),

u4 = −12λCk′(x)2

× A2
1 + A2

2[
A1 cos

(√
λξ

)
+ A2 sin

(√
λξ

)]2

(λ > 0),

Ù¥ ξ = −x2 + C1x + C2 + c(t) + l.

�d, �±wÑ) u1—u4 ´�©Äg�Ñ. C
Xê��5uÐ�§�¦)´�~(J�, ¦)L
§���E,. �Ù¦©z¥¦)��{�'�,

�©^ (G′/G) Ðm{Ù`³�´²w�. du (4)

ª´��ÊÏ�~Xê���©�§ (��±^©
z [10] ¥�/ª), ¤±§�Ï)éN´¦�, ùp
du�Ì¤�Ø2Kã.

4 ( Ø

�©A^#CJ�� (G′/G) Ðm{±üa²
;�CXê KdV �§�~, Äg}ÁéCXê�
�5�§¦), ¿�ª¤õ��
#�°(). Ï
d�±�Ñ(Ø: (G′/G) Ðm{Ø=2�·^u~
Xê��5uÐ�§, �EéÐ/·^uCXê
��5uÐ�§, ��±?�Úí2A^.

[1] Liu S S, Fu Z T, Liu S D, Zhao Q 2002 Acta Phys. Sin. 51 1923

(in Chinese) [4ª·, G�7, 4ª�, ër 2002 ÔnÆ� 51
1923]

[2] Liu C S 2005 Acta Phys. Sin. 54 4506 (in Chinese) [4¤¸ 2005

ÔnÆ� 54 4506]

[3] Yang X L, Tang J S 2007 J. Hunan Univ. 34 72 (in Chinese) [k
�, /f� 2007 �H�ÆÆ� 34 72]

[4] Li D S, Zhang H Q 2003 Acta Phys. Sin. 52 1569 (in Chinese) [o
�), Üõ� 2003 ÔnÆ� 52 1569]

[5] Zhang J F, Chen F Y 2001 Acta Phys. Sin. 50 1648 (in Chinese)

[Ü)�, ��� 2001 ÔnÆ� 50 1648]

[6] Cai G L, Ling X D, Wang Q C 2008 J. College Math. 24 26 (in

Chinese) [éIù, 'RÀ, ��� 2008 �ÆêÆ 24 26]

[7] Mao J J, Yang J R 2007 Acta Phys. Sin. 56 5049 (in Chinese) [f
#è, ïJ 2007 ÔnÆ� 56 5049]

[8] Zhou Y B, Wang M L, Wang F, Miao T D 2004 J. Lanzhou Univ.

40 1

[9] Ao T G 2007 J. Inner Monglia Univ. 38 597 (in Chinese) [^A�
2007 S���ÆÆ� 38 597]

[10] Wang M L, Li X Z, Zhang J L 2008 J. Phys. Lett. A 372 417

[11] Feng Q H, Meng F W, Zhang Y M 2011 Chin. Phys. B 20 120201

[12] Zhang J, Wei X L, Lu Y J 2008 J. Phys. Lett. A 372 3653

[13] Filiz T, Ahmet B 2010 Chin. Phys. B 20 040203

[14] Li E Q, Wang M L 2008 J. Henan Sci. Technol. Univ. 29 80 (in

Chinese) [o�r, �²� 2008 àH�E�ÆÆ� 29 80]

140201-4



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 14 (2012) 140201

Nonlinear evolution equation with variable coefficient
G′/G expansion solution∗
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Abstract

In this paper, the (G′/G)-expansion method is used to solve the two kinds of nonlinear KdV equations with variable coefficients

for the first time. And some new exact solutions are obtained successfully. It is proved that the (G′/G)-expansion method is not

only appropriate for solving nonlinear evolution equations with constant coefficients but also excellently applicable to the nonlinear

evolution equations with variable coefficients, and it also has a broad application prospect.
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