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1 Ú ó

ÄåÆ�C�nØ´©ÛÄåÆ�­�|¤
Ü©, Ù¥�KC�±9Ã���KC�c�­
�. ©z [1] ïÄ
 Hamilton XÚ�C�nØ. ©
z [2—4] ïÄ
 Birkhoff XÚ�C�nØ. Birkhoff
XÚ´�a­��ÄåÆXÚ, ÙnØ��{®²
�2�A^uþfåÆ!�éØåÆ!�f©
fÔnÆ!rfÔnÆ!)ÔÔnÆ!��5Ä
åÆ±9ó§�Nõ+�. 2Â Birkhoff XÚ´
' Birkhoff XÚ��2���aXÚ. éu¢S�
ÄåÆXÚ,   Ø´z� Birkhoff XÚ, ��´
z�2Â Birkhoff XÚ. é2Â Birkhoff XÚ�ï
Ä®���
?Ð [5−14]. ©z [4] ïÄ
 Birkhoff
XÚ�Ã���KC��XÚ�$Ä~ê. �©ï
Ä�aAÏ�2Â Birkhoff XÚ�Ã���KC
��È©, ò©z [4] �(Jí2¿A^�ùa2
Â Birkhoff XÚ.

2 XÚ�$Ä�©�§

2Â Birkhoff �§�/ªk [5,6]

Ωµν ȧν − ∂B

∂aµ
− ∂Rµ

∂t
+ Λµ = 0

(µ, ν = 1, 2, · · · , 2n) , (1)

Ù¥ B = B(t, a)� Birkhoff ¼ê, Rµ = Rµ(t, a)
� Birkhoff ¼ê|. Ωµν � Birkhoff Üþ

(Ωµν) =
(

∂Rν

∂aµ
− ∂Rµ

∂aν

)
, (2)


 Λµ = Λµ(t, a) � N \ �. � Λµ = 0
(µ = 1, 2, · · · , 2n) �, �§ (1) ¤� Birkhoff �§

Ωµν ȧν − ∂B

∂aµ
− ∂Rµ

∂t
= 0

(µ, ν = 1, 2, · · · , 2n). (3)

Ïd, 2Â Birkhoff �§´ Birkhoff �§�í2. Ó
�, ò�©�§L«� (1) ª'L«� (3) ª�N´
�õ.

e¡ïÄ�aAÏ�2Â Birkhoff XÚ. b�
�3¼ê Wµ = Wµ(t, a), ¦�N\� Λµ �L«�

Λµ =
∂W

∂aµ
(µ = 1, 2, · · · , 2n), (4)

Ú\¼ê

B̃(t, a) = B(t, a) − W (t, a), (5)

K�§ (1) �L«�

Ωµν ȧν − ∂B̃

∂aµ
− ∂Rµ

∂t
= 0

(µ, ν = 1, 2, · · · , 2n). (6)
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ù a 2 Â Birkhoff X Ú � � § k Birkhoff � §
�/ª.

3 Birkhoff XÚ�Ã���KC��
È©

Birkhoff XÚ�KC�

t∗ = t, aµ∗ = aµ(t, a) (7)

�^�L«�

Rµ(t, a)daµ − B(t, a)dt

−R∗
µ(t, a∗)daµ∗ + B∗(t, a∗)

= dΦ. (8)

©z [4] y², é Birkhoff XÚ�Ã��C�

t∗ = t, aµ∗ = aµ + εξµ(t, a) (9)

´���>C� (B∗ = B), k/ª

aµ∗ = aµ + εΩµν ∂ϕ

∂aν
, (10)

Ù¥

ΩµνΩνρ = δµ
ρ ,

ùp Ωµν � Birkhoff _CÜþ. 
 ϕ ÷v

Ωµνξνδaµ =
∂ϕ

∂aµ
δaµ, (11)

dd��Ã��)¤�

ξµ = Ωµν ∂ϕ

∂aν
. (12)

©z [4] �ÑXe½n:
XJÃ���KC� (10) ´ Birkhoff XÚ

� Lie é¡C�, KL�ª

ϕ −
∫

c(τ)dτ = const. (13)

´XÚ�1�È©, ùp

c(t) =
dϕ

dt
. (14)

4 2Â Birkhoff XÚ�Ã���KC
��È©

éu2Â Birkhoff XÚ (6), (8) ª¥� B AT
L«� B̃. ù�,©z [4] �(J�í2¿A^u2
Â Birkhoff XÚ (6), kXe(J.

XJÃ���KC� (9) �)¤� ξµ ´2
Â Birkhoff XÚ (6) � Lie é¡5)¤�, KXÚk
È©

ϕ −
∫

c(τ)dτ = const., (15)

Ù¥
c(t) =

dϕ

dt
, (16)



ξµ = Ωµν ∂ϕ

∂aν
. (17)

�Uþã(JïÄ2Â Birkhoff XÚ�Ã�
��KC��È©, ÄkIò�§ (6) L«�wª

ȧµ = σµ(t, a) (µ = 1, 2, · · · , 2n), (18)

Ù¥

σµ = Ωµν

(
∂B̃

∂aν
+

∂Rν

∂t

)
. (19)

�§ (18) � Lie é¡5(½�§�

ξ̇µ =
∂σµ

∂aν
ξν (µ, ν = 1, 2, · · · , 2n). (20)

d�§ (20) �¦�)¤� ξµ. Ùg, ò ξµ �\ (17)
ª�¦� ϕ. ��U (15), (16) ª5¦�È©.

5 ���XÚ����~

� � � X Ú � Ä U, ³ U Ú � å � §
©O� [15]

T =
1
2

(
q̇2
1 + q̇2

2

)
, V = 0,

f = q̇1 + btq̇2 − bq2 + t = 0

(b = const.).

(21)

òÙz�2Â Birkhoff XÚ, ¿ïÄÃ���KC
��È©.

����XÚ (21) �éA���XÚ��§
�/ªk [16]

q̈1 = − 1
1 + b2t2

,

q̈2 = − bt

1 + b2t2
. (22)

-

a1 = q1, a
2 = q2,

a3 = q̇1 +
1
b
arctanbt,

a4 = q̇2 +
1
2b

ln(1 + b2t2), (23)
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K�§ (22) L«�

ȧ1 = a3 − 1
b
arctanbt,

ȧ2 = a4 − 1
2b

ln(1 + b2t2),

ȧ3 = 0, ȧ4 = 0. (24)

ò�§ (24) L«�2Â Birkhoff �§, k

R1 = a3, R2 = a4, R3 = R4 = 0,

B =
1
2
(a3)2 +

1
2
(a4)2,

Λ1 = Λ2 = 0, Λ3 =
1
b
arctanbt,

Λ4 =
1
2b

ln(1 + b2t2),

(25)

?
k

B̃ =
1
2
(a3)2 +

1
2
(a4)2

−a3 1
b
arctanbt − a4 1

2b
ln(1 + b2t2). (26)

�§ (6) �Ñ

−ȧ3 = 0,−ȧ4 = 0,

ȧ1 − a3 +
1
b
arctanbt = 0,

ȧ2 − a4 +
1
2b

ln(1 + b2t2) = 0, (27)

Ïdk

(Ωµν) =


0 0 −1 0

0 0 0 −1

1 0 0 0

0 1 0 0

 ,

(Ωµν) =


0 0 1 0

0 0 0 1

−1 0 0 0

0 −1 0 0

 .

�§ (20) �Ñ

ξ̇1 = ξ3, ξ̇2 = ξ4, ξ̇3 = 0, ξ̇4 = 0, (28)

§kXe)

ξ1 = 1, ξ2 = ξ3 = ξ4 = 0, (29)

ξ2 = 1, ξ1 = ξ3 = ξ4 = 0, (30)

ξ1 = −t, ξ2 = 0, ξ3 = −1, ξ4 = 0, (31)

ξ1 = 0, ξ2 = −t, ξ3 = 0, ξ4 = −1. (32)

ò (29) ª�\ (17) ª, �
∂ϕ

∂a3
= 1,

∂ϕ

∂a1
= 0,

∂ϕ

∂a2
= 0,

∂ϕ

∂a4
= 0.

dd�
ϕ = a3 + f(t),

òÙ�\ (15) ª, ��È©

a3 = const. (33)

aq/, d (30) ª��È©

a4 = const. (34)

ò (31) ª�\ (17) ª, �
∂ϕ

∂a1
= 1,

∂ϕ

∂a2
= 0,

∂ϕ

∂a3
= −t,

∂ϕ

∂a4
= 0,

dd�
ϕ = a1 − a3t + f(t).

òÙ�\ (15) ª, ��È©

a1 − a3t +
1
b

∫
arctanbtdt = const. (35)

aq/, d (32) ª��È©

a2 − a4t +
1
2b

∫
ln(1 + b2t2)dt = const. (36)

d±þo�È©����A��XÚ�), 2�\
����åéÐ©^����, B������X
Ú�$Ä.

6 ( Ø

©z [4] k' Birkhoff XÚÃ���KC�
� $ Ä ~ ê � ( J � ± í 2 ¿ A ^ u � a 2
Â Birkhoff XÚ.
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Abstract
An infinitesimal canonical transformation and an integral for a generalized Birkhoff system are studied. The equations of the

generalized Birkhoff system are established. The results of the infinitesimal canonical transformation and the integral for the Birkhoff
system are generalized to the generalized Birkhoff system. An example is given to illustrate the application of the result.
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