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1 Ú ó

du·bÓÚ3��Ï&!ã�?n!)�
�ä�+��ã�A^då, ®¤���5�Æ+
����~9��ïÄ�K, ¿×�uÐå5 [1].
�8c��, 5g�+��õa·bÓÚy�9Ù
A5®²��«, Ù¥ÝKÓÚÏÙØ�ý��
'~Ïf�±O\��Ï&�S�5ÚÏ&�D
Ñ�Ý [1−4], CÏ®�2�ïÄ [1]. 8céuÝK
ÓÚ�ïÄ�õ´Äu°ÄXÚ��AXÚ�m
U,�~ê'~Ïf?1ÓÚ, éu°ÄXÚÚ
�AXÚ�mU,�¼ê'~ÏfÓÚ�ïÄ�
� [1]. nØþ, ¼êÝKÓÚ¥�Ø�ý��'~
¼ê�?�ÚO\��Ï&�S�5, ÏTaÓ
Ú�ïÄäk��¿Â [1]. ÏL���þ�©z
��, 8ck'¼êÝKÓÚ�ïÄ�� [1].

ÝKÓÚ´�°ÄÚ�AXÚ�ÓÚ�þ�
'���~ê, �T~êU�,�¼ê½~êÝ

�, B�¤¼êÝKÓÚ½?�ÝKÓÚ [5]. �C,
kÆöò?�ÝKÓÚ�'~~êÝ
*Ð�'
~¼êÝ
, JÑ
#�·bXÚÓÚ�{, =?
�¼êÝKÓÚ [6−8], §´�°ÄXÚÚ�AXÚ
�mUì?¿�½�'~¼êÝ
'X?1ÓÚ.

du·�/À�'~¼êUO\ÓÚ�·bXÚ
áÚf�(�E,§Ý9·b§Ý, |^¼êÝK
ÓÚ?1��Ï&�O\��Ï&¥&E�S�
5 [1], éÏ&V�±	�1n�ó, '~¼ê´
Ø�ý��, lO\
·b&Ò3DÑL§¥�
�¼»È�JÝ, �±¼��Ð�S�5 [5]. Ïd
·bXÚ¼êÝKÓÚ�ïÄäk��nØ¿
ÂÚA^d�.©z [8—16] ïÄ
¹k��ëê
�·bXÚ�?�¼êÝKÓÚ, �O
g·AÆ
5E£��ëê. ©z [5] ÏL�EÜ·��AX
Ú, |^ü�ÍÜ·bÓÚ�n, JÑ�«?�¼
êÝKÓÚ�{. ,, þã©z�Ñ´3b�X
ÚØ¹Ø(½�Úvk	.Z6�cJe�Ñ�,
�ÓÚ�ÝØ�N. 3¢SA^¥, �uÿþ^
�Úóä���,	.éJ°(��XÚ�êÆ�
., =XÚéu	.  ´���, ½öXÚÉ	
.Z6´Ø�;�� [17]. Ïd, ïÄÉ6�¹kØ
(½��·bXÚ�äk¢S¿Â, �ùa·bX
Ú�?�¼êÝKÓÚ¯K8c�����.

�©�é�aÉ6�¹kØ(½��·bX
Ú, �E
ü«Ü·��AXÚ, JÑ
g·A?
�¼êÝKÓÚ�{. �â Lyapunov½5nØ,
�O
��ìÚg·AÇ. T��üÑØ=¢y

°ÄXÚ�¤�E��AXÚ�?�¼êÝKÓ
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Ú, �é	.Z6k�r�°�5; Ø=ØI�
¯k®�Ø(½��þ., �ÏLÚ\\�Ïf,
�?¿��ÓÚ�A�Ý, äk�p�¦^d�.
Ï�vkr\3XÚþ���^�, T��üÑä
k��5. ��ÏLé�·b CYQY XÚ�ê�
�ý�y
¤J�Y�k�5.

2 ?�¼êÝKÓÚ�Y£ã

�Ä·bXÚ:

ẋ = f(x, t)

= Ax + F (x, t) + ∆f(x, t), (1)

ẏ = g(y, t), (2)

ùp x, y ∈ Rn �XÚG�Cþ, A ∈ Rn×n �X
ÚÝ
, ∆f(x, t) ´XÚ�ï�Ü©!�.6Ä9
	ÜZ6�nÜ, F (x, t) ∈ Rn �ëY1w��
5¼ê, �÷v Lipschitz ^� F (x, t) − F (y, t) 6
r(x − y), ª ¥ r > 0, � Lipschitz ~ ê. d ^
�¿Ø��, k��a·bXÚ÷vd^�. ~
X Rossler, Duffing Holmes XÚ, Lorenz XÚ, Chen
XÚ9 CYCQ �·bXÚ�.

éu°ÄXÚ (1) Ú�AXÚ (2) ?�Ð©�,
e�3¼êÝ


M(t) = diag[m1(t),m2(t), · · · ,mn(t)],

¦�

lim
x→∞

‖e‖ = lim
x→∞

‖x − My‖ = 0, (3)

½
lim

x→∞
‖e‖ = lim

x→∞
‖y − Mx‖ = 0, (4)

K¡XÚ (1) ÚXÚ (2) ¼�?�¼êÝKÓÚ. é
u ∀t, b� mi(t) 6= 0,·�¡ M(t)�'~¼êÝ

, mi(t)�'~¼ê��ëY���k.¼ê, w
,� m1(t) = m2(t) = · · · = mn(t) �, ?�¼êÝ
KÓÚòz�¼êÝKÓÚ [5].

2.1 ¢¢¢yyyØØØ���XXXÚÚÚ��� (3) ªªª���???���¼¼¼êêêÝÝÝ
KKKÓÓÓÚÚÚ���YYY

ò (1) ª��°ÄXÚ, �EÙXe�AXÚ:

ẏ = M−1[A(My) + F (My, t) − Ṁy + U ], (5)

ùp M(t) = diag[m1(t),m2(t), · · · ,mn(t)] �¤
À�'~¼êÝ
, ½ÂXÚ (1) ÚXÚ (5) �ÓÚ

Ø��

e = x − My

= [x1 − m1(t)y1 , x2 − m2(t)y2,

· · · , xn − mn(t)yn], (6)

KØ�XÚ�

ė = ẋ − M ẏ − Ṁy

= Ax + F (x, t) + ∆f(x, t) − A(My)

−F (My, t) + Ṁy − U − Ṁy

= A(x − My) + F (x, t) − F (My, t)

+∆f(x, t) − U

= Ae + F (x, t) − F (My, t)

+∆f(x, t) − U . (7)

�Og·A��ì

U = Ke + qρ̂sgn(e),
˙̂ρ = q ‖e‖ , (8)

A − K = −C,

ùp ρ̂(o) ∈ R+, q > max[r, 1], K ∈ Rn×n, C ��
½Ý
.

½½½nnn 1 �ÄÉ6·bXÚ (1) 9�E��A
XÚ (5), eæ^ª (8) ���üÑ9g·AÆ, K
XÚ (1) ÚXÚ (5) ¢y?�¼êÝKÓÚ.

yyy²²² ½Â Lyapunov ¼ê

V =
1
2
eTe +

1
2
(ρ̂ − ρ)2,

V ´�½¼ê, ÷Ø��§ (7) é V ¦���ê�:

V̇ = ėTe + (ρ̂ − ρ) ˙̂ρ

= [Ae + F (x, t) − F (My, t)

+∆f(x, t) − U ]T e + (ρ̂ − ρ)q ‖e‖

= eTATe + [F (x, t) − F (My, t)

+∆f(x, t)]T e − UTe + qρ̂ ‖e‖ − qρ ‖e‖

6 eTATe + r ‖e‖2 + ‖∆f(x, t)‖ ‖e‖

−eTKTe − qρ̂ ‖e‖ + qρ̂ ‖e‖ − qρ ‖e‖

6 eT(A − K)Te + q (‖e‖ + ‖∆f(x, t)‖) ‖e‖

−qρ ‖e‖ , (9)

½ Â � ��� � o ´ � 3 � ~ ê ρ ÷ v é ¤
k 0 6 t < ∞, þk [18]

‖e‖ + ‖∆f(x, t)‖ 6 ρ < ∞. (10)
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ò (10) ª�\ (9) ª�

V̇ 6 eT(A − K)Te + qρ ‖e‖ − qρ ‖e‖

= eT(A − K)Te 6 −λmin(C) ‖e‖2

ª¥ λmin(C) ��½Ý
 C ���A��, ¤
± V̇ (t) 6 0. =ÀJ��Ü·�Ý
 K, ¦�Ý

 A − K �¤kA��äkK¢Ü, KXÚ (1)
Ú (5) 3��üÑ (8) ��^e, ¢y?�¼êÝK
ÓÚ.

5 1 �â©z [5] �½n, eÀ�Ü·��"
OÃ K, ÷v k > L, Kk V̇ (t) 6 0, B�¢y°Ä
XÚ�¤�O��AXÚ�?�¼êÝKÓÚ. ,
XJ°ÄXÚÉ���Z6, =�Ä k > L, KØ
U���y V̇ (t) 6 0, �=, ØU���y°ÄX
Ú�¤�O��AXÚ�?�¼êÝKÓÚ. �
©½n, du3��ì¥Ú\
g·A�!, 3�
½�^�e, ��rÝ ρ(t) �±�lZ6Cz, O
\ ρ(t) 5³�Z6, �ØI�¯k®�Ø(½��
þ.. 3¢SA^¥, ��À��Ý
 K ¦ C �
�½Ý
=�. �Ò´`, d (8) ª(½���üÑ
k�½�°�5.

5 2 ���½Ý
 C = [β1, β2, · · · , βn]T,
β1, β2, · · · , βn �\�Ïf, βi ����, A − K �
K, ÓÚLÝ�m�á, ÏdÏLÀJ\�Ïf βi

�±(¹��ÓÚ�Ý.

2.2 ¢¢¢yyyØØØ���XXXÚÚÚ��� (4) ªªª���???���¼¼¼êêêÝÝÝ
KKKÓÓÓÚÚÚ���YYY

ò (1) ª��°ÄXÚ, �EÙXe�AXÚ:

ẏ = M
[
A(M−1y) + F (M−1y, t)

− d
dt

(M−1)y + U

]
, (11)

ùp M(t) = diag[m1(t),m2(t), · · · ,mn(t)] �¤
À�'~¼êÝ
, ½ÂXÚ (1) ÚXÚ (11) �Ó
ÚØ��

e = x − M−1y

=
[
x1 −

1
m1(t)

y1 , x2 −
1

m2(t)
y2,

· · · , xn − 1
mn(t)

yn

]
, (12)

KØ�XÚ�

ė = ẋ − M−1ẏ − d
dt

(M−1)y

= Ax + F (x, t) + ∆f(x, t) − A(M−1y)

−F (M−1y, t) +
d
dt

(M−1)y

−U − d
dt

(M−1)y

= A(x − M−1y) + F (x, t)

−F (M−1y, t) + ∆f(x, t) − U

= Ae + F (x, t) − F (M−1y, t)

+∆f(x, t) − U (13)

��Y 2.1 aq���±e½n.
½½½nnn 2 �ÄÉ6·bXÚ (1) 9�E��A

XÚ (11), eæ^ (8) ª���üÑ9g·AÆ, K
XÚ (1) ÚXÚ (11) ¢y?�¼êÝKÓÚ.

3 ê��ý

~: �Ä�·b CYQY XÚ

ẋ1 = a(x2 − x1) + bx2x3,

ẋ2 = cx1 − dx1x3 + x2 + x4,

ẋ3 = x1x2 − vx3,

ẋ4 = −fx2,

(14)

�ëê a = 35, b = 35, c = 25, d = 5, v = 4.9, f =
100 �, XÚ¥�·bG�.

±XÚ (14)�°ÄXÚ, Uì�Y 2.1 �E�
AXÚ�

ẏ1 =
1

m1(t)
[a(m2y2 − m1y1)

+bm2y2m3y3 − ṁ1y1 + u1],

ẏ2 =
1

m2(t)
[cm1y1 − dm1y1m3y3

+m2y2 + m4y4 − ṁ2y2 + u2],

ẏ3 =
1

m3(t)
[m1y1m2y2 − vm3y3 − ṁ3y3 + u3],

ẏ4 =
1

m4(t)
[−fm2y2 − ṁ4y4 + u4].

(15)

ÀJ¼êÝ
�, 5¿¦'~¼êØU�". -

M = diag[m1(t),m2(t),m3(t),m4(t)]

k Ṁ = diag[ṁ1(t), ṁ2(t), ṁ3(t), ṁ4(t)], Ù¥

m1(t) = 6.1 + sin t + 2 sin(2t) + 3 sin(3t),

m2(t) = 0.1 + 2 sin2(2t),

m3(t) = 0.1 + 2 sin2(2t) + 3 sin2(3t),

m4(t) = 10.1 + sin t + 2 sin(2t)
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+3 sin(3t) + 4 sin(4t).

XÚÝ
 A =


−a a 0 0

c 1 0 1

0 0 −v 0

0 −f 0 0

, À��©

z [5] � Ó � Ý 
 K =


0 0 0 0

0 30 0 0

0 0 0 0

0 0 0 0

, K C =


a −a 0 0

−c 29 0 −1

0 0 v 0

0 f 0 0

, N´�y C ��½Ý
.

��ì��

u1 = qρ̂1sgn(e1),

u2 = 30e2 + qρ̂2sgn(e2),

u3 = qρ̂3sgn(e3),

u4 = qρ̂4sgn(e4).

(16)

g·AÆ�
˙̂ρ1 = q ‖e1‖ ,

˙̂ρ2 = q ‖e2‖ ,

˙̂ρ3 = q ‖e3‖ ,

˙̂ρ4 = q ‖e4‖ .

(17)

À� q = 40, XÚÐ�©O� (x1(0), x2(0), x3(0),
x4(0)) = (–1, 2, 0, 0.5), (y1(0), y2(0), y3(0), y4(0)) =
(1, –3, 0, 0). KXÚ (14) �XÚ (15) �?�ÝKÓ
ÚØ� ei = yi − mixi (i = 1, 2, 3, 4) ���Å/X
ã 1 ¤«.

0 2 4

-2

-1

0

1

t/s
0 2 4

-0.5

0

0.5

t/s

0 2 4
-0.03
-0.02

-0.01

0

0.01

t/s

e

↼t
↽

e

↼t
↽

e

↼t
↽

e

↼t
↽

0 2 4

0

0.1

0.2

t/s

ã 1 XÚ (14) �XÚ (15) �?�¼êÝKÓÚØ����Å/

�
�y¤�O��ì�°�5, òXÚ (15)
\\Z6&Ò, =

ẋ1 = a(x2 − x1) + bx2x3 + d1,

ẋ2 = cx1 − dx1x3 + x2 + x4 + d2,

ẋ3 = x1x2 − vx3 + d3,

ẋ4 = −fx2 + d4,

(18)

d(t) = (d1(t), d2(t), d3(t), d4(t))T �	.Z6, ê
��ý�Ø���5À��ÅZ6 di(t) = 3rand
(i = 1, 2, 3, 4), Ù¦ëêØC, �ý(JXã 2¤«.
�
`²�©?�ÝKÓÚ�Y�°�5

�ru©z [5], |^©z [5] ��Y�ý (18) ª
\\	.Z6�� CYQY XÚ, �ý(JXã 3
¤«.

lã 1, 2 �±wÑ, |^�Y 2.1, ¤�O��
AXÚ�°ÄXÚ3��ì��^eþ¢y
X
Ú3É6c��?�¼êÝKÓÚ. é'ã 2, 3 �
±wÑ, 3À��Ó��"OÃÝ
 K ��¹e,
du�©3��ì¥Ú\
g·A�!, ¤�O�
��ì�©z [5] é	.Z6äk�r�°�5,
�ÓÚm©�ãØ���~�, \�Ïf�Ú\
q¦ÓÚ�m��.
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ã 2 É6XÚ (18) ��AXÚ (15) �?�¼êÝKÓÚØ����Å/
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e
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↽
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↽

e
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↽
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↽
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ã 3 É6XÚ (18) �©z [5] ¤�E�AXÚ�?�¼êÝKÓÚØ����Å/

±XÚ (14)�°ÄXÚ, Uì�Y 2.2 �E�
AXÚ�

ẏ1 = m1(t)
[
a

(
1

m2
y2 −

1
m1

y1

)
+b

1
m2

y2
1

m3
y3 −

ṁ1

m1
y1 + u1

]
,

ẏ2 = m2(t)
[
c

1
m1

y1 − d
1

m1
y1

1
m3

y3

+
1

m2
y2 +

1
m4

y4 −
ṁ2

m2
y2 + u2

]
,

ẏ3 = m3(t)
[

1
m1

y1
1

m2
y2 − v

1
m3

y3 −
ṁ3

m3
y3 + u3

]
,

ẏ4 = m4(t)
[
−f

1
m2

y2 −
ṁ4

m4
y4 + u4

]
.

(19)

'~¼êÝ
 M , XÚG�Cþ�Ð�9 q �

�Óþ. ��ì9g·AÆ©OÓ (16), (17) ª.
ã 4�XÚ (14) ÚXÚ (19) �m�ÓÚØ� ei =
yi − mixi (i = 1, 2, 3, 4) ���Å/.

�
 � y ¤ � O � � ì � ° � 5, | ^ �
Y 2.2 �ýÉ6XÚª (18), Ù¦ëêØC, �ý
(JXã 5 ¤«.

�
`²�Y 2.2 ?�ÝKÓÚ�Y�°�
5�ru©z [5], |^©z [5] ��Y�ýª (18)
\\	.Z6�� CYQY XÚ, �ý(JXã 6
¤«.

lã 4, 5 �±wÑ, |^�Y 2.2, ¤�O��
AXÚ�°ÄXÚ3��ì��^eþ¢y
X
Ú3É6c��?�ÝKÓÚ. é'ã 5, 6 �±w
Ñ, 3À��Ó��"OÃÝ
 K ��¹e, du
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�©3��ì¥Ú\
g·A�!, ¤�O���
ì�©z [5] é	.Z6äk�r�°�5, �Ó

Úm©�ãØ���~�, \�Ïf�Ú\q¦
ÓÚ�m��.
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ã 4 XÚ (14) �XÚ (19) �?�¼êÝKÓÚØ����Å/
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ã 5 É6XÚ (18) ��AXÚ (19) �?�¼êÝKÓÚØ����Å/
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ã 6 É6XÚ (18) �©z [5] ¤�E�AXÚ�?�¼êÝKÓÚØ����Å/

140503-6



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 14 (2012) 140503

4 ( Ø

�©�é�aÉ6�¹kØ(½��·bX
Ú, �O
ü«Ü·��AXÚ, JÑ
g·A?
�¼êÝKÓÚ�{. �â Lyapunov½5nØ,
�O
��üÑÚg·AÆ. 3��ì��^e,
¤�E��AXÚÚ°ÄXÚ�±¢y?�¼ê

ÝKÓÚ. ¤�O���üÑé	.Z6k�r�
°�5, �ØI�¯k®�Ø(½��þ.. ÏL
Ú\\�Ïf, �?¿��ÓÚ�A�Ý, äk�
p�¦^d�. ��, ÏLé�·b CYQY XÚ9
Ù3	.�ÅZ6�3��¹e��ýïÄ, ?�
Ú�y
�©¤JÑ�{�k�5.
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Abstract

In this paper, we primarily investigate the adaptive modifying function projective synchronization of a class of chaotic systems

with uncertainties. According to the Lyapunov stability theory, the two schemes of obtaining the response system from chaotic system

are established, and the controller and the adaptive law are designed. The approach is more robust to noise and external interference,

and does not need the upper bound of uncertainties in advance. In addition, it can adjust the system response rapidly by adjusting

the accelerated factor. This method is more practical. Numerical simulations of a hyper-chaotic system verify the effectiveness of the

proposed method.
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