
Ô n Æ � Acta Phys. Sin. Vol. 61, No. 14 (2012) 140504

---111 Maxwell-Bloch ���§§§������···bbb���äää���ÓÓÓÚÚÚïïïÄÄÄ*

½ú† û<� ÁZÆ !A 7W Ü#

( �w���ÆÔn�>fEâÆ�, �ë 116029 )

( 2011 c 11 � 30 FÂ�; 2011 c 12 � 18 FÂ�?Uv )

ïÄ
-1 Maxwell-Bloch �§��·b�ä�ÓÚ¯K. éü�-1 Maxwell-Bloch �§?1
?�. ± N

�?��äk��·bA5�ü�-1 Maxwell-Bloch �§���ä!:�¤E,�ä. 3�Ä��äë�L§
¥, !:��·bXÚ¥�ëþ�UÉ�,«Z6
�¢S��)�� ���¹e, æ^�ä1��!:���
·bXÚÓ�¿1°ÄÙ{ N − 1 ���·bXÚ��ÓÚ. ?�ÚÏL�ý�[�y
ÓÚ�Y�k�5.

'�c: E,�ä, ��·bÓÚ, Lyapunov ½n, -1 Maxwell-Bloch �§

PACS: 05.45.Xt, 05.45.Pq

1 Ú ó

g Haken ïá
£ãþ!\°-1ì�nØ
�. [1], ¿(½ùa-1ì�)·b�^�±5,
1Æ·b�ïÄÅÚÚå
<��ÊH'5 [2−5].
?�Ú�ïÄuy, du·b�ù«�±Ï$Äé
Ð©G�4Ù¯a, ¿�¹k4Ù´L�&E, Ï
d, 3|^-1·b?1&EÏ&±9-1ì�m
&Ò�ÓÚ=���¡kXÕA�A^då, l

¦�-1·bÓÚ�nØÚA^¤�T+��©
¹����ïÄ��, �
kd��nØÚ¢�(
J�U��� [6−12]. ~X, Roy Ú Thornburg[13] Ç
k|^�5ÍÜ�"3¢�þ¢y
ü� Nd:YAG
-1ì�·bÓÚ; Vicente � [14] ïÄ
äkò´
�A�ü��pÍÜ��N-1ì�·bÓÚA
5; Aviad � [15] ?1
ü��pÍÜ��N-1ì
��ÓÚïÄ; Kanter � [16] ég�"e�ü��
pÍÜ��N-1ì�·bÓÚ?1
��;��
u� [17] �é1>K�"eü�ÍÜ5\R�nL
¡u�-1ì�·bÓÚA5?1
ïÄ; Loose
� [18]�¤
��N-1ì·bÓÚ�¢��O.

3ù
Lk¤��ó�¥, ÙïÄSNÌ�8
¥3��-1ì°Ä,��-1ìù«ü�-1

ì�m�·bÓÚ¯K. 
3¢SA^¥, <� 
 I�|^��-1ìÓ�°Äõ�-1ì?1
�§Ï&Ú&Ò�ÓÚDÑ, ù¢Sþ��uäk
�p'é�õ�-1ì�¤��E,�ä�·b
ÓÚ¯K. dd��, ïÄ-1XÚ�¤E,�ä
�·bÓÚ¯Käk­��nØ¿ÂÚ¢^d�.

�©ïÄ
-1 Maxwell-Bloch �§��·b
�ä�ÓÚ¯K. Äkéü�-1 Maxwell-Bloch
�§?1
?�. ?�Ú± N �?��äk��
·bA5�ü�-1 Maxwell-Bloch �§���ä
!:, 3�Ä��äë�L§¥, !:��·bX
Ú¥�ëþ�UÉ�,«Z6
�¢S��)�
� ���¹e, æ^�ä1��!:���·b
XÚÓ�¿1°ÄÙ{ N − 1 ���·bXÚÓ
Ú��n�¤E,�ä. Äu Lyapunov ½n, (½

�äëþ �N�OÃ�(�±9¢y�ä�
�ÓÚ�^�. ?�ÚÏL�ý�[�y
ÓÚ�
Y�k�5.

2 ü � - 1 Maxwell-Bloch � §
�?�

ü � þ ! \ ° - 1 ì � Ä å Æ 1 �

* �w�g,�ÆÄ7 (1OÒ: 20082147) Ú�w���eM#ìèOy (1OÒ: 2008T108) ]Ï��K.

† E-mail: luling1960@yahoo.com.cn

c© 2012 ¥¥¥IIIÔÔÔnnnÆÆÆ¬¬¬ Chinese Physical Society http://wulixb.iphy.ac.cn

140504-1



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 14 (2012) 140504

d Maxwell-Bloch �§£ã [1]:

dE′

dτ
= −αP ′ − γcE

′,

dP ′

dτ
= −µ

~
E′D′ − γ⊥P ′,

dD′

dτ
=

µ

~
E′P ′ − γΣ (D′ − D0) ,

(1)

Ù¥ E′, P ′, D′ ©O�-1�>|rÝ!÷*>4
zrÝÚ�=âfê�Ý. ëþ γc L«-1ìn
S1|�P~�Ç; γ⊥ L«÷*4zrÝ�µþ
�Ç; γΣ ´�fU?þâfêP~�Ç; D0 ´-
1ì�-u
��Z-u�)�fU?þâfê
�­½�. ëþ α Kde�'XªL«:

α =
N ′µωc

2ε0
, (2)

ùp N ′ �ó�Ô���fê�Ý, µ ´ó�Ô�
�f�[>ó4Ý��ê, ωc ���n���ª
Ç, ε0�ý�¥�0>~ê.

� (1) ª¥ E′, P ′, D′ Ø��mCz�, �±(
½Ù­�) Es, Ps, Ds

Ps = −γc

α
Es,

Es =
~
µ

[
γΣγ⊥

(
D0

Ds
− 1

)]1/2

,

Ds =
γ⊥γc~

µα
.

(3)

�O��B, �IÝC� δ =
D0

Ds
− 1 = c − 1,

c =
D0

Ds
, σ =

γc

γ⊥
, b =

γΣ

γ⊥
, t = γ⊥τ , E =

√
bδ

E′

Es
,

P =
√

bδ
P ′

Ps
, D =

D0 − D′

Ds
, �Ä� (3) ª, (1) ª�

±C�� 

dE

dt
= σ(P − E),

dP

dt
= (c − D)E − P,

dD

dt
= EP − bD,

(4)

�ëþ σ = 10, b = 8/3, c > 24.74, XÚ?\·
bG�.

Maxwell-Bloch � § (4) ´ 3 Ñ � 
 1 | �
�mCz
���, Ù¥�G�Cþ=��m
üz. �1|��müz��A´¢S�3�,
= Maxwell-Bloch �§ (4) ¥�¤kG�CþAT
´�mÚ�m�¼ê. ùp·�b��§ (4) ¥

�1|�3���m*Ñ� d∇2E(r, t), K?��
� Maxwell-Bloch �§�

dE(r, t)
dt

= σ(P (r, t) − E(r, t)) + d∇2E(r, t),

dP (r, t)
dt

= (c − D(r, t))E(r, t) − P (r, t),

dD(r, t)
dt

= E(r, t)P (r, t) − bD(r, t),

(5)

Ù¥ t L«�m, r L«�m�I, d��m*ÑX
ê, ∇2 = ∂2/∂r2.

·� Ï L O � ? � � � Maxwell-Bloch �
§ (5) ��� Lyapunov �ê5�½XÚ�Äå
Æ1�. �ëþ b = 8/3, �m*ÑXê d = 0.01, �
ÑXÚ��� Lyapunov �ê�ëþ σ Ú c �üz
'XXã 1 ¤«. ã 1 w«ëþ σ = 10, c = 28 ?
��� Lyapunov �ê���, L²3TëþeX
Ú?u��·b�. d�XÚG�Cþ���üz
Xã 2—4 ¤«.
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3 Maxwell-Bloch �§��·b�ä�
ÓÚïÄ

$^��-1ì°Äõ�-1ì?11&Ò
�ÓÚDÑÚ��, nØþ��uïÄ N �ÃX
ü�-1 Maxwell-Bloch �§ (5) ù����·b
XÚ��!:�¤E,�ä�ÓÚ¯K. Ø��
�5/��ä�1��!:���·bXÚ�°
ÄXÚ, Ù{� N − 1 �!:���·bXÚ�
�AXÚ, 1��!:���·bXÚÓ�¿1°
Ä N − 1 ���·bXÚÓÚ��nã�ã 5.��� � �

ã 5 ¿1°Ä�nã

�
¦ÓÚ�YäkÊ·5, Äkòü�-
1 Maxwell-Bloch �§ (5) �¤e���·bXÚ
���/ª

∂x(r, t)
∂t

= F (x(r, t), t), (6)

Ù¥ x(r, t) ∈ Rn ´XÚ�G�Cþ, F : Rn →
Rn.

ò N ���·bXÚ (6) ��!:Uìã 5
��n�¤E,�ä, �Ä�3�äë�L§¥,
!:��·bXÚ¥�ëþ�UÉ�,«Z6

�¢S��)��� � ∆A, �Äkò��·b
XÚ (6) U��

∂x(r, t)
∂t

= F (x(r, t), t)

= (A + ∆A − δ)x(r, t)

+D(x(r, t), t), (7)

Ù¥ A �²LAÏ����5�Xê�¢S�,
δ �Ù � ∆A �N�OÃ. w,, D(x(r, t), t) =
F (x(r, t), t) − (A + ∆A − δ)x(r, t).

ù�,�ä1 i �!:¤÷v�G��§�
∂xi(r, t)

∂t
= (A + ∆Ai − δi)xi(r, t)

+D(xi(r, t)) + η

N∑
j=1

GijD(xj(r, t))

(i = 1, 2, · · · , N), (8)

Ù¥ η ´!:�m�ÍÜrÝ, Gij L«ÍÜÝ

 G �Ý
�, §�äNL«Ï�ä�ë�a.

É. �©æ^ã 5 �ë��ª, ÍÜÝ
�

G =



0 0 0 0 · · · 0

1 −1 0 0 · · · 0

1 0 −1 0 · · · 0

1 0 0 −1 · · · 0

· · · · · · · · · · · · · · · · · ·

1 · · · · · · · · · · · · −1


. (9)

½Â�ä�!:��·bXÚ¥�G�Cþ
�m�Ø�

ei(r, t) = xi+1(r, t)−xi(r, t) (i = 1, 2, · · · , N−1),
(10)

�±?�Ú��
∂ei(r, t)

∂t
=

∂xi+1(r, t)
∂t

− ∂xi(r, t)
∂t

= (A + ∆Ai − δi)ei(r, t)

140504-3



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 14 (2012) 140504

+ [(∆Ai+1 − δi+1)

−(∆Ai − δi)]xi+1(r, t)

+(1 − η) [D(xi+1(r, t))

−D(xi(r, t))] . (11)

éuÃ��ä, ÍÜrÝ� η = 1, (11) ª{z
�

∂ei(r, t)
∂t

= (A + ∆Ai − δi)ei(r, t)

+ [(∆Ai+1 − δi+1)

−(∆Ai − δi)]xi+1(r, t). (12)

þª¥e�3'X (∆Ai+1−δi+1)−(∆Ai−δi) = 0,
=

δk = ∆Ak − ∆Ak−1 + δk−1

=
k−1∑
i=1

(∆Ai+1 − ∆Ai) + δ1. (13)

(12) ª�?�ÚL«�
∂ei(r, t)

∂t
= (A + ∆Ai − δi)ei(r, t). (14)

�E�ä� Lyapunov ¼ê

V =
1
2

N−1∑
i=1

e2
i (r, t), (15)

w,,

∂V

∂t
=

N−1∑
i=1

(A + ∆Ai − δi)e2
i (r, t). (16)

dþªN´wÑ, �÷v A + ∆Ai − δi < 0 �,

∂V

∂t
< 0. (17)

Ä u Lyapunov ½ n [19], K � t → ∞ �,
ei(r, t) → 0, �ä1��!:���·bXÚÓ
�¿1°Ä N − 1 ���·bXÚ����ÓÚ.

4 ��·b�ä�ÓÚ�ý

��ä!:ê N = 4 5�ý�ä�ÓÚ�
J. ü�!:�G��§� (5) ª¤£ã�ü�
- 1 � � · b X Ú, o � ! : ? � ü � - 1 �
� · b X Ú G � C þ © O� (E1(r, t), P1(r, t),
D1(r, t)), (E2(r, t), P2(r, t), D2(r, t)), (E3(r, t),
P3(r, t), D3(r, t)), (E4(r, t), P4(r, t), D4(r, t)). U
ì (8) ª�ë��¤E,�ä, ¿b½�ä1��
!:ü�-1 Maxwell-Bloch �§���/ª (5),
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=°ÄXÚ¥�¤këþ�þ�¢S�. 1��!
:²LAÏ����5�Xê�¢S��

A =


−σ 0 0

0 −1 0

0 0 −b

 , (18)

  � ∆A1 Ú � � é A � N � O Ã δ1 þ�".
¿b�

∆A2 =


0 0 0

0 0 0

0 0 ∆b2

 , (19)

∆A3 =


0 0 0

0 0 0

0 0 ∆b3

 , (20)

∆A4 =


0 0 0

0 0 0

0 0 ∆b4

 , (21)

∆b2 = 0.01, ∆b3 = −0.01, ∆b4 = 0.03, �A�N
�OÃ δi(i = 2, 3, 4) �À�÷v (13) ª. 3?¿
��, 'X1 10 s �?1�ä�ÍÜë�, �ý�
[�äØ�Cþ����üz5ÆXã 6—8 ¤
«. ã 6—8 w«, �äÍÜë��, �o�!:
�ü�-1��·bXÚG�Cþ�'�Ø�&

Ò eij(i, j = 1, 2, 3) þ×�/ªu", `²�ä¥
�¤k!:¢y
��ÓÚ.

,	, ��äëþ � ∆bi ±9�ä!:ê N

�Ù¦��, ­Eþã�ýL§, uy���ä�
ÓÚ�JE�©n�.

5 ( Ø

ïÄ
-1 Maxwell-Bloch �§��·b�ä
�ÓÚ¯K. Äk�Ä�1|��mCz, éü�
-1 Maxwell-Bloch �§?1
?�. ?�Ú± N
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Bloch �§���ä!:, 3�Ä��äë�L§
¥, !:��·bXÚ¥�ëþ�UÉ�,«Z6

�¢S��)�� ���¹e, æ^�ä1�
�!:��·bXÚÓ�¿1°ÄÙ{ N − 1 �
��·bXÚÓÚ��n�¤E,�ä. Äu Lya-
punov ½n, (½
�äëþ �N�OÃ�(�
±9¢y�ä��ÓÚ�^�. ?�ÚÏL�ý�
[�y
ù«ÓÚ�Y�k�5. nØ©ÛÚ�ý
(JL², 3?¿��?1�ä�ë�, �ä¤k
!:��·bXÚ¥�G�Cþ�m�Ø�&Ò
²L��6�L§�þªu", �!:¤éA�G
�Cþ����üz;,����, ���ä��
�ÓÚ�±¢y. ¿��äëþ ���K±9�
ä!:ê8é�äÓÚ(J�­½5vkK�.
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Study on spatiotemporal chaos network
synchronization of the laser Maxwell-Bloch equation∗

Lü Ling† Shang Jin-Yu Zhu Jia-Bo Shen Na Liu Shuang Zhang Xin

( College of Physics and Electronic Technology, Liaoning Normal University, Dalian 116029, China )

( Received 30 November 2011; revised manuscript received 18 December 2011 )

Abstract
Spatiotemporal chaos network synchronization of the laser Maxwell-Bloch equation is studied. The single-mode laser Maxwell-

Bloch equation is amended. Then N single-mode laser Maxwell-Bloch equations amended are taken as nodes to constitute a complex
network. Considering the fact that the parameters of the spatiotemporal chaos systems taken as nodes may have small deviations from
the actual values because of some interference in the network connecting process, the system at the first node is take as a driven system
to drive the rest of the N − 1 systems in parallel to achieve synchronization. Furthermore, simulation is performed to verify the
effectiveness of the method.

Keywords: complex network, spatiotemporal chaos synchronization, Lyapunov theorem, laser Maxwell-Bloch
equation
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