
Ô n Æ � Acta Phys. Sin. Vol. 61, No. 14 (2012) 144202

ÜÜÜ©©©���mmm���ZZZ111ååå333��� Kolmogorov ëëë666
���ííí¥¥¥���kkk���­­­ÇÇÇ���»»»*

�[²1)2)† ë1Ê1) �F1) �}û 1)

1) ( O�ÔnoA�p�­:¢�¿, ¨U 644000 )

2) ( ¨UÆ�Ôn�>fó§Æ�, ¨U 644000 )

( 2011 c 6 � 26 FÂ�; 2011 c 12 � 26 FÂ�?Uv )

-13ë6�í¥�DÑk­��nØïÄÚ¢SA^¿Â. ±pd - ���. (GSM) 1å��Ü©�m
�Z1�;.~, Äu� Kolmogorov ÌÚ2Â¨�d - �r��n, í�Ñ GSM 1å3� Kolmogorov ë6¥�
k�­Ç�»�)ÛL�ª. ­:ïÄ
ë6ëê (�)2Â�ê α, SºÝ l0 Ú	ºÝ L0) ÚDÑål z ©O
é GSM 1åk�­Ç�»�K�. (JL², k�­Ç�» Rx(z) � α Ú z O\k~�,�2O�, � L0 �~�

O� (3.6< α < 4), � l0 �O\
O�. ¿é(J�
Ôn)º.

'�c: � Kolmogorov ë6, k�­Ç�», pd - ���.1å

PACS: 42.25.Bs, 42.68.Bz
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-13ë6�í¥�DÑ´��k­�nØ
Ú¢SA^��K. 'uë6é1r©Ù!1å
*Ð!1ÌA5!�ZA5±91å�þÏf
��K�®?1
NõïÄ [1−11]. d	, 1å�
�¡�­Ç�»´£ã1åA5���­�ë
ê, ©z [12—17] é1å3gd�m¥�­Ç�
»Ú3�íë6DÑ¥k�­Ç�»�Cz®
�
ïÄ. �®kó��õ�én��íë6, ~
X Kolmogorov ë6?1�. ¢�ÿþ(J�n
� Kolmogorov �.k�� � [18−20], `²�í
ë6¿Øo´�Å Kolmogorov �. [20−25]. Äu
� Kolmogorov Ìë6�., ©z [21—26] ©Oé
���åÏ!ðc!&D'ÚØèÇ!1å*
ÐÚ��5±9 M2 Ïf�
ïÄ. pd - ��
� (GSM) 1å´Ü©�m�Z1ïÄ¥���­
�é�, 3�½^�e, õ�-1�^ GSM 1å5

L« [27]. Wu[1], Dogariu Ú Amarande[2] ©Oln
ØþÚ¢�þïÄ
 GSM 1å��íDÑA5,
¿�Ñ����Z1�', Ü©�Z1éë6�A
�Ø¯a�­�(Ø. ��k¿Â�ïÄ¯K´3
� Kolmogorov ë6�í¥-1k�­Ç�»�C
z. �©± GSM 1å�~, |^� Kolmogorov Ì
Ú2Â¨�d - �r��n, í�Ñ GSM 1å�
k�­Ç�»)ÛL�ª, éÜ©�m�Z13
� Kolmogorov ë6¥DÑ�k�­Ç�»�Cz
5Æ�
�[�ê�O�Ú©Û, ¤�(Jé3
� Kolmogorov ë6�í¥�-1Ï&kd3�A
^¿Â.

2 GSM 1å3� Kolmogorov �íë
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|? (z = 0)
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)
, (1)

w0, σ ©O�3 z = 0 ?éA�pd1åå�°Ý
Ú1å��m�'�Ý; x′

1, x′
2 ©O� z = 0 ¡þ

?¿ü:� �.
�â2Â¨�d - �r�û�È©úª, �

ò GSM 1åÏL�íë63 z = const ?���
Ì�ÝL«� [5,26]

W (x, xd; z) =
k

2πz

∫∫
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−H(xd, x
′
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}
dx′dx′

d, (2)

ª¥ x′ =
x′

1 + x′
2

2
, x′

d = x′
1 − x′

2, x =
x1 + x2

2
,

xd = x1 − x2; Å ê k = 2π/λ, λ � Å �, z �
D Â å l; x1, x2 © O � z ² ¡ þ ? ü : �  
�. H(xd, x

′
d; z) �ë60�6Ä
Úå�� å

Ï [5,7,8], ÙL�ª�

H(xd, x
′
d; z) = 4π2k2z

∫ 1

0

dξ

∫ ∞

0

[1 − J0(κ |x′
dξ

+(1 − ξ)xd|)]Φn(κ)κdκ, (3)

Ù¥ J0 ´"��l�¼ê, Φn (κ) ��íë6�ò
�ÇåÏ�mõÇÌ.

é u � Kolmogorov Ì 5 `, Φn (κ) � L «
� [21,24]

Φn(κ, α) = A(α)C̃2
n

exp[−(κ2/κ2
m)]

(κ2 + κ2
0)α/2

,

0 6 κ 6 ∞, 3 < α < 4, (4)

ª ¥, κ0 = 2π/L0, (L0 � ë6� 	 º Ý),
κm = c(α)/l0, (l0 � ë6� S º Ý), c(α) =[

2
3π

Γ (5 − α/2)A(α)
]1/α−5

, (Γ (5 − α/2) �³ê¼

ê), A(α) = Γ (α − 1) cos(απ/2)/4π2, α �2Â�
êëê, C̃2

n ´2Â�ë6ò�ÇåÏ(�~ê,
ü ´ m3−α. � α = 11/3, L0 = ∞ Ú l0 = 0
�, A(11/3) = 0.033, C̃2

n = C2
n, =�~5� Kol-

mogorov Ì.
Ú\��L�ë6�K��ëþ

T = π2

∫ ∞

0

Φn(κ)κ3dκ, (5)

Ù��d�íë6�ò�ÇåÏÌ�Ý¼ê Φn(κ)
û½.

ò (4) ª�< (5) ªÈ©��:
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A(α)π2C̃2

n
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×
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8π2
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l20
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l20
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2
,

4π2l20
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]
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)4−α }
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(6) ªL²�íë6þ T (α, l0, L0) �2Â�ê
ëê α, SºÝ l0 Ú	ºÝ L0 k', T (α, l0, L0) �
��L²ë6�r.

Ü©�Z1å3�íë6¥DÑ� z ?��
�Ì�Ý�^ Wigner ©Ù¼ê (WDF) L«� [26]

h(x, θx; z) =
k

2π

∫ ∞

−∞
W (x, xd; z)

× exp(−ikθxxd)dxd. (7)

Äu WDF Ý½Â [5,28], 3ë6¥� GSM 1å÷ x

��� WDF � n + m =2 �Ý�L«�
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x 〉 =

1
P
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x h(x, θx; z)dxdθx, (8)

Ù¥ P =
∫∫

h(x, θx; z)dxdθx ´1åoõÇ. ò (2)
Ú (7) ª�< (8) ª, ²�¡�O��±�Ñ GSM
1å3ë6�í¥÷ x ����m��Ý 〈x2〉!
�mªÇ���Ý 〈θ2

x〉 ±9·ÜÝ 〈xθx〉 ©O�
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)
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�
�B?Ø, Ú\1å��ZÝëê [16]

β = σ/w0, (12)

β ��, L²1å��Z5�r.
� â © z [14—17] � ½ Â, GSM 1 å 3

� Kolmogorov ë6¥�k�­Ç�»�±L«�

144202-2



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 14 (2012) 144202

Rx(z, α, l0, L0) =
〈x2〉
〈xθx〉

=
3π2w4

0β
2 + 3λ2z2(2 + β2) + 8π2β2w2

0T (α, l0, L0)z3

3(2 + β2)λ2z + 12π2w2
0β

2T (α, l0, L0)z2
. (13)

l (6) Ú (13) ª�wÑ, 3� Kolmogorov ë
6¥� GSM 1å�k�­Ç�»Ø
�1åë
ê (å�°Ý w0, Å� λ, �ZÝ β) k'	, ��
DÑål z Úë6�2Â�ê α, SºÝ l0 Ú	º
Ý L0 k'.

3 ê�O��(J©Û

�â (6) Ú (13) ªé GSM 1åÏL� Kol-

mogorov ë6�íDÑ�k�­Ç�»��ëê�
Cz�ê�O�Ú©Û, ;.(JXã 1—4¤«.

ã 1 £ã
ë6þ T (α, l0, L0) �2Â�ê α

�Cz'X, O�ëê©O� C̃2
n = 2×10−15m3−α,

ã (a) L0 = 20 m, (b) l0 = 0.01 m. lã 1(a) Ú (b)
�wÑ, T (α, l0, L0) �2Â�ê α O\�üNC

z, � α = 3.11 � (ùd
∂T (α, l0, L0)

∂α
= 05û½),

T (α, l0, L0) Ñy
��4��.� � �� � �� � �� � ���� � 	
 � 	� �
� ��� ��� � � �� � �� � �� � ���� � 	
 � 	� �
� ��� ���� � � � � � � � � � � � � � ��
� � � � � � � � �� � � � � � � � �� � � � � �  � � � � � � � � � � � � � � � ��

! � � � � � �! � �  � � �! � � � � �" # $" % $
ã 1 T (α, l0, L0) �2Â�ê α �Cz (a) ØÓ�SºÝ; (b) ØÓ�	ºÝ

� �� �� �� �� �� �� 	
�� 
 � � � � � � � � � � � � � � ��
� � � � � � � � �� � � � � � � � �� � � � � � � � � � � � � �� � � � � � � � � � � � � � ��

� � � � � � �� � � � � � �� � � � � �� �� �� �� �� �� 	
�� 

ã 2 GSM 1å�k�­Ç�»� α �Cz (a) ØÓ�SºÝ; (b) ØÓ�	ºÝ

ã 2(a) Ú (b) ©O£ã
 GSM 1å�k�­
Ç�»éØÓ�SºÝ l0 Ú	ºÝ L0 �2Â�
ê α �Cz, O�ëê©O� λ = 850 nm, w0 =
0.05 m, β = 2, z = 1 km, Ù{ëê�ã 1 ¤^ëê
��. lã 2(a) �±wÑ, k�­Ç�»�SºÝ
�~�
~�, ù´Ï�dã 1(a) ��ë6�Sº

Ý~�¬��ë6rÝ T (α, l0, L0) O�, 
ë6
�rk�­Ç�»��. ã 2(b) L²3 3 < α <

3.6 «m�, k�­Ç�»A�Ø�	ºÝ�O\

Cz, 
3 3.6 < α < 4 «m, k�­Ç�»�	
ºÝ�O\
~�. Ï�ã 1(b) ®L²3 3 < α <

3.6 «më6rÝ T (α, l0, L0) A�Ø�	ºÝ�
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O\
UC, ¤±3ù�«më6	ºÝ�O�
�A�ØK�k�­Ç�». 
3 3.6 < α < 4
«më6rÝ�	ºÝ�O\
\r, ë6rÝ
O���k�­Ç�»~�. ,	, ã 2(a) Ú (b)
L « 1 å � ­Ç� » � 2 Â � ê � C z 3

α = 3.11 ��34��, ã 2(a) ¥SºÝ l0 �
0.01, 0.005, 0.002 m é A � 4 � � © O �
11.4146, 7.0115 Ú 3.6575 km, 
3ã 2(b) ¥	º
Ý L0 � 20, 100, 500 m é A � 4 � � � Ó,
þ� 11.4146 km.� �� �

� �� �� �� �
� � �� �� � �� � �� 	
 ��
� �

� �� ���� �� � � � � � � � � � � � � � ��
� � � � � �  � � � ! �  � � ! � �  

" � � �" � � # $" � � # % � � �� � �� ��� � �� � �� � �� � �� &� ���� � ' ( ) ' ( * ' ( + ' ( , * ( -.
' ( ) ' ( * ' ( + ' ( , * ( -.

/ 0 1 2 3 2 4 5/ 0 1 2 3 2 6 5/ 0 1 2 3 2 7 58 9 : 8 ; :
8 < :

ã 3 (a) ØÓÅ�!(b) ØÓå�°Ý!(c) ØÓ�ZÝ� GSM 1å�k�­Ç�»� α �Cz

� ��� �� �� �� �� �� �	
� � 
 � � � 
 � � � 
 � � � 
 � � � 
 � � ��
� � � � �� � � � �� � � � �� � �  !� �"� �� !� �� �	
� � � # � � # ! � #  � # " ! # ��

� � � � �� � � � �� � � � �� $ �
ã 4 GSM 1å�k�­Ç�»éØÓDÑål� α �Cz (a) 3 < α 6 3.11; (b) 3.11< α < 4
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ã 3 Úã 4 ©O£ã
 GSM 1å�k�­Ç
�»éØÓ1åëê (Å�, å�°Ý±9�ZÝ)
ÚDÑål� α �Cz'X, O�ëê�ã 2 ¤
^ëê��. lã 3(a)—(c) �±wÑ, 3DÑål
'�C (X z = 1 km), 2Â�ê α '�� (X α >

3.2) �, GSM 1å�k�­Ç�»�1åÅ��O
�
~�, �1åå�°Ý�O\
O�, �1å
�ZÝO\
O�, α ��ù«Czª³�²w.

éu1å3 α = 11/3 �n� Kolmogorov �íë
6¥DÑ��Ó��Ìù��Czª³. lã 3(b)
Ú (c) ��wÑ, � w0 < 0.03 Ú β < 0.3 �, GSM
1å�k�­Ç�»A�Ø� α �UC
UC, L
²å�°Ý��, �Z5���1å�k�­Ç�
»�2Â�ê α �Cz��. ã 3(c) �`²
3f
ë6¥DÑ�1å�Z5��, k�­Ç�»�C
zÉë6�K���, ÏdÜ©�Z1'���Z
1éë6�K��Ø¯a. ã 4(a) Ú (b) L², GSM
1å�k�­Ç�»�DÑål�O\¥k~�
�O��Czª³, ù�©z [11—17] �(Ø�
�. �´·��lã 4(a) �±wÑ, � 3 < α 6 3.11
�, GSM 1å3ØÓDÑ²¡�k�­Ç�»� α

�O\
~�, �DÑåll 2 km O\� 8 km
¥k~��O��Czª³. ã 4(b) L², � 3.11
< α < 4 �, GSM 1å3ØÓDÑ²¡�k�­Ç
�»� α �O\
O\, �DÑål�O\E,¥
k~��O��Czª³. ,	, ã 4(a) Ú (b) �
L²
DÑål��, k�­Ç�»� α �Czª

³�ØwÍ, ù`² α é1åDÑål'����
k�­Ç�»Cz�K�'DÑålC���. �
â (13) ª��, � z v
�� (X z → ∞),

Rx(z, α, l0, L0) ≈
(2 + β2)λ2

4π2w2
0β

2T (α, l0, L0)
+

2
3
z. (14)

lª (14) �wÑ, �,ë6�Cz¬UCk�­Ç
�», �´�XDÑål z ?�ÚO�, k�­Ç
�»Ì�d�ªm>1��=dDÑål5û½,
ë6ék�­Ç�»�K��é~�.

4 ( Ø

�©Äu2Â¨�d - �r��nÚ� Kol-
mogorov ë6Ì, ± GSM 1å�~?Ø
Ü©�
m�Z13� Kolmogorov ë6�í¥�k�­Ç
�»�Cz5Æ. ê�O�ÚÔn©ÛL², GSM
1å3� Kolmogorov ë6¥�k�­Ç�»�ë
6�2Â�ê α ÚDÑål�O\¥k~��O
��Czª³, �SºÝ�O�
O�, �	ºÝ
�O�
~� (� 3.6 < α < 4 �). ,	, GSM 1å
3'�f�� Kolmogorov ë6¥DÑål'�C
�, k�­Ç�»��1åëêÅ��O\
~�,
�å��O\
O�, ��ZÝ�O\
O�. é
Å���!å�°Ý��!�Z5���1åD
Ñål���, Ùk�­Ç�»� α �Cz��.
�©¤���(Øé� Kolmogorov ë6�í¥-
1Ï&kd3�A^¿Â.
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Abstract

The laser beam propagation through atmospheric turbulence is of importance for both theoretical study and practical appli-

cations. Taking the Gaussian Schell-model (GSM) beam as a typical example of spatially partially coherent beams, based on the

non-Kolmogorov spectrum and generalized Huygens-Fresnel principle, the analytical expression for the effective radius of curvature of

GSM beams propagating through non-Kolmogorov turbulence is derived. The effects of turbulence parameters (including generalized

exponent parameter α, inner scale l0, and outer scale L0) and propagation distance z on the effective radius of curvature of GSM beams

are stressed. It is shown that the effective radius of curvature of GSM beams increases with outer scale L0 decreasing for 3.6 < α < 4

and the inner scale l0 increasing, but dose not monotonically vary with the increases of exponent parameter α and propagation distance

z. The results are explained physically.
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