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A^ [1]. Cc5, E,�äDÂÄåÆ1�ïÄ�
5�É�2�'5. <�åã/ÏE,�äïÄ
¾ÓDÂÅn, �Ñ��¾ÓDÂ�k���. |
^²þ|Cq�{, ÏLïá SI �.!SIS �.±
9 SIR ��a²;¾ÓDÂ�. [2−4], <��[©
Û
¾Ó3þ!�ä½ÃIÝ�äe�DÂÄå
ÆA5, ïÄ
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¼!8I�¼±9Ù<�¼3S��«�é�«
DÂA5��ä�¼üÑ��UJÑ [7].
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ÂK��'u�Ïêâ6þ [8]. ?�Ú, ©z [8]

�Ä
!:äkÃ�/k�?n�¹e¾ÓDÂ
�K�, ¿uydu?nUåk�E¤��ä
{l~�
¾Ó�DÂ�Ç¿��
¾Ó�?�
ÚDÂ.

ÏLïÄ!:m�Ïêâ6þ, �üX�!
:Ýé¾Ó*Ñ�5�K�, ©z [8] Ã¦�?�
ÚïÄäN�Ï6þe¾Ó*ÑÄåJø
éÐ
�éu. 3dïÄÄ:þ, ©z [9] ïá
Äu�
Ï6þ� SI ¾ÓDÂ�., ¿�Ñ
ïÄÃIÝ
�äþ�Ä�Ï6þ�¾Ó�¼üÑ. ,I��
Ñ�´, ©z [8,9] @�èx!:�D/VÇ�'
��ä¥êâ�oê λN (Ù¥ λ �z��mÚ�
!:)¤êâ��²þ�Ç, N ��ä!:oê)

±9äN!:��{0ê bk
alg, ¿ò�{0ê bk

alg

�Óu´düÑ�½e, BL�!:DÑêâ�
�oÚ [5]. �¯¢þïÄL², �ÿÀ�ä±9´
düÑ�½�, �!:�¢S0ê bk �'u²þ
u�Ç λ, = bλ=n

k = nbλ=1
k , �ä¥êâ�oê

� λNL, Ù¥ L �²þ´»�Ý. eUì©z [8,9]

¥Ó�¦^ λ, N ±9 bk
alg 5ÝþD/VÇ�{,

K¬EO� λ Ú N K�, lÃ{½þ�O�
¾Ó¢S�*ÑL§.

�©|^²þ|Cq�{, ïá?��� SIS

�., ïÄÄu�Ï6þ�¾Ó*ÑÄåÆ1�.

·�uydu��!:�0ê�²þu�Ç λ O
\�'O�, Ïdd«^�e��!:�D/å
�±�Óu!:¢S0ê bk. ?|^²þ|Cq
�{, ·�JÑÄu�Ï6þ SIS ¾Ó*Ñ?��
.. ØÓu©z [8] JÑ� SIS �., ²þu�Ç λ

Ú�ä!:oê N Ø2���^u SIS �.�Ä
åÆ�§, =´ÏL�!:¢S0ê5u��^.

?�Ú, |^ SIS �.ÄåÆ�§, ·�±��|
¢&E´d�~, #ïÄ¾ÓDÂÇ β, ²þu�
Ç λ ÓDÂK� βc, ²G�¾Ó�Ý ρ �m�'
X. nØy²Ú¢��ý(JÓ�y²: ��äÿ
ÀÚ´düÑ�½�, DÂK� βc �¢S0ê bk

�þ� 〈bk〉 �Ù²��þ� 〈b2
k〉 �'�. ½G

��a/�Ý ρ Óa/Ó¾ÓDÂÇ β, ²þu�
Ç λ ±9 λ = 1 �!:¢S0ê�þ� 〈bλ=1〉 �
¦È�ê�3�Ç'X.

�©(�Xe, 1�Ü©·�ò£��©¤I
��
7��£, Ì��)©z [4] ¤JÑ� SIS

�.±9��|¢&E´düÑ; 31nÜ©, ·
�òy²du��!:�0ê�²þu�Ç λ O
\�'O�, Ïdd«^�e��!:�D/å
�±�Óu!:¢S0ê. ²þu�Ç λ Ú�ä!
:oê N Ø2���^u SIS �.�ÄåÆ�§,

=´ÏL�!:0ê5u��^. �©�1oÜ
©·�±��|¢&E´d�~, #ïÄ¾ÓD
ÂÇ β, ²þu�Ç λ ÓDÂK� βc, ²G�¾
Ó�Ý ρ �m�'X. ©Ù��?1o(.

2 � .

2.1 ÄÄÄuuu���ÏÏÏ666þþþ��� SIS ���... [8]

�Ä´/G� - a/G� - ´/G� (SIS) �
.. ©z [8] �ì´Ä/Óò�ä!:©�üa: è
x!: (?u´/G�) Úa/!: (?ua/G
�). da/!:uÑ�êâ��/Óêâ�, ��
èx!:Â�/Óêâ�, K± β �VÇ/Ó. ½
Â�é�Ý ρk(t) �¤kÝ� k !:��a/�Ý.

@o|^²þ|Cq�{, d�ÄåÆ�§� [4]

∂tρk(t) = −µρk(t) + βλbk
algN [1 − ρk(t)]Θ(t), (1)

Ù¥, bk
alg ��{0ê¿^5½Â�Ï6þ, µ L«

�a/!:�¡EVÇ¿��½Â� µ = 1, β, λ

Ú N ©OL«¾ÓDÂÇ, ²þu�Ç±9�ä
!:oê. Θ(t) L«da/!:uÑ�êâ�3¤
k3�ä¥DÑ�êâ�¥¤Ó�'~, P�

Θ(t) =

∑
k bk

algP (k)ρk(t)∑
k bk

algP (k)
. (2)

�Ä½G� ∂tρk(t) = 0, K�â (1) ª��

ρk =
βλbk

algNΘ(t)

1 + βλbk
algNΘ(t)

. (3)

b½d��ä�ØÓ!:ÝØ�'�ÃIÝ
�ä, K�±)Ñ Θ(t) �

Θ =
1∑

k bk
algP (k)

∑
k

(bk
alg)

2P (k)βλNΘ

1 + βλbk
algNΘ(t)

. (4)

�Ä (4) ª�3²�) Θ = 0. e (4) ªÓ��3�
²�) Θ 6= 0, KI�÷vXe^�:

1∑
k bk

algP (k)
d

dΘ

×
( ∑

k

(bk
alg)

2P (k)ρk(t)βλNΘ

1 + βλbk
algNΘ(t)

)∣∣∣∣
Θ=0

> 1, (5)
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=��DÂK�

βc =
〈balg〉
〈b2

alg〉
1

λN
. (6)

�â (6) ª��, ��äÿÀ±9´düÑ�
½�, ¾ÓDÂK��'u�Ïêâ6þ. z��
mÚ¥�ä)¤êâ�oê λN ��, K¾ÓDÂ
K���, ¾Ó�N´DÂ.

2.2 ������|||¢¢¢&&&EEE´́́dddüüüÑÑÑ

�
�B'�©Û, ·�æ^ BA ÃIÝ�
ä�.��ïÄ�ä�., ïÄL² BA �ä¥,

�ä(��ÌX!:Ý¥�Ç©Ù�ÃIÝ5,

= P (k) = k−γ , Ù¥ k �!:Ý [10].

�C, ·�3é�Å1rL§�ïÄ¥uy
ü�âfÏL,^A½´»��m�'uT´»
þ¤k!:Ý�ë¦È [11,12]. =�½�ä¥?¿
,^A½´»� C(l) = c0 · · · cl. @oâfuy´
» C �²þÄ��m�

〈T 〉 = R′(1) = 2m
∏l−1

i=1
ki + Φ, (7)

Ù¥, ki �!: i �Ý, m ��ä�>ê, ëê Φ �
��ä�ÿÀ(�k'.

3 d Ä : þ, · � J Ñ � � | ¢ &
E ´ d ü Ñ (MIP routing)[11,12]: - i ≡
v0, v1, · · · , vn−2, vn−1 ≡ j �!: i �!: j �
?¿´», `z´» Pmip �±ÏLeª¦�:

pmip(l:i → j) = min
j∏

m=i

km. (8)

^ ln(km) �O km, C� (8) ª�� p(i → j) =

min
l∑

n=0
ln(kn).

��äÿÀ±9´düÑ�½�, ½Â?��
mÚ¥, BL!:DÑêâ��oÚ�d�d!:
�0ê b(i), i = 1, 2, · · · , N �!:�IÒ. Óaq,

P¢S0ê bk �¤kÝ� k !:¢S0ê�²þ
�. X©z [11,12] ¤ã, ïÄL², MIP ´düÑ
e bk–k, =¢S0ê bk ÓÝ k ¥�5'X. Ù¥,

ã 1 �
ØÓu�Ç λ �¹e, ¢S0ê bk ÓÝ k

m��5'X.

ã 1 Äu MIP ´dÅn, ØÓu�Ç λ �¹e, ¢S0
ê bk ÓÝ k m��5'X

3 Äu�Ï6þ� SIS ?��.

-´düÑ�²þ´»� L, ��ä�!:
½u��, �ä¥DÑ�êâ�oê� λNL,

=
∑

k bkNk = λNL, Ù¥ Nk �¤kÝ� k !:
�oê, w,

∑
k Nk = N . �b½ bλ=1

k Ú bλ=n
k ©

O�u�Ç©O� 1 Ú n �Ý� k !:�¢S0
ê, ���ª

∑
k bλ=1

k Nk = NL Ú
∑

k bλ=n
k Nk =

nNL. du Nk �½, �� bλ=n
k = nbλ=1

k , =!:�
¢S0ê bk �'uu�Ç λ. XL 1 �ÑØÓu�
Ç λ �¹e, Ý k = 4, 5, 6 !:�¢S0ê bλ

k Ú¢
S0ê�þ� 〈bλ〉, �±wÑ!:�¢S0ê(¢
�Xu�Ç λ O\�'O\.

L 1 ØÓu�ÇeØÓÝ k !:�¢S0ê bλ
k Ú

¢S0ê�þ� 〈bλ〉

bλ=1
k bλ=2

k bλ=3
k bλ=4

k

k = 4 2.41 4.86 7.36 9.61

k = 5 2.79 5.55 8.51 11.12

k = 6 3.15 6.33 9.56 12.46

〈bλ〉 3.570 7.145 10.81 13.45

dL 1 �±wÑ!:�¢S0êÚÙþ��
Xu�Ç λ O\�'O\, Ù¥ BA �ä!:o
ê N = 2000, m = 4.

©z [8,9] ¥¦^�{0ê bk
alg ½Â�Ï6þ,

¿@��{0ê bk
alg �Óu´düÑ�½e, B

L�!:DÑêâ��oÚ, = bk
alg = b

[9]
k . du
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¢S0ê bk �'uu�Ç λ, 
∑

k bkNk = λNL

� bλ=n
k = nbλ=1

k , Ïd�Ä (1) ª��

∂tρk(t) = −µρk(t)+βλ2bλ=1
k N [1−ρk(t)]Θ(t). (9)

�â (9) ª�±wÑ (1) ªEO� λ Ú N K�,

lÃ{½þ�O�¾Ó¢S�*ÑL§.

du��!:�¢S0ê bk �²þu�Ç λ

O\�'O�, Ïdd«^�e��!:�D/
å�±�Óu!:¢S0ê bk. âd·�JÑÄu
�Ï6þ� SIS ?��., ÙÄåÆ�§�

∂tρk(t) = −ρk(t) + βbk[1 − ρk(t)]Θ(t), (10)

Ù¥

Θ(t) =
∑

k bkP (k)ρk(t)∑
k bkP (k)

. (11)

'� (1) ª��, 3?��.¥, ²þu�Ç λ

Ú�ä!:oê N Ø2���^u SIS �.�Ä
åÆ�§, =´ÏL�!:¢S0ê bk 5u��
^. ��Ä½G� ∂tρk(t) = 0, ÏL*	��d
�Ý k !:�a/�Ý ρk, ?�â (11) ª, �±
O�Ñd�VÇ Θ. �â (12) ª, �±?�Ú�Ñ

b′k =
ρk

β[1 − ρk(t)]Θ(t)
. (12)

L 2 ©OÚO
 λ = 1 �¹, ØÓÝ k = 4, 5, 6

!:3ØÓ¾ÓDÂÇ β eO�¤� b′k �¢S*
ÿ¤�¢S0ê bk �m�'�, �±wÑ b′k Ú bk

'��Cu 1, =·�(¢�±¦^¢S0ê bk 5
½Â��!:�D/å, ¿¦^ (10) ª¤�ÄåÆ
�§5?�ÚïÄ¾Ó�*Ñ1�.

L 2 u�Ç λ = 1 �¹, ØÓÝ k !:O�¤� b′k �¢S*ÿ¤�¢S0ê bk (J, �±wÑ b′k Ú bk '��Cu 1

β = 0.17 β = 0.19 β = 0.21 β = 0.23 β = 0.25 ¢S0ê bk

k = 4 2.37 2.44 2.43 2.40 2.42 2.42

k = 5 2.69 2.85 2.86 2.80 2.70 2.70

k = 6 3.20 3.14 3.15 3.20 3.17 3.17

4 Äu�Ï6þ�¾Ó*ÑÄåÆA
�©Û

4.1 DDDÂÂÂKKK���

�â (10) ª¤«ÄåÆ�§, �ì (3) ª� (6)

ª¤«í�L§, ��¾ÓDÂK�

βc =
〈b〉
〈b2〉

, (13)

Ù¥, 〈b〉 Ú 〈b2〉 ©OL«¢S0ê�þ�Ú¢
S0ê²��þ�. du¢S0ê bk �²þu
�Ç λ O\�'O�, �!:²þu�Ç λ �
½�, d�!:¢S0ê bλ

k = λb1
k, Ù¥ b1

k L
« λ = 1 ��¢S0ê. @o�� 〈b〉 = λ〈bλ=1〉,
〈b2〉 = λ2〈b2

λ=1〉. K (13) ª�±U��

βc =
1
λ

〈bλ=1〉
〈b2

λ=1〉
. (14)

��äÿÀÚ´düÑ�½�, 〈bλ=1〉/〈b2
λ=1〉

�±P�~ê βλ=1
c , Ù¥ βλ=1

c � λ = 1 ��DÂ

K�, X (14) ª¤«�±wÑ, DÂK��'u²
þu�Ç λ, ´ λ = 1 ��DÂK� βλ=1

c � 1/λ.

�Ä N = 2000 BA �ä, z����!:
± λ �Ç²þu�, êâ��8�/�ÚÐ©
/��ÅÀJ. �²þu�Ç λ � 1 �, ÚO¦
� βλ=1

c ≈ 0.154, 〈bλ=1〉/b2
λ=1〉 ≈ 0.101. ²þu�

Ç λ �DÂK� βc Ú 〈b〉/〈b2〉 �éA'XXL 3

¤«. �±wÑ βc ≈ 〈b〉/〈b2〉, �DÂK� βc �'
u²þu�Ç λ, �´ λ = 1 ��DÂK� 1/λ. Ø
Óu�Ç λ ÚDÂK� βc �m�'XXã 2 ¤
«, �±wÑ βc � λ �¦È��~ê, O���
� 〈bλ=1〉/〈b2

λ=1〉.

L 3 ØÓ²þu�Ç λ e�DÂK� βc Ú 〈b〉/〈b2〉

λ = 1 λ = 2 λ = 3 λ = 4 λ = 5

βc 0.154 0.076 0.051 0.038 0.031

〈b〉/〈b2〉 0.101 0.056 0.045 0.030 0.028
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ã 2 ØÓu�Ç λ ÚDÂK� βc �m�'X, �±w
Ñ βc � λ �¦È��~ê, O���� 〈bλ=1〉/〈b2λ=1〉

4.2 aaa///���ÝÝÝ

?�Ú, 4·��Ä½G� ∂tρk(t) = 0 �,

a/�Ý ρ Ó¾ÓDÂÇ β, ²þu�Ç λ ±9!
:¢S0ê bk �'X.

� ∂tρk(t) = 0 �, �â (10) ª��

ρk =
bkβΘ(t)

1 + bkβΘ(t)
. (15)

ò (15) ª�\ (11) ª��

Θ(t) =

∑
k bkP (k)

bkβΘ(t)
1 + bkβΘ(t)∑

k bkP (k)
. (16)

· � ¦ ^ BA � ä � � Á � � ä, K � �
Ý k © Ù � P (k) = 2m2k−3. 3 ¦ ^ MIP ´
d � ¹ e, ¢ S 0 ê bk Ó ! : Ý k ¥ � 5 '
X, P� bk = ck, Ù¥ëê c �[ÜXê. �
� 〈b〉 =

∫ ∞
m

ck2m2k−3dk = 2 mc. U � (16)

ª��

Θ =

∑
k c2k22m2k−3 βΘ

1 + ckβΘ∑
k ck2m2k−3

≈

∫ ∞
m

c2k22m2k−3 βΘ

1 + ckβΘ
dk∫ ∞

m
ck2m2k−3dk

= mcβΘ ln
(

1 +
1

mcβΘ

)
. (17)

¦)�

Θ =
1

mcβ( e1/mcβ − 1)
. (18)

é u D / � Ý ρ, � � ρ =
∑

k P (k)ρk, �
\ (15) ªÚ (18) ª��

ρ =
∑

k
P (k)ρk =

∫ ∞

m

2m2k−3 βckΘ

1 + βckΘ
dk

=
2

e1/mcβ − 1

(
1 − 1

mcβ( e1/mcβ − 1)

)
≈ 2 e−1/mcβ = 2 e−2/β〈b〉. (19)

Xþ!¤`, !:¢S0ê bk �²þu�Ç λ

�'O�, K�3 〈bλ=n〉 = n〈bλ=1〉, =²þu�
Ç λ = n �¢S0ê�þ� 〈bλ=n〉 �²þu�
Ç λ = 1 �¢S0ê�þ� 〈bλ=1〉 � n �. �
\ (19) ª��

ρ = 2 e−2/βλ〈bλ=1〉, (20)

=½G��a/�Ý ρ Óa/Ó¾ÓDÂÇ β,

²þu�Ç λ ±9 λ = 1 �!:¢S0ê�þ
� 〈bλ=1〉 �¦È�ê�3�Ç'X.

ÀJ N = 1000 BA �ä, 3 MIP ´dÅne,

�âØÓ�²þu�Ç λ, ¾ÓDÂÇ β Óa/�
Ý ρ �m�'XXã 3 ¤«. �±wÑa/�Ý ρ

Ó¾ÓDÂÇ β ¥�Ç'X.

ã 3 3 MIP ´dÅne, ØÓ²þu�Ç λ e, ¾ÓDÂ
Ç β Óa/�Ý�m�'X

�â (20) ª��, ln ρ Ó 1/β ¥�5'X, Ù�
Ç α � 2/bλ=1〉. ·�EÁ� 50 g, KØÓ²þ
u�Ç λ e, ²þ¢S0ê�þ� 〈bλ〉, ±9�5�
§ ln ρ–1/β �²þ[ÜXê ᾱ XL 4 ¤«. lL 4

�±wÑ, �X²þu�Ç λ �O�, 〈bλ〉 ±9²þ
[ÜXê ᾱ ��X λ �'O\½ü$, � 2/〈bλ〉 ≈
ᾱ. ÏdÁ�(JL², ½G��a/�Ý ρ Ó
a/Ó¾ÓDÂÇ β, ²þu�Ç λ ±9 λ = 1 �
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!:¢S0ê�þ� 〈bλ=1〉 �¦È�ê�3�Ç
'X.

L 4 ØÓ λ e²þ¢S0ê�þ� 〈bλ〉, ±9�5�
§ ln ρ–1/β �²þ[ÜXê ᾱ

〈bλ〉 2/〈bλ〉 ᾱ

λ = 1 2.709 0.5117 0.499

λ = 1.5 4.033 0.3437 0.2823

λ = 2 5.364 0.2584 0.2191

λ = 2.5 6.718 0.2064 0.1735

λ = 3 8.028 0.1727 0.1561

5 ( Ø

Ï~, E,�äDÂÄåïÄÄuXeb�:

3z���mÚ, a/!:�VÇ�ò¾ÓK�u
§¤k�Ø!:, =z��!:�D/å (infectiv-

ity) Ñ�Óu!:Ý k. ,, éuy¢�äþãb
�¿Øo´¤á. 2009 c, Meloni �|^�{0ê
£ã!:m��Ï6þ, JÑ�«#� SIS �.,

¿±dïÄT�.3ÃIÝ�äþDÂA5 [4]. Ø
Óu�c*Ñ�.¥!:D/å�Óu!:Ý k

�b½, ©z [8] @�!:�D/ådBL�!:
�äN�Ï6þû½. ÏLïÄ!:m�Ïêâ6
þ, �üX�!:Ýé¾Ó*Ñ�5�K�, ©
z [8] Ã¦�?�ÚïÄäN�Ï6þe¾Ó*Ñ
ÄåJø
éÐ�éu.

,, du¢S0ê bk �'uu�Ç λ, Ïd
©z [8,9] ¤�Ñ� SIS �.EO�
²þu�
Ç λ Ú�ä!:oê N �K�. lÃ{½þ�
O�¾Ó¢S�*ÑL§. ·�uydu��!:
�0ê�²þu�Ç λ O\�'O�, Ïdd«
^�e��!:�D/å�±�Óu!:¢S0
ê bk. ?|^²þ|Cq�{, ·�JÑÄu�
Ï6þ SIS ¾Ó?�*Ñ�.. ØÓu©z [8] J
Ñ� SIS �., ²þu�Ç λ Ú�ä!:oê N Ø
2���^u SIS �.�ÄåÆ�§, =´ÏL
�!:¢S0ê bk 5u��^.

�â?� SIS �., ·�±��|¢&E´d
�~, #ïÄ¾ÓDÂÇ β, ²þu�Ç λ ÓDÂ
K� βc, ²G�¾Ó�Ý ρ �m�'X. nØ©
Û�¢�(JþL², ��äÿÀÚ´düÑ�½
�, DÂK� βc �¢S0ê bk �þ� 〈bk〉 �Ù²
��þ� 〈b2

k〉 �'�: βc = 〈bk〉/〈b2
k〉; ½G��

a/�Ý ρ Óa/Ó¾ÓDÂÇ β, ²þu�Ç λ

±9 λ = 1 �!:¢S0ê�þ� 〈bλ=1〉 �¦È
�ê�3�Ç'X ρ = 2 e−2/βλ〈bλ=1〉.
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Abstract

The infectivity of a node is determined by its actual betweenness bk in the epidemic model based on traffic-flow other than degree

k which is different from the classical epidemic models. Utilizing the mean-field theory, we propose a modified SIS epidemic model

based on traffic-flow. With this model, taking MIP route as an example, we re-study the relationship among spreading probability β,

traffic generation rate λ, epidemic threshold βc, the stationary density of infected nodes ρ. Both theoretical analysis and experimental

results show that βc is the ratio of the mean of the actual betweenness 〈bk〉 to its mean square 〈b2
k〉, when network topology and route

strategy are given. Moreover, the stationary density of infected notes ρ behaves as power-law exponent with the reciprocal of the

product of the spreading probability β, the traffic generation rate λ and the mean of the actual betweenness 〈bλ=1〉.
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