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1 Ú ó

Cc5, �XO�ÅEâ!�äÏ&Eâ�u
Ð, õ�UNXÚ3©ÙªDaì�ä [1]!�ä
Pl�� [2]!+8$Ä [3] �+���
2��A
^. �
éõ�UNXÚ��N��Úå
¯õ+
�ïÄö�ßþ,�. ��5¯K��õ�UN
XÚ�N��¥�Ä�¯K��, �´É�
2�
�'5 [4−9].

õ�UNXÚ���5´�3vk¥
�N
��½ö�ÛÏ&��¹e, �UN�mÏLÛ
Ü�ÍÜ�^, �ª¦�¤k�UN�G� (X 
�!�Ý!\�Ý�) ªu��. ��5�{ (�
Æ) ´�UNm�p�^�5K, ÙNy
���
UNm*d&E���L§ [10].

8c, é��5¯K�ïÄ®��
�
´
a�¤J. Vicsek �< [11] JÑ
��lÑ�m�
õ�UN�., Jadbabaie �< [12] 3�5z Vicsek

�.�Ä:þ, lnØþïÄ¿©Û
õ�UN

XÚ�����5¯K. Olfati �< [13] �Ä
ä
kÃ�ëÏ!ë���é¡±9rëÏÿÀ(�
�õ�UNXÚ��5¯K. Ren[14] � Moreau �
< [15] 3 Olfati �ïÄÄ:þ, �ék��äÿÀ
��
��aq�õ�UNXÚÂñ^�. |��
< [16] �Ä
äk�Ó�ò�·�Ã��äÿÀ(
��õ�UNXÚ\�²þ��5¯K. 
ö]�
< [17] ±9 Tian �< [18] ©OïÄ
é¡�äÿÀ
¥äkØÓ�ò�lÑ�mõ�UNXÚ���
5¯K. Wang �< [19] ïÄ
V�ëÏ½öÃ�4
�ÿÀ¥äkØÓÏ&�ò�õ�UNXÚ��
5¯K. Yang �< [20] ïÄ
äkØÓÏ&�ò�
��õgÌ�NXÚ3V���{�^e�Âñ
¯K. Lin �< [21] é�3ü�é¡�ò�¹e�
�õ�UNXÚ�²þ��5¯K?1
?Ø. ©
z [22—25] �Ñéäk�ò���õ�UNXÚ
�Âñ5?1
©Û�ïÄ. yk�NõïÄ��
Ñ´Äu�äÿÀ�Ã�ëÏ½örëÏ��¹,
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�{, �ék�\���3���Û��!:�·
��äÿÀ, �Ä
Ó�äkÏ&�òÚÑ\�ò
���!���UNXÚ�$Ä��5¯K, ©Û
¿��
�UNXÚì?Âñ���G��¿©
^�. T^���XÚ�ÍÜrÝ!z��UN�
Ñ\�ò±9�g�ë�G�&Ek', 
�Ï&
�òÃ'. ©¥¤�����XÚ�Âñ^�, �
©z [18,26] �', äk�é�$��Å5; ��X
Ú�Âñ^��'u©z [13] �äk��5. �ý
¢��(JØ=�y
nØ©Û��(5. Ó�,

ÏL�ý¢��(J, �±wÑ¦+Ï&�òØK
�XÚ�ÂñA5, �¬K�XÚ�Âñ�Ý, =
XÚ�Ä�A5.

2 ý��£

- G = {V,E,A} L « � � k � \ � ã,

Ù ¥ V = {v1, · · · , vn} L « ã G � n � º :
8 Ü, E ⊆ V × V L « ã G � > 8 Ü, ! :
� e I 8 Ü N = {1, 2, · · · , n}, ã G � � � Ý

 A = {aij} ∈ Rn×n, Ù ¥ Ý 
 � � aij �
! : vi � ! : vj � ë � � ­, � vi � ± �
� vj � & E � aij > 0, Ä K aij = 0. ½ Â
!: vi ��Ø8Ü� Ni = {vj ∈ V : (vi, vj)

∈ E}.

b��äÿÀã¥z�!:vkgë, =é
u ∀i ∈ N , k aii = 0. ½ÂÝ
 D = diag{di, i ∈
N}, di =

∑
vj∈Ni

aij ¡ � ! : vi � Ñ Ý, K Ý


 L = D − A �ã G � Laplacian Ý
.

XJ3ã G ¥, l!: vi � vj k�^k�
´», @o vj ¡�l!: vi ��, ÄK�Ø��.

XJ��!:lk�ã¥?¿Ù¦!:Ñ��,

K¡Ù��Û��!:. éuk�ã, XJÙ?
¿ü�!:�mÑ�3���^k�ë�´»,

K¡ã G �rëÏã. w,, �rëÏã�', ã
¥�3���Û��!:´k�ãëÏ��$
�¦.

Ún1[14] Laplacian Ý
 L �3ü�A�� 0

�¿�^�´ã G = {V,E,A} �3���Û��
!:.

Ún2[27] éu?¿ γ ∈ [0, 1), � w ∈ R �,

à� γCo(0 ∪ {Ei(jw), i ∈ N}) Ø�¹ (−1, j0) :.

Ù¥

Ei(jw) =
π

2T
× e−jwT

jw
.

Ú n3[28] é u w ∈ R, à � Co(0 ∪
{Wi(jw), i ∈ N}) �¹���8Ü ∪

i∈I
Gi.

3 äkØÓ�ò���õ�UNXÚ
��5©Û

éuPk n ��UN�õ�UNXÚ, ÙÿÀ
(��^\�ã G = {V,E,A} £ã, Ù¥z��
UN�w�ã G ���!:, �UNm�&E6�
À�ã¥��^k�´» (k�>).

b�õ�UNXÚ÷vXeÄ��§:

ẋi(t) = ui(t), (1)

Ù¥ xi ∈ Rm Ú ui ∈ Rm ©OL«1 i ��UN
�G�Ú��Ñ\. �
Øã��B, Ø���5,

©¥b� m = 1.

½Â1 éu��õ�UNXÚ (1), ��=�
éu ∀i, j = 1, 2, · · · , N , !: vi �!: vj ��é
 �ÅÚªu 0, = lim

t→∞
‖xi(t) − xj(t)‖ = 0 �, ¡

XÚ (1) Uì?����.

Olfati �< [13] JÑ
Xe��5�{:

ui(t) =
∑

Vj∈Ni

aij(xj(t) − xi(t)), (2)

©Û¿��
��äÿÀ(��rëÏ²ïã�,

õ�UNXÚ��²þì?���^�.

3�ä¢SÏ&�L§¥, duÏ&ó´!�
����¡��Ï, ��¬�3Ï&�ò�Ñ\�
ò. cö´�êâ3ó´þDÑ�¤�)��ò,


Ñ\�ò���!:g�éêâ�?n¤�)
��ò [18]. y¢¥, du��¡��ÏØ�;��
¬���ò�u), Ïd, éäk�ò�õ�UN
XÚ��5�{��O�©Û�äky¢¿Â.

¤±, ©z [13] Ó��©Û
Xe�Æ:

ui(t) =
∑

Vj∈Ni

aij(xj(t − Tij) − xi(t − Tij)), (3)

Ù¥, Tij L«êâl!: vj �!: vi �Ï&�ò.

©z¥���Ï&�ò�Ó, �äÿÀ�Ã�ëÏ
���é¡�õ�UNXÚÂñ���5^�.
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Wang �< [19] JÑ
�«Øäkg�Ñ\�
ò���5�Æ:

ui(t) =
∑

Vj∈Ni

aij(xj(t − Tij) − xi(t)), (4)

¿©Û
äk�Ó���Ã�ã±9��é¡ë
Ïã�õ�UNXÚÂñ�^�.

ØÓu©z [13,19], �!?ØÓ�äkØÓÏ
&�òÚ�ÓÑ\�ò��äÿÀ(���3�
��Û��!:�·�k�\�ã���õ�U
NXÚ���5¯K, Ù��5�{Xe:

ui(t) =
∑

Vj∈Ni

aij(xj(t − Tij) − xi(t − T )). (5)

ù�, õ�UNXÚ (1) 3 (5) ��^e, Ù�
�5�{�

ẋi(t) =
∑

Vj∈Ni

aij(xj(t − Tij) − xi(t − T )),

i ∈ N, (6)

Ù¥, Tij(Tij > 0), T (T > 0) ©O�Ï&�ò�Ñ
\�ò.

½n1 éu�¹ n ��UN�õ�UNXÚ,

Ù�äë�ÿÀ�·�k�\�ã, �¹k��
�Û��!:. XJéu ∀i ∈ N , k diT <

π

4
, Ù

¥ di =
∑

vj∈Ni

aij , KXÚ (6) ì?����.

y² ©ÛXÚ (6) �­½5, |^ Laplace C
�, ��XÚ�A��§� det(sI + L(s)) = 0.

Ù¥, I � n �ü 
,

L(s) = (lij(s)) =


−aij e−sTij , vj ∈ Ni,∑

Vj∈Ni
aij e−sT , j = i,

0, Ù¦.

� s = 0 �, L(0) = L, = Laplacian Ý
. -

F (s) = det(sI + L(s)). (7)

� e 5 © ÛF (s)� " : ä k K ¢ Ü ½ ö
s = 0.

1) � s = 0 �, F (0) = det(0I + L(0)) =

det(L), duXÚ�äÿÀã¥¹k���Û�
�!:, �âÚn 1 � 0 ´ L �ü�A��. Ïd,

� s = 0 �, F (s) �k��":.

2) � s 6= 0 �, -

P (s) = det(I + G(s)), (8)

Ù¥

G(s) =
L(s)

s
. (9)

´�, XJ (7) ª�":ÑäkK¢Ü, �d
u (8) ª�":ÑäkK¢Ü. XJ (8) ª�":Ñ
äkK¢Ü, K (6) ª�G�ì?����.

- s = jw, éu (9) ª, �â2Â Nyquist OK,

XJ ∀w ∈ R, G(jw) �A�� λ(G(jw)) � Nyquist

­�Ø��E²¡� (−1, j0) :, K (8) ª¤k�
":ÑäkK¢Ü.

�â Gerschgorin ��½n, Ý
 G(jw) �A
�� λ(G(jw)) ÷v:

λ(G(jw)) ∈ ∪
i∈I

Gi, (10)

Gi =
{

ζ:ζ ∈ C,

∣∣∣∣ζ −
∑

vj∈Ni

aij
e−jwT

jw

∣∣∣∣
6

∣∣∣∣ ∑
vj∈Ni

aij
e−jwT

jw

∣∣∣∣}, (11)

Ù¥, C �Eê�. - di =
∑

vj∈Ni

aij , K���

¥%�

Gi0(jw) = di
e−jwT

jw
. (12)

���¥% Gi0(jw) � Nyquist ­��X w ∈
R C��, �� Gi ���Cz. b�E²¡��
:� O, K O � Gi0 ë��ò�������>
.�±u Wi :, ´��X Gi �Cz, à: Wi �
;,�

Wi(jw) = 2di
e−jwT

jw
. (13)

�âÚn 2, - Wi(jw) = γiEi(jw). � γi < 1

�, N´�� diT <
π

4
.

- γ = max{γi, i ∈ N}, w,� γ < 1, éu?
¿� i ∈ N , eª¤á:

γCo(0 ∪ {Ei(jw), i ∈ I}) ⊇ γiCo(0 ∪ {Ei(jw),

i ∈ I}) = Co(0 ∪ {Wi(jw), i ∈ N}). (14)

�âÚn 2, (−1, j0) /∈ γCo(0 ∪ {Ei(jw), i ∈
N}), ¤± (−1, j0) /∈ Co(0 ∪ {Wi(jw), i ∈ N}). �
âÚn 3, Co(0 ∪ {Wi(jw), i ∈ N}) ⊇ ∪

i∈I
Gi, ¤

± (−1, j0) /∈ ∪
i∈I

Gi. �A�� λ(G(jw)) �;,Ø

�¹ (−1, j0) :. �â2Â Nyquist �â, A��
§ (8) �¤kA��ÑäkK¢Ü, =XÚ (6) �G
�ì?����, ½n 1 y..
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5º1 ½n 1 ���5^���z��UN
�ÛÜ&Ek', Ù¥, �UNg��Ñ\�ò�
K�XÚ�Âñ, 
XÚ�Âñ��UNm�Ï&
�òÃ'.

5º2 � Tij = T �, ½n 1 �Âñ^��©
z [13] � (44) ��.

5º3 ©z [26] ¥¤���Âñ^��'u
½n 1, �w��Å.

íØ1 b�XÚÿÀ(��·�k�\�ã
¿�3���Û��!:, X�Ä��UNäkØ
Ó�Ñ\�ò, =XÚ

ẋi(t) =
∑

Vj∈Ni

aij(xj(t − Tij) − xi(t − Ti)),

i ∈ N. (15)

3 diTi <
π

4
�^�e, U
ì?����. Ù

¥ Tij , Ti ©O�Ï&�ò�Ñ\�ò.

íØ2 b�XÚÿÀ(��·�k�\�ã
¿�3���Û��!:, X�Ä��UNäkØ
Ó�Ñ\�ò, XÚ

ẋi(t) =
∑

Vj∈Ni

aij(xj(t − Tij − Ti) − xi(t − Ti)),

i ∈ N. (16)

3 diTi <
π

4
�^�e, U
ì?����. Ù

¥ Tij , Ti ©O�Ï&�ò�Ñ\�ò. �íØ 2 �
', ©z [18] �Âñ^���Å.

4 äkØÓ�ò���õ�UNXÚ
��5©Û

�!?ØäkØÓ�ò���õ�UNXÚ
���5¯K. b�XÚ�Ä��§�

ẋi(t) = vi(t),

v̇i(t) = ui(t). (17)

Ù¥, xi ∈ Rm Ú vi ∈ Rm ©OL«1 i ��U
N� �Ú�ÝG�, ui(t) ∈ Rm L«��Ñ\,

i ∈ N . �Øã��B, b½ m = 1.

½Â2 éu��õ�UNXÚ (17), ��=�
éu ∀i, j = 1, 2, · · · , N , X!: vi � vj ��é 
�!�é�ÝÅÚªu 0, = lim

t→∞
‖xi(t)−xj(t)‖ =

0, lim
t→∞

‖vi(t)− vj(t)‖ = 0 �, ¡XÚ (17) Uì?�
���.

Äu Ren �< [14] ?Ø��a��õ�UNX
Ú, JÑ
XeäkØÓ�ò����{:

ui(t) =α
∑

vj∈Ni

aij(xj(t − Tij) − xi(t − T ))

+ β
∑

vj∈Ni

aij(vj(t − Tij)

− vi(t − T )), (18)

Ù¥ Tij , T ©O�Ï&�ò�Ñ\�ò, α, β ©O
�XÚÍÜrÝ� α > 0, β > 0.

½ n2 é u ¹ k n � � U N � õ � U N
X Ú, Ù � ä ë � ÿ À � · � k � \ � ã, �
¹ k � � � Û � � ! :. X J di(α cos wi0T +

βwi0 sinwi0T ) <
1
2
w2

i0, K X Ú (18) ì ? � �
� �. Ù ¥ di =

∑
vj∈Ni

aij , wi0 � Gi0(jw) =

di
α + jβw

jw
e−jwT

jw
� Nyquist ­��E²¡K¢¶

��:, �÷v tan(wi0T ) =
β

α
wi0.

y² ÏL Laplace C�, N´��XÚ (18) �
A��§� det(s2I + αL(s) + βL(s)s) = 0, Ù¥ I

� n �ü 
,

L(s) = (lij(s)) =


−aij e−sTij , vj ∈ Ni,∑

Vj∈Ni
aij e−sT , j = i,

0, Ù¦.

-

F (s) = det(s2I + αL(s) + βL(s)s). (19)

� e 5 © ÛF (s)� " : ä k K ¢ Ü ½ ö
s = 0.

1) � s = 0 �, F (0) = αL, �âÚn 1, ´
� s = 0 ´ F (s) ���":.

2) � s 6= 0 �, -

P (s) = det(I + G(s)). (20)

Ù¥

G(s) =
αL(s) + βL(s)s

s2
. (21)

� â 2 Â Nyquist O K, X J G(s) A � �
� Nyquist ­�Ø�� (−1, j0) :, K P (s) �"
:ÒÑäkK¢Ü.

- s = jw, �â Gerschgorin ��½n, ´�Ý

 G(jw) �A�� λ(G(jw)) ÷v

λ(G(jw)) ∈ ∪
i∈I

Gi, (22)
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Gi =
{

ζ:ζ ∈ C,

∣∣∣∣ζ −
∑

vj∈Ni

aij
α + jβw

jw
e−jwT

jw

∣∣∣∣
6

∣∣∣∣ ∑
vj∈Ni

aij
α + jβw

jw
e−jwT

jw

∣∣∣∣}, (23)

Ù¥, C �Eê�. - di =
∑

vj∈Ni
aij , ���

¥%�

Gi0(jw) = di
α + jβw

jw
e−jwT

jw
. (24)

XJ: (−a, j0)(Ù¥ a > 1), Ø3,���
� Gi ¥, Kk∣∣∣∣ − a − di

α + jβw

jw
e−jwT

jw

∣∣∣∣
>

∣∣∣∣di
α + jβw

jw
e−jwT

jw

∣∣∣∣. (25)

�n��

a

[
a − 2di

w2
(α cos wT + βw sinwT )

]
> 0. (26)

�
2di

w2
(α cos wT + βw sinwT ) < 1 �, (26)

ª ¤ á. = G(s) A � � � Nyquist ­ � Ø �
� (−1, j0) :, ¤± P (s) �":ÑäkK¢Ü.

du��¥% Gi0(jw) � Nyquist ­��X w


Cz, �� Gi ���
C. b� wi0 � Gi0(jw)

� Nyquist ­��E²¡K¢¶��:. ´�

tan(wi0T ) =
β

α
wi0. (27)

½n 2 y..

5º4 l½n 2 �Âñ^���, äkØÓ�
ò���õ�UNXÚ (18), ÙÂñ�^���X
ÚÍÜrÝÚÑ\�òk', 
�Ï&�òÃ'.

5º5 b� α = 0, β = 1 �, ½n 2 �Âñ^
��©z [13] � (44) ª��. w,, ½n 2 ¤?Ø
��¹�äk��5.

5 O�Å�ý¢�

b�õ�UNXÚ�¹ 5 �!:, �ë�ÿÀ
Xã 1 ¤«.

Tã��k�\�ã, !: 1 ��Û��!:.

�½T�äÿÀãéA���Ý
�

A = (aij)5×5 =



0 0 0.1 0 0

0.1 0 0 0 0

0 0.15 0 0 0

0 0.25 0 0 0

0.2 0 0 0 0


.

¢�1 d½n 1 ^��, �UNÑ\�òA÷
v 0 6 T <

π

4di
, ´� T ∈ [0, 3.14). d©z [26] �

^��� T ∈ [0, 2). b½�!:m�Ï&�ò©O
� T13 = 1.0 s, T21 = 0.75 s, T32 = 1.8 s, T42 = 2.0 s,

T51 = 0.8 s, Ñ\�ò T = 0.3 s, ¿�Å�)��U
N�Ð©G�� x(0) = (2, 3.5, 2.5, 3, 5)T. XÚ (6)

�ý¢�(JXã 2 ¤«, �±wÑ��UN�ª
Âñ��. UCÑ\�ò T = 2 s, Ù¦^�ØC,

KXÚ (6) ��UN�G�Xã 3 ¤«.�� ���
ã 1 õ�UNXÚÿÀ(�ã

� � � � � � ����
�

� � �
ã 2 T = 0.3 s �õ�UNXÚG�ã

lã 3 �ý¢��(J�±wÑ, � T = 2 s

�, XÚ��UNG�´Âñ�, l
�y
©
z [26] �Âñ^��½n 1 �Å.

lã 2 Úã 3 �±wÑ, 3Ù¦^�ØC��
¹e, ·�O\�!:�Ñ\�ò, U
\¯XÚ
�Âñ�Ý.
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� � � � � � �� � ����
�

ã 3 T = 2 s �õ�UNXÚG�ã

¢�2 3¢� 1 �Ä:þ, UC�!:m�Ï
&�ò� T13 = 1.5 s, T21 = 0.25 s, T32 = 1 s,

T42 = 0.75 s, T51 = 1.8 s. © O b � Ñ \ �
ò T = 0.3 s, T = 2 s, XÚ (6) ��UNG�©
OXã 4 Úã 5 ¤«.

é'ã 2 �ã 4, ã 3 �ã 5 �¢�(JN´
wÑ, 3Ù¦^��Ó��¹e, ·�UC�!:
�Ï&�ò, ¿Ø¬K�XÚ�ÂñA5, �éX
Ú�Âñ�Ý¬�)�½�K�. ¤±, ·�N!
!:mÏ&�ò���, �±3�½§ÝþJpX
Ú�Ä�5U.

¢ �3 � â ½ n 2 ^ �, b ½ X Ú Í Ü r
Ý α = 0.75, β = 3, Ñ\�ò!Ï&�ò©O
� T = 0.05 s, T13 = 0.5 s, T21 = 0.75 s, T32 = 1 s,

T42 = 1.25 s, T51 = 0.8 s. �Å�)��UN
� Ð © G � � x(0) = (400, 550, 750, 600, 800)T,

v(0) = (4, 2, 2.5, 3.5, 5)T. XÚ (18) �ý¢��
(JXã 6 ¤«, �±wÑ��UN�G��ª
Âñ��. dd`²
½n 2 nØ©Û¤�(Ø�
�(5.

� � � � � � �� � ����
�

ã 4 T = 0.3 s �õ�UNXÚG�ã

� � � � � � �� � ����
�

ã 5 T = 2 s �õ�UNXÚG�ã

ã 6 õ�UNXÚG�Czã (a)  �; (b) �Ý

¢�4 3¢� 3 �Ä:þ, b½XÚëê!!
:Ñ\�òþØC, yUC�UNmÏ&�ò��

�, *	Ï&�òéXÚÂñ�K�.

�Ä±eü«�¹:
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1) T13 = 0.5 s, T21 = 0.75 s, T32 = 1 s,

T42 = 1.25 s, T51 = 0.8 s.

2) T13 = 1 s, T21 = 1.2 s, T32 = 1.8 s,

T42 = 1.25 s, T51 = 1.2 s.

X Ú (18) � ý ¢ � � ( J © O X ã 7 Ú

ã 8¤«.

lã 7 Úã 8 �ý¢��(J�±wÑ, 3X
ÚÙ¦ëê�Ó��¹e, UC�UNmÏ&�ò
���, ØK�XÚ�Âñ, �¬K�XÚÂñ�
¯ú, =XÚ�Ä�5U.

� � �� � � �� � �� � �� � �� � �� � � 	 � �	 � �	 
 �
 �� �
� � � � � � � � � � � � � � � � � �

� 
 � � � �
ã 7 õ�UNXÚG�Czã (a)  �; (b) �Ý

ã 8 õ�UNXÚG�Czã (a)  �; (b) �Ý

6 ( Ø

�éäkØÓ�ò�õ�UNXÚ�$Ä�
�5?1
ïÄ, ��
3XÚÿÀ(��·�k
�\�ã��3���Û��!:�^�e, XÚ
¥��UNG�ì?��Âñ�¿©^�. T^�

��z��UN�Ñ\�ò!�g�G�&E±
9XÚ�ÍÜrÝk', 
�*dm�Ï&�òÃ
'. ÏL�ý¢��y
þã(Ø��(5, Ó�,

l¢��(J��±wÑ, Ï&�ò!Ñ\�òU

K�XÚ�Âñ�Ý, =�±K�õ�UNXÚ
�Ä�A5.
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Consensus analysis of multi-agent system with
multiple time delays∗
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Abstract

Consensus problems of first-order and second-order multi-agent system with communication delays and input delays are proposed

based on the frequency-domain analysis and generalized Nyquist criterion. Supposing that the topology of the multi-agent system is

fixed, asymmetrically interconnected digraph and owns a globally reachable node, the sufficient condition for system convergence is

obtained. The results show that the condition of convergence is dependent only on system coupling strength, each agent input time

delay and the adjacent weights to its neighbors, but independent of communication delay which can affect the dynamics of the system.

Finally, simulations are provided to demonstrate the effectiveness of our theoretical results.

Keywords: multi-agent, time delay, consensus, convergence
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