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1 Ú ó

3A½^�e, ,
0����5�ALyÑ
�Û��A�, =0�¥�m,:���5ò�Ç
Ø=�T:�1rk', 
���T:NC�1r
k'. 8cuy�äkù«�Û���5A5�
ÔnXÚ�)1òC¬N�. [1], ����¬�
. [2−5], YÀæ�. [6−10] �. �Û�A5¬é�
f�p�^�)K�, ��äk π � ��V��
f�m�páÚ [5,11], VV�f�m�páÚ [12],
�Û�A5��±Ø�N�Ø­½5, ;����
fÚµ^�f�¥�½Ø­½, 8c3�Û���
50�¥, ®²kéõ«�f)l¢�þÚnØþ
��
y¢, ~X, µ^�f [13,14], õ4�f [7], .
X�pdÚ�� - pd�f [15−17] �.

�C, �Û�L¡Å¤�ïÄ9:, �)�Û
�L¡�f, õ4L¡�f, µ^�f, ��ZL
¡�fÚ�/L¡�f� [18−22] Ñk©zéÙ?
1
ïÄ. �Û�L¡�fu)3�5á���Û
���5á��.¡þ, éÙ)Û)�/ª3©
z [23] ¥��
ïÄ, �©3dÄ:þ�Ñ
�Û
�õ4L¡�f)Û)�L�ª. ,	, �f­½

5���f�Ä�á5, ®²kéõ©zé�)Y
Àæ¥��Û�õ4L¡�f [18], N�f [24] Úµ
^�f [13] ��­½5?1
ïÄ, Ïd, k7�é
��.e�õ4L¡�f�­½5©Û.
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õ4L¡�f�)Û). Ó�, ·
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Ä
��.e�õ4L¡�f�­½5, uy�4
L¡�f�Ø­½«m'o4N�f�Ø­½«
m��, ,	, �4±þ�L¡�f�Ø­½.

2 õ4L¡�f�N�f�'�

·��Äù��� (1+1)-D �. (Xã 1(a)),
.¡�>´�Û���50�, m>´�50�,
�� TE L¡Å (�ä� A) Uì Z ��÷X.¡
DÑ. L¡Å�DÑ÷ve¡��Û���5Å½
��§ [23]:
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1) .¡�>��Û���50�¥, X 6 0
(X = 0 ´.¡),

2in0k0
∂A

∂Z
+

∂2A

∂X2
+ 2n0∆Nk2

0A = 0, (1)

∆N − W 2
m

∂2∆N

∂X2
− n2|A|2 = 0. (2)

2) .¡m>��50�¥, X > 0,

2in0k0
∂A

∂Z
+

∂2A

∂X2
− (n2

0 − n2
L)k2

0A = 0, (3)

Ù¥, X , Z ©OL«î�Úp��I. n0 ´�>�
�Û�á�Ã1åK���ò�Ç, nL ´m>�
�51Õ0��ò�Ç. k0 = 2π/λ ´ý�¥�Å
ê, Ù¥ λ ´Å�. n2 Ú ∆N ©OL«��5ò�
ÇXêÚd��5���ò�Ç�Czþ. Wm ´
�Û�á��A¼ê�A��Ý.

ã 1 (a) Ú (b) ©OL«�4L¡�fÚo4N�f�Ó+ã (Ù
¥ù��L�Ì©Ù, ÉÚJ��L��5ò�Ç©Ù)

e ¡ Ú \ 8 � z ë ê, x = X/wa, z =
Z/(n0k0w

2
a), wm = Wm/wa, q = (n0n2k

2
0w

2
a)

1/2A,
∆n = (n0k

2
0w

2
a)∆N , Ú nd = (n2

0 − n2
L)k2

0w
2
a/2, Ù

¥ wa ´å°���A��Ý, dd��eã�Ã
þj�§:

1) .¡�>��Û���50�¥, x 6 0,

i
∂q

∂z
+

1
2

∂2q

∂x2
+ ∆nq = 0, (4)

∆n − w2
m

∂2∆n

∂x2
= |q|2. (5)

2) .¡m>��50�¥, x > 0,

i
∂q

∂z
+

1
2

∂2q

∂x2
− ndq = 0. (6)

¯¢þ, �§ (4) Ú (5) L«�´���k e �
êP~.�Û��A¼ê��Û���5Å½�
�§ (NNLSE). ù« e �êP~.��Û��A¼
ê3éõÔnXÚ¥Ñ�3, ~X*Ñ.��5X
Ú, ��.��5XÚ�. ,	, � wm → ∞ �, �
§ (4), (5) =z�£�9�Û�0� (XYÀæ) ¥
� NNLSE.

© z [9] � ¢ � C �, é u TE Å (  � �
�÷ y ��), >.^���� q(+0) = q(−0),
∂q/∂x|x=+0 = ∂q/∂x|x=−0 Ú q(x → ±∞) = 0.
Ó���5ò�Ç6Ä÷v ∆n(x → −∞) = 0
Ú ∂∆n/∂x|x=0 = 0. 3 ¢ � ¥, · � � � À
� k2

0w
2
a À 1, Ï d, 3 ¢ S Ô n X Ú ¥ Ï ~

k nd À 1. � â © z [9,18,19], · � � � X
J nd v
� (nd À 1), K1UòA��Ü�
33�Û�0�¥. Ïd, ·��Cq��'X
ª q(−0) = q(+0) = 0. nþ, ·��Ñ
õ4L¡
�f�>.^�, ,	, Xã 1(b) ¤«, ·��±�
�äk�é¡�Ì©Ù�N�f�>.^�. 3©
z [23] ¥éüö?1
'�, '�uy, 3��Ü
© (x 6 0) L¡�f�N�fk�Ó�>.^�,
¤±¦�k�Ó�). 3�Û�N0�¥, ´�3
ù«äk�é¡�Ì©Ù�N�f)� [24,25]. A
O´3r�Û�0�¥, ®²k�öy²
�3�
� - pd¼ê/ª��f) [15]. Ïd, ·�/dä
k�é¡�Ì©Ù�õ4N�f)5¦õ4L¡
�f�)Û)´�1�.

3 õ4L¡�f�)Û)�ê�)

3.1 )))ÛÛÛ)))

þ¡J�, 3r�Û���50�¥�3�
� - pd/ª��f). 3�Û�N0�¥, ·�
^ n ��� - pd¼ê��Á&).

q(x, z) =an(z)Hn

( √
2

w(z)
x

)
exp

[
− x2

w2(z)

]
× exp[ic(z)x2 + iθn(z)], (7)

Ù¥ an(z), w(z), c(z), θn(z) ©OL«�Ì, å°,
Åc­ÇÚ1å� . \�1õÇ p0 =

∫
|q|2dx =√

2
2

λa2
nw, Ù¥ λ = 2nn!

√
π.

e¡·�ò|^C©{¦)äk (7) ª/ª�
N�f). Äk, ��§ (4) Ú (5) ��î. - .�
KF�§�éAXe¡�C©¯K [26]:

δ

∫ +∞

0

[L]dz = 0, (8)

Ù¥

[L] =
∫ +∞

−∞
L

(
q, q∗,

∂q

∂x
,
∂q∗

∂x
,
∂q

∂z
,
∂q∗

∂z

)
dx, (9)

L =
i
2

(
q∗

∂q

∂z
− q

∂q∗

∂z

)
− 1

2

∣∣∣∣∂q

∂x

∣∣∣∣2
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+
1
2
|q|2

∫ +∞

−∞
R(x − x′)|q(x′)|2dx′. (10)

(10) ª¥� R(x) = (1/2wm) exp(−|x|/wm). e
ò R(x) ���\þª, ·�éJ�� [L] �ä
NL�ª, �´éur�Û���¹, ·��±�
Äé R(x) �Ðm, �ÙcA�5Cq�O R(x),
e¡´�3���9Ùc¡���L�ª:

R(x) ≈ 1
2wm

(
1 − |x|

wm
+

x2

2w2
m

)
. (11)

Ùg, ò (7), (11) ª�\ (9), (10) ª, �� [L]
�L�ª�

[L] = − a2
n

[
dc

dz
· w3

√
2

(
1
4

+
1
2
n

)
λ +

dθn

dz
· w√

2
λ

]
− a2

nλ

2
√

2w
(2n + 1) − a2

nc2w3λ

2
√

2
(2n + 1)

+
a4

nw2

8wm
λ2 +

a4
nw4

64w3
m

λ2 · 2(2n + 1)

+
a4

nw3dn

2
√

2w2
m

, (12)

Ù¥

dn =
∫ ∞

−∞
H2

n(u) exp[−u2]
∫ u

−∞
u′H2

n(u′)

× exp[−u
′2]du′du.

� �, d î . � §, · � � � ± e o � '
u an(z), w(z), c(z), θn(z) ��©�§:

d
dz

(a2
nw) = 0, (13a)

d
dz

[
w2

(
1
4

+
1
2
n

)]
= cw2(2n + 1), (13b)

− 2an

[
dc

dz
· w3

√
2

(
1
4

+
1
2
n

)
λ +

dθn

dz
· w√

2
λ

]
− 2anλ

2
√

2w
(2n + 1) − 2anc2w3λ

2
√

2
(2n + 1)

+
4a3

nw2

8wm
λ2 +

4a4
nw3

64w3
m

λ2 · 2(2n + 1) +
4a3

nw3dn

2
√

2w2
m

=0 (13c)

− a2
n

[
dc

dz
· 3w2

√
2

(
1
4

+
1
2
n

)
λ +

dθn

dz
· 1√

2
λ

]
+

a2
nλ

2
√

2w2
(2n + 1) − 3a2

nc2w2λ

2
√

2
(2n + 1)

+
2a4

nw

8wm
λ2 +

4a4
nw3

64w3
m

λ2 · 2(2n + 1) +
3a4

nw2dn

2
√

2w2
m

=0. (13d)

d�§ (13a) �

a2
nw = const =

√
2

λ
p0, (14)

�\ (13b) ª��
dw

dz
= 2cw. (15)

2éá (13c) � (13d) ª, ��å°�üz�§
d2w

dz2
=

4
w3

+
wp0

2w3
m

+
2
√

2p0dn

(1 + 2n)λ2w2
m

. (16)

éu�f), w = w0 ´��~ê, Kd (15) ª
� c = 0, *	 (16) ª�, d��>�", K�¦�
�fõÇ

pc =
−8(1 + 2n)λ2w3

m

w3
0[(1 + 2n)w0λ2 + 4

√
2wmdn]

. (17)

, 	, Ï L (14) � (13) ª � ± © O ¦ � an

Ú θn(z) = βz (an Ú β ´~ê).
�âþ!0��õ4L¡�f�N�f�'

X, ·��rÄ�, �4Ún4L¡�f©Ow�
��, n�ÚÊ��� - pd.N�f���. Ä�
L¡�f3©z [23] ¥®kïÄ, e¡±�4Ún
4L¡�f�~, �Ñ¦��)Û)L�ª.

�4L¡�f)Û)

q(x, z)

=

a3H3

(√
2

w0
x

)
exp

[
− x2

w2
0

]
exp[iβ3z], x 6 0,

0, x > 0.

(18)

éA�o4N�f�.õÇ (L¡�f´N�fõ
Ç���)

Pc3 =
64512πw3

m

w3
0(6183

√
πwm − 8064πw0)

, (19)

DÂ~ê

β3 = − 7
2w2

0

+
56

(
576πw2

m + 1008πw2
0 − 6183

4
√

πw0wm

)
w3

0(6183
√

πwm − 8064πw0)
.

(20)

n4L¡�f)Û)

q(x, z)

=

a5H5

(√
2

w0
x

)
exp

[
− x2

w2
0

]
exp[iβ5z], x 6 0,

0, x > 0.

(21)

éA�84N�f�.õÇ

Pc5 =
648806400πw3

m

w3
0(49645575

√
πwm − 81100800πw0)

, (22)

DÂ~ê
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β5 = − 11
2w2

0

+
88

(
3686400πw2

m + 10137600πw2
0 − 49645575

4
√

πw0wm

)
w3

0(49645575
√

πwm − 81100800πw0)
. (23)

3.2 êêê���)))

Äu�§ (4)—(6) Ú>.^�, ± 3.1 !�Ñ
�õ4L¡�f�)Û)��Ð©^�, |^ê
�S�{, ·��±�Ñõ4L¡�f�ê�).
ã 2(a)—(c) ©O�Ñ
Ä�, �4, n4L¡�
f�)Û) (��) Úê�) (¢�) �'�(J.

ã 2(d)—(f) ´éA� (a), (b), (c) ¥�ê�)�D
Ñã. 3r�Û��¹e, õ4L¡�f�)Û)
�ê�)��ÎÜ, �X4êO\, )Û)�ê�
)�m� �\�. 3 3.1 !¦)Û)�L§¥, ·
���3
�Û��A¼ê R(x) Ðm��cü�,
ù«�{·^u�Û�§Ý�r��¹, ã 3 ±�
4L¡�f�~�Ñ
�.õÇ�å °�' Xã,

ã 2 wm = 10 � (a) Ä�L¡�f (β = 63.6188), (b) �4L¡�f (β = 100.664), (c) n4L¡�f (β = 131.038) �)Û
) (��) �ê�) (¢�) �'�(J (q ´�Ì). (d), (e), (f) ´éA� (a), (b), (c) ¥�ê�)�DÑã (R L«a|ål)

154211-4
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ù�L«)Û), ÉÚ��L«ê�), ��Û�
§Ý α = wm/w0 > 8 �)Û)�ê�)��¹Î
Ü�éÐ.

ã 3 �4�f�.õÇ�å°�'Xã (wm = 40), )
Û)^ù�L«, ê�)^ÉÚ��L«

3¦)þã)Û)�ê�)�, �Ì q 3>.
?Cq�", ù´��ØëY�>.^�, �¢S
�ÔnXÚ3.¡?Ñ´ëY�, 31 2 !·�Q
�Ñ� nd À 1 �, ^ØëY>.^��O¢SÔ
n�¹´Ün�, ã 4 �Ñ
 nd = 1000 �, .¡
ëY�ØëYü«�¹eõ4L¡�fê�)�
'�, ü«)Ä�ÎÜ, Ù¥3.¡ (x = 0) ?, ë
Y)´­�LÞ�m>��50��, ké��Ü
©1?\
�5Ü©, 
ØëY)K����".

4 õ4L¡�f�­½5©Û

Ä u � § (4)—(6) Ú > . ^ �, | ^ ê �
S � { � ± ¦ Ñ q(x, z) = w(x) exp(ibz) / ª
��f), �
éù
�f)�­½5?1©
Û, ·�ò�6) q′(x, z) = [w(x) + u(x) eδz +
iv(x) eδz] exp(ibz)(Ù¥��6Ü©�DÂål±

O�Ç δ Cz) �\�§ (4)—(6), ����¦O�
Ïf δ ����¯K

δu = −1
2

d2v

dx2
+ bv − nv,

δv =
1
2

d2u

dx2
− bu + nu + w∆n,

− L 6 x 6 0,

(24)

δu = −1
2

d2v

dx2
+ bv + ndv,

δv =
1
2

d2u

dx2
− bu − ndu,

0 < x 6 L. (25)
ã 4 wm = 10 � (a) Ä�L¡�f (β = 63.6188), (b)
�4L¡�f (β = 100.664), (c) n4L¡�f (β =

131.038) 3ØëY>.^� (¢�) ÚëY>.^� (J
�) e�ê�)�'�, ÙSÜ��ã�J�Ü©���

154211-5
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Ù¥�

∆n =2
∫ 0

−∞

1
2wm

exp(−|x − x′|/wm)

× w(x′)u(x′)dx′

´ò�Ç�6, ·�|^ê��{®²)û
ù�
���¯K. O�(Jw«Ä�L¡�f©ª´­
½�, �4L¡�f�3Ø­½«m, �ÙØ­½
«m'o4N�f�Ø­½«m�, ,	, �4±
þ�L¡�f�Ø­½. ã 5(a) �Ñ�4L¡�
f�3Ø­½«m, ��X�Û�§ÝO�, Ø­
½«mC�, ïÄL², ��Û�§Ýé��, Ø­
½«m¬��. '� d = 5 �o4N�f (ã 5(d))
Ú�4L¡�f (ã 5(a)) �Ø­½«m, uy�4

L¡�f�Ø­½«m'o4N�f�Ø­½«
m�. ã 5(c) L²n4L¡�f´Ø­½�, �X
ã 2(f) ¤«, n4L¡�f3DÂL§¥C�·Ï,
?�ÚïÄuy�4±þ�L¡�f�Ø­½. n
þ, ·��(Ø�o4±þN�fØ­½ [25], Y
Àæ¥�4±þL¡�fØ­½ [18] ��'uy
�±��. þã­½5©Û´3ØëY>.^�e
��, e�ÄëY�>.^�, ¦�­½5´Ä¬
k¤ØÓ, ïÄuy, üöÄ��Ó, Ä�­½, �
4±þØ­½, �3�4L¡�f­½5þ, ëY
>.^�e��f)�Ð�:, d = 5 �ëY>.
^�e�4L¡�fØ­½«m (ã 5(b)) �Ñ�
uØëY>.^�e�4L¡�f�Ø­½«m
(ã 5(a)).

ã 5 d = w2
m L«�Û�§Ý, (a) �Ñ
 d = 4 Ú d = 5 ��4L¡�f�Ø­½«m; (b) �Ñ
ëY>.^�e, �4L

¡�f�Ø­½5«m; (c) d = 100 �n4L¡�f�Ø­½«m; (d) d = 5 �éA�o4N�f�Ø­½5«m

dã 1 )Û)�ê�)�'�(J��, )Û
)��u���6), d­½5©Û�)Û)A

�´­½�, ã 6 L²�4L¡�f�)Û)D
Ñ 1000 a|ål��´­½�.

154211-6
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ã 6 �4L¡�f)Û)DÑ 1000 a|ål (wm = 10,
β = 100.664)

5 ( Ø

)Û)éuïÄ�fA5k�~­��¿Â,
�©òõ4L¡�fw�´N�f���, �Ñ

õ4L¡�f�)Û). Ó�, ·�^ê�O��
y
¦��(5, ¿?Ø
¦�·^��. ��, ·
�éõ4L¡�f�
­½5©Û, uyÄ�L¡
�f©ª´­½�, �4±þ�L¡�f�Ø­½,
ù�(Ø��'ïÄL¡�f­½5�©z�(
Ø�±��, ,	, �4L¡�f�3Ø­½«m,
�ÙØ­½«m'o4N�f�Ø­½«m�. �
�, ·��?Ø
>.é­½5�K�, �ÑëY
>.e��f­½5�'ØëY>.e��f­
½5Ð�:.
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Abstract
In this paper, the research on the multipole surface soliton in nonlocal nonlinear medium is done. Theoretical study indicates

that multipole surface soliton in nonlocal nonlinear medium can also be regarded as a half part of a bulk soliton with an antisymmetric
amplitude distribution. Using this fact, we could obtain the analytical solution of multipole surface soliton easily. Secondly, comparing
the numerical solution acquired by numerical computation with analytical solution, we find that analytical solution is in good agreement
with numerical solution. Finally, a research is done on the stability of multipole surface soliton using our model. The result shows that
the width of the instability domain of dipole surface soliton is smaller than that of quadrupole bulk soliton. In addition all higher-order
multipole surface solitons are unstable.
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