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1 Ú ó

uÐ�§3��5�ÆïÄ¥´��é�
�Ü©, §k2��A^ [1,2]. C53¦)��5¯
K¥wy
Nõ#��{. ~XV��{, àg
²ï{, Jacobi ý�¼ê{Ú9Ï¼ê{��. ù

�{®²3Ñ�1Å, -Å, þfåÆ, �íÔn
�¯K¥A^ [3−7]. �ÅnØ£ã�´�aE,
�g,y�,·�I�^Ä��{�{z§. Nõ
Cq¦)�{�A$)¿Øä/U?, X>.�
{, ��{, õºÝ{� [8−11]. �ö��|^ì
C�{ïÄ
�a�Å���5¯K [12−18]. �©
´�Ä�aÔn�.¥�6Ä Zakharov-Kuznetsov
uÐ�§ (Z-K uÐ�§). |^U?�ìC�{{
ük�/��
�A��ÅìC) [7,11].

2 6Ä Z-K uÐ�§

�ÄXe6Ä Z-K uÐ�§ [6]:

ut + uux + α uxxx + β uxxy = f(u), (1)

Ù¥ α, β �~ê, f ���6Ä¼ê, §�3Ùg

Cþ�A�«�S�k.)Û¼ê. 6Ä Z-K uÐ
�§ (1) 36NåÆ, �íÔn, ÊUÆ, A^zÆ
Ú�7ó§¥ÑkäN�A^, AO3�lfÔn,
�fÔn, �NÔn�và�Ôn¯K¥kÙ2�
�A^.

�1ÅC�

s = ax + by + ct, (2)

Ù¥ a, b, c�~ê. u´�§ (1)�1Å�§

cus + auus + a2(aα + bβ)usss = f(u). (3)

yk�ÄXe�6Ä Z-K �§:

cus + auus + a2(aα + bβ)usss = 0. (4)

|^AÏ�N�E|, ·�5¦Ñ�§ (4) �
1Å). �

u(s) = k0 + k1v(s) + k2v
2(s), (5)

Ù¥ k0, k1, k2 ��½~ê,  σ > 0 Ú v(s) ÷v
�§

dv

ds
= v2 − σ2. (6)

w,�§ (6) äkXe�Å):

v1(s) = −σ tanh(σs), σ > 0, (7)
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v2(s) = −σ coth(σs), σ > 0. (8)

d (5), (6) ª, k

us =(2k2v + k1)(v2 − σ2), (9)

uss =[2k1v + 2k2(3v2 − σ2)](v2 − σ2), (10)

usss =[2k1(2v2 − σ2) + 3k2(9v3 − 5σ2v)]

× (v2 − σ2). (11)

ò (9)—(11) ª�\�§ (4), Ü¿'u vi(v2 −
σ2) (i = 0, 1, 2, 3) �Ó��, ¿-�§ü>�Óa
��Xê��, �?�Ú��

k0 = −15
27

σ2 − c

a
, k1 = 0,

k2 = −27
2

a(aα + bβ). (12)

ò (12) ª�\ (5) ª, ¿5¿� (7) Ú (8) ª,
·�B�� Z-K �§ (4) �1Å)

U1(s) = −
(

27
2

a(aα + bβ)σ2 tanh2(σs)

+
15
27

σ2 +
c

a

)
, σ > 0, (13)

U2(s) = −
(

27
2

a(aα + bβ)σ2 coth2(σs)

+
15
27

σ2 +
c

a

)
, σ > 0. (14)

3 6Ä Z-K �§�ìC)

5¿�6Ä� f(u), ��, �§ (3) ØäkÐ�
¼ê/ª�°(). �·�I�¦ÑÙìC).
� 
 � � ì C � Å ), Ú \ X e N

� H(u, r)R × I → R

H(u, r) =Lu − Lũ0 + r[Lũ0

+ auus − f(u)], (15)

Ù¥ R = (−∞,+∞), I = [0, 1], r �<óëê; ũ0

�Ð©Cq), §ò3e¡û½; �5�f L�

Lu = cus + a2(aα + bβ)usss.

w,, d (15) ª, H(u, 1) = 0 ��§ (3) �
Ó. u´�§ (3) �) u(ξ) Ò´ H(u, r) = 0 �)
� r → 1 ��/.

�

u =
∞∑

i=0

ui(s)ri. (16)

5¿�N� (15), ò (16) ª�\ H(u, r) = 0,
U r Ðm��5�¿ò�§ü>'u r �Óg��
Xê��,·���g�) un(ξ) (n = 0, 1, 2, · · · ).

d r �"g��

L(u0) = L(ũ0). (17)

À�Ð©Cq ũ0 ��§ (4) �1Å�Å) U1(s),
d (13) ª,·�k

u0(s) = −
(

27
2

a(aα + bβ)σ2 tanh2(σs)

+
15
27

σ2 +
c

a

)
, σ > 0. (18)

3 H(u, s) = 0 ¥, d r ��g��

L(u1) = f(u0). (19)

ØJ���5�§ (19) 3"Ð�e�)�

u1(s) =
1
ω

∫ s

−∞

∫ ξ1

0

[
f −

(
27
2

a(aα + bβ)

× σ2 tanh2(ση) +
15
27

σ2 +
c

a

)]
× [cos ω(ξ1 − η)]dηdξ1, (20)

Ù¥ ω =
[ c

a2(aα + bβ)

]1/2

.

3 H(u, r) = 0 ¥, d r ��g��

L(u2) = −a(u0u1s + u0su1) + F (u0, u1), (21)

Ù¥ u0 Ú u1 ©Od (18) Ú (20) ªL«, 

F (u0, u1) =
[

∂

∂r
f

( ∞∑
i=0

uir
i

)]
r=0

.

Ó�, d�5�§ (21) 3"Ð�e�) u2�

u2(s) =
1
ω

∫ s

−∞

∫ ξ1

0

[F (u0(η), u1(η))]

× [cos ω(ξ1 − η)]dηdξ1. (22)

Ïd, d (18), (20), (22) Ú (16) ª, ±95¿
�C� (2), 6Ä Z-K �§ (1) ��gCq�Å
) u2hom(x, y, t)�

u2hom(x, y, t)

= −
(

27
2

a(aa + bβ)σ2 tanh2 σ(as

+ by + ct) +
15
27

σ2 +
c

a

)
+

1
ω

∫ ax+by+ct

−∞

∫ ξ1

0

[
f

(
−

(
27
2

a(aα
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+ bβ

)
σ2 tanh2(ση) +

15
27

σ2 +
c

a

)]
× [cos ω(ξ1 − η)]dηdξ1

+
1
ω

∫ ax+by+ct

−∞

∫ ξ1

0

[F (u0(η),

u1(η))][cos ω(ξ1 − η)]dηdξ1. (23)

|^N� (15),·��U��6Ä Z-K uÐ�
§ (1) ��pg�ìC1Å�Å).

3�§ (1) cãb�¿À�Ð©Cq u0 e, |
^ØÄ:�n [17], ��56Ä Z-K uÐ�§ (1) �

)� u =
∞∑

n=0

un(s) =
∞∑

n=0

un(x, y, t). ù�·�U

?�Ú�� [11] uexa(x, y, t) =
∞∑

n=0

un(x, y, t) ��

�56Ä Z-K uÐ�§ (1) �°().
5: �À�Ð©Cq ũ0 ��§ (4) �1Å�Å

) U2(s), ¦^Ó���{,·�U��,�|ìC
1Å�Å).

4 ~

·�=�Ä��AÏ���5�6 Z-K uÐ
�§. ��6�� f(u) = ε exp(−u2), Ù¥ ε��
��ëê, ù���56Ä Z-K uÐ�§ (1)�

ut + uux + αuxxx + βuxxy = ε exp(−u2). (24)

d (18) ª, À��§ (24) �"gCq�Å)�

u0(x, y, t) = −
(

27
2

a(aα + bβ)σ2 tanh2(σ(ax + by

+ ct)) +
15
27

σ2 +
c

a

)
, σ > 0. (25)

d (20) Ú (25) ª, ·�U���§ (24) ��
gCq�Å) u1hom(x, y, t)�

u1hom(x, y, t)

= −
(

27
2

a(aα + bβ)σ2 tanh2(σ(ax

+ by + ct)) +
15
27

σ2 +
c

a

)
+

ε

ω

×
∫ ax+by+ct

−∞

∫ ξ1

0

[
exp

(
−

(
27
2

a(aα

+ bβ)σ2 tanh2(ση)
)

+
15
27

σ2 +
c

a

)]2

× [cos ω(ξ1 − η)]dηdξ1. (26)

d (22) Ú (26) ª, ·�U���§ (24) ��
gCq�Å) u2hom(x, y, t)�

u2hom(x, y, t)

= −
(

27
2

a(aα + bβ)σ2 tanh2(σ(ax

+ by + ct)) +
15
27

σ2 +
c

a

)
+

ε

ω

×
∫ ax+by+ct

−∞

∫ ξ1

0

[
exp

(
−

(
27
2

a(aα

+ bβ)σ2 tanh2(ση)
)

+
15
27

σ2 +
c

a

)]2

× [cos ω(ξ1 − η)]dηdξ1,

Ù¥

u1(η) =
1
ω

∫ η

−∞

∫ ξ1

0

[
f

(
−

(
27
2

a(aα

+ bβ)σ2 tanh2(ση1)
)

+
15
27

σ2 +
c

a

)]
× [cos ω(ξ1 − η1)]dη1dξ1.

|^N� (15),·��U���6 Z-K uÐ�
§ (24) ��pg�ìC1Å�Å).

þ ~, À � ë ê α = β = 1, ε = 0.2 �,
Z-K u Ð � § (24), � � � 3 Ð �� u(0) =
us(0) = uss(0) = 1, s = x + y + t e��[°
() uexa(s) ÚìC) uasy(s) �ã/Úê��'
� (�ã 1ÚL 1).

dþã��ã/Úê�L�'��±w
Ñ, �©JÑ��{¤¦��.ìC)äk�Ð
�°Ý.

ã 1 � [ ° ( ) uexa(¢ �) � ì C ) uasy(J �) � '
� (s = x + y + t)
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L 1 �[°() uexa �ìC) uasy �ê�'� (s = x + y + t)

s 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

uexa 1.00 1.37 2.04 2.64 2.93 2.85 2.53 2.08 1.56 0.99 0.79

uasy 1.00 1.34 2.02 2.62 2.91 2.82 2.50 1.99 1.47 0.98 0.80

5 ìC)�{��O

� uexa(x, t) =
∞∑

i=0

ui(x, y, t) ��§ (24) |

^ �©� { � � � � � ° ( ). y � OØ
� uexa − u2hom. ·�Äkk�Oª

L(uexa − uhom)

=(uexa − uhom)t + α(uexa − uhom)xxx

+ β(uexa − uhom)xxy

=(uexa − uhom)s + a2(aα + bβ)(uexa − uhom)sss

=c(uexa)s + a2(aα + bβ)(uexa)sss

−
2∑

i=0

(uisξ + a2(aα + bβ)uisss)

= − a

( ∞∑
n=0

un

)( ∞∑
n=0

un

)
s

+ ε exp
(
−

( ∞∑
n=0

un

)2)
− [au0u0s + ε exp(−u2

0)]

+ [−a(u0u1s + u0su1)

+ 2εu0u1 exp(−u2
0)]

=O(ε2), 0 < ε ¿ 1.

À�?¿~ê, ¦�

uexp(s)|s=0 = u2hom(s)|s=0,

|^ØÄ:�n [19],·�k

uexa − u2hom = O(ε2), 0 < ε ¿ 1.

u ´, ·� � � | ^ ì C � { � � � C q
) u2hom(x, y, t) äk�Ð�°(Ý.

6 ( Ø

uÐ�§Ø£ã�´�aE,�Ôn¯K.·
�  I�^Cq�{�¦)§. ìC�{Ò´�
��Ð�{ük���{. ù��{´��Cq
�)Û�{, §ØÓu����[�{. dìC�
{��)�Ðmª�UUY?1)Û$�. Ïd,
d (23) ª,·��U?�ÚïÄ�Å)�½þÚ½
5��¡�5�. �©·�À�Ð©Cq6Ä Z-K
uÐ�§ (1) Ð©Cq´�A�uÐ�§ (4) ��
��Å), §U�¯/��I�°Ý�Cq).
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Abstract

A class of disturbed evolution equation is considered by a simple and valid technique. We first introduce the traveling solitary

wave solution of a corresponding typical differential equation, and then use the asymptotic method to obtain the approximate solution

for an original disturbed evolution equation. And we point out that the series of approximate solution is convergent and the precision

of the approximate solution is discussed by using the fixed point theorem for the functional analysis.
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