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1 Ú ó

Cc5, <�3Å¢XÚ!0�4z!>4 -
>)�4z!+�>.��A!kÚD(Ú>
^Å�ïÄ¥uy, NõÔnL§ÐyÑ©ê
�ÄåÆ1�, ù¦�äk 300 õc{¤�©ê
��È©nØ­#É�'5. ©ê��È©*
Ð
�ê��È©�£ãUå, ´�ê��È
©nØ�í2, ¿�3d©ê��©�§£ã
� � � 5 X Ú ¥ ­ # u y 
 · b y �, X © ê
� Chua’s >´ [1]!©ê� Chen XÚ [2]!Lorenz
XÚ [3]!Rössler XÚ [4]!LüXÚ [5] �. ,��¡,
gl Pecora Ú Carroll[6] uy
ü�·bXÚ�±
¢yÓÚ±5, Òiå
·bÓÚ¯KïÄ�9
� [7−10]. du©ê�XÚ3��Ï&�+�Pk
d3�A^cµ, ©ê�·bXÚÓÚCc5¤�
ïÄ9: [11−16].

8 c, é u � ê � · b X Ú, ® k õ « Ä
u Lyapunov ­½5nØ�·bÓÚ���{, ¿
äk�Ð����J. 
éu©ê���5·bX
Ú, 8cæ^�õ��«�{´ò©ê�·bXÚ

Cq¤�ê�XÚ5?n [16−18], du·bXÚä
kéÐ�Úëê�¯a5, ù«Cq3¢SA^¥
  J±��ýÏ��J. ,�«�{´Áã�E
AÏ���ìò©ê�XÚ�ÓÚ¯K=z��
ê�XÚ�ÓÚ¯K5ïÄ [19,20], d�{�,�
k�½�Ün5, ���ì(�E,, ¿vkl�
�þ)û©ê�XÚ�­½5¯K.

Äu±þ©Û, �©3©ê�a Lyapunov ­
½5nØÄ:þ [21], �é�a©ê�·bXÚÓ
Ú¯KJÑ
©ê�·bXÚ�g·AÓÚ�â.
�yk(J�', ��ì(�{ük�, ¿·^u
�Ü©;.©ê�·bXÚ�ÓÚ¯K. ê��ý
(J�y
¤J�{$^u©ê�·bXÚÓÚ
ïÄ�k�5.

2 ¯K£ã

�ÄXe©ê�XÚ:

Dαx(t) = Ax(t) + ϕ (x(t)) , (1)

Ù¥

Dαx(t) =
1

Γ (1 − α)
d
dt

∫ t

0

x(τ)
(t − τ)α

dτ
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20100191120025)!¥IÆ¬��ÆÄ7 (1OÒ: 20100470813, 20100480043) Ú¥
p�Ä��ï�Ö¤ (1OÒ: CDJXS12170005) ]
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L « Riemann-Liouville © ê � � ê, Γ (·)
´ Gamma ¼ê, α ∈ (0, 1), Ax Ú ϕ (x) ©O�
XÚ��5Ú��5Ü©.

òXÚ (1) ��°ÄXÚ, �EXe/ª��
AXÚ:

Dαy(t) = Ay(t) + ϕ (y(t)) + u (t) , (2)

u´dXÚ (1) Ú (2) ��XeÓÚØ�XÚ:

Dαe(t) = Ae(t) + φ(x(t),y(t)) + u(t), (3)

Ù ¥ φ(x(t),y(t)) = ϕ(y(t)) − ϕ(x(t)) =
N(x(t),y(t))e(t), N(x(t),y(t)) ´ d G � x(t)
Ú y(t) û½��êk.Ý
, ��Ü©;.©ê�
·bXÚþ÷v φ(x(t),y(t)) = N(x(t),y(t))e(t),
X © ê � Lorenz X Ú !Chen X Ú !Rössler X
Ú!LüXÚ!©ê�Ú�XÚ�.

3 g·AÓÚ

©z [22] �Ñ
©ê��5XÚ�­½5�
O½n, Äu©z [22], ©z [21] JÑ
©ê��
�5XÚ�a Lyapunov­½5nØ.

Ún 1[21] éu©ê�XÚ

Dαx(t) = C(x)x, (4)

Ù¥ x = (x1, x2, · · · , xn)T �XÚG�Cþ, C(x)
��6 x ��êk.Ý
. �XÚ�ê α ∈ (0, 1)
�, XJ�3¢é¡�½Ý
 P , ¦é?¿G�C
þ x, ðk

H = xT(t)PDαx(t) 6 0, (5)

(-/X xT(t)PDαx(t) �¼ê�H ¼ê) ¤á, K
©ê�XÚ (4)­½.

�âÚn 1, e¡�Ñ�a©ê�·bXÚ3
g·A��ì�^e�ìCÓÚ�O½n.

½ n 1 3 g · A � � ì u = Ke (K =
diag (k1, k2, · · · , kn)) Ú��OÃXêg·AÆ

Dαki = εie
2
i (εi < 0) , (6)

(ei = yi − xi, i = 1, 2, · · · , n)

��^eØ�XÚ (3) ìC­½.
y² - λ Ú λN ©O�Ý
 (AT + A)/2

Ú (NT(x,y) + N(x,y))/2 ���A��, ò u =
Ke �\ (3) ª�

Dαe = (A + N (x,y) + K) e. (7)

dÚn 1, �E H ¼êXe:

H (e, eK) =
(
eT eT

K

)
P

 Dαe

DαeK

 . (8)

ÀJ�½Ý


P =diag
(

1, 1, · · · , 1,− 1
ε1

,− 1
ε2

, · · · ,− 1
εn

)
∈ R2n×2n,

eK = (ek1 , ek2 , · · · , ekn)T, eki = ki − k∗
i , k∗

i �~
ê, i = 1, 2, · · · , n. Kd (8) ª��

H = eTDαe + eT
KBDαeK , (9)

Ù¥ B = diag
(
− 1

ε1
,− 1

ε2
, · · · ,− 1

εn

)
.

ò (6) ªÚ (7) ª�\ (9) ªk

H =eT (A + N (x,y) + K) e

+ eT
KB

(
ε1e

2
1 ε2e

2
2 · · · εne2

n

)T

=eT (A + N (x,y) + K) e

+ (e1 e2 · · · en)

×


−ek1 0 · · · 0

0 −ek2 · · · 0
...

...
. . .

...

0 0 · · · −ekn




e1

e2

...

en


=eT (A + N (x,y) + L) e

=eT

(
AT + A

2
+

NT(x,y) + N(x,y)
2

+ L

)
e,

Ù¥ L = diag (k∗
1 , k∗

2 , · · · , k∗
n), u´k

H 6 (λ + λN + max{k∗
i }) eTe,

Ù¥ max{k∗
i } L« k∗

1 , k∗
2 , · · · , k∗

n ¥����. �
¦ H 6 0, KI λ + λN + max{k∗

i } 6 0, =

max{k∗
i } 6 − (λ + λN ) . (10)

éuäN�XÚ, λ Ú λN Ñ�±¦�, K��ÏL
ÀJÜ·� k∗

i �, =�¢yXÚ (3) �ìC­½,
y..

4 �ý¢~

¢ ~ 1 � Ä X e Arneodo © ê � · b X
Ú [23]: 

Dαx1 = x2,

Dαx2 = x3,

Dαx3 = ax1 − bx2 − rx3 − x3
1.

(11)
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� a = 5.5, b = 3.5, r = 0.4, α = 0.9 �, XÚ (11)
¥y·by�, Ù·báÚfXã 1 ¤«.

� � � � � � � � �� �� ����� ��� � � � �	 

ã 1 ©ê� Arneodo ·bXÚ (11) ·báÚf

±XÚ (11)�°ÄXÚ, �E�AXÚ�

Dαy1 = y2 + k1 (y1 − x1) ,

Dαy2 = y3 + k2 (y2 − x2) ,

Dαy3 = ay1 − by2 − ry3 − y3
1

+k3 (y3 − x3) .

(12)

KØ�XÚ�

Dαe1 = e2 + k1e1,

Dαe2 = e3 + k2e2,

Dαe3 = ae1 − be2 − re3

−e1

(
y2
1 + x1y1 + x2

1

)
+ k3e3.

(13)

eòXÚ (13) L«¤ (3) ª¤«�G��m/ª,
Kk

A =


0 1 0

0 0 1

5.5 −3.5 −0.4

 ,

N (x,y) =


0 0 0

0 0 0

−
(
y2
1 + x1y1 + x2

1

)
0 0

 . (14)

�â·bXÚ�G�k.5, 3�¢~¥, �
3~ê M1 > 0 ÷v |x1| 6 M1,|y1| 6 M1, u´�
�

λ =2.6563,

λN =
√

y2
1 + x1y1 + x2

1/2

6
√

M2
1 + M2

1 + M2
1 /2,

qdã 1 ��, M1 = 4, Kd½n 1 k

max{k∗
i } 6 − (λ + λN ) = −6.1203.

� α = 0.9, XÚëê a = 5.5, b = 3.5, r = 0.4,
L = diag (−7,−7,−7), (ε1, ε2, ε3) = (−5,−3,−1),
° Ä X Ú (11) Ú � A X Ú (12) � Ð � © O �
� (0.2, 0.2, 0.2)T Ú (0.8, 1, 0.5)T, 3 t = 1 s �\
\��.

ã 2 Úã 3 ©O�Ñ
ÓÚØ� ei ��A­
�Ú�"��OÃXê ki �Âñ­�, l�ý(J
�±wÑ�AXÚ (12) �°ÄXÚ (11) ÓÚ, �"
��OÃXêÂñuð½��.
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

     

−





t

t

t

e


e


e


ã 2 ÓÚØ� ei ��A­�

¢~ 2 �
?�Ú�y¤J�{�k�5,
·��ÄXe�©ê��·bXÚ [24]:

Dαx1 = a (x2 − x1) ,

Dαx2 = bx1 + cx2 − x1x3 − x4,

Dαx3 = x1x2 − dx3,

Dαx4 = x1 + g,

(15)

Ù¥ a = 36, b = −16, c = 28, d = 3, g = 0.3,
α = 0.9 �, XÚ¥y·by�, Ù·báÚfX
ã 4 ¤«.
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ã 4 ©ê��·bXÚ (15) ·báÚf

±XÚ (15)�°ÄXÚ, �E�AXÚ�

Dαy1 = a (y2 − y1) + k1 (y1 − x1) ,

Dαy2 = by1 + cy2 − y1y3 − y4 + k2 (y2 − x2) ,

Dαy3 = y1y2 − dy3 + k3 (y3 − x3) ,

Dαy4 = y1 + g + k4 (y4 − x4) .

(16)

KØ�XÚ�

Dαe1 = a (e2 − e1) + k1e1,

Dαe2 = be1 + ce2 − e4 + y3e1 + x1e3 + k2e2,

Dαe3 = x2e1 + y1e2 − de3 + k3e3,

Dαe4 = e1 + k4e4.

(17)
u´k

A =


−36 36 0 0

−16 28 0 −1

0 0 −3 0

1 0 0 0

 ,

N (x,y) =


0 0 0 0

−x3 0 −y1 0

x2 y1 0 0

0 0 0 0

 .

�â·bXÚ�G�k.5, 3�¢~¥, �3~
ê M2 > 0 ÷v |xi| 6 M2, i = 2, 3. u´��

λ = 29.5321,

λN =
√

x2
2 + x2

3/2 6
√

M2
2 + M2

2 /2.

dã 4 �� M2 = 25, K

max{k∗
i } 6 − (λ + λN ) = −47.2071.

� α = 0.9, XÚëê� a = 36, b = −16, c =
28, d = 3, g = 0.3, L = diag (−48,−48,−48,−48),
(ε1, ε2, ε3, ε4) = (−1,−1,−1,−2), °ÄXÚ (15)
Ú � A X Ú (16) � Ð � © O �� (3, 1, 5, 2)T

Ú (6, 4, 2, 6)T, 3 t = 0.5 s �\\��. ã 5 Ú
ã 6 ©O�Ñ
ÓÚØ� ei ��A­�Ú�"�
�OÃXê ki �Âñ­�, l�ý(J�±wÑ�
AXÚ (16) �°ÄXÚ (15) ¢yÓÚ, �"��O
ÃXêÂñuð½��.

5 ( Ø

�©Äu©ê�XÚ�a Lyapunov­½5n
Ø, JÑ
�«#�g·AÓÚ�{, �O
g·
AÓÚ��ìÚ��OÃXêg·AÆ, T�{�
¢y�AXÚÚ°ÄXÚ¯���ÓÚ. �ý(J
�nØí���, L²¤J�{3?n©ê�·b
XÚÓÚ¯K�äkéÐ����J.
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Adaptive synchronization of a class of
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Abstract
In view of chaos synchronization of a class of fractional-order chaotic systems, a novel adaptive controller and adaptive updating

law are designed based on the quasi-Lyapunov stability theory for fractional-order systems. The derived method has some advantages
such as simple structure, low control cost and high generality compared with the existing results. Furthermore, the method can be
applied to most typical fractional-order chaotic systems. Finally, numerical simulations are used to illustrate the effectiveness of the
proposed synchronization method.
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