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1 Ú ó

3NõpõÇ-1XÚ (XpõÇtÀæ�N
-1°Äì) ¥, duó�0��OÃ�Ú�A!
OÃ��þ!5Ú��5�A�K�, ¦�-1å
äk�ÌN�Ú� ÆC [1]. Ïd, ïÄäk�Ì
N�Ú �ÆC1å�DÑA5äk­��nØ
ÚA^¿Â. Manes Ú Simmons[1] �Ñ, ù«ÆC
1å�±^äkpd.� �ÅCþ�ÚO1Æ
�.5£ã. {INÕ[ - |6#�I[¢�¿
� Novette �.�N-1ì�¢�(J±9O�
Å MALAPROP §Sê��[�(JþL², ^Ú
O1Æ�{£ãäk�ÌN�Ú �ÆC�1å
´�1� [1,2]. ©z [3, 4] ^ÚO1Æ�{©Oí
�Ñ
k�ÌN�Ú �ÆC1åÏLõ�M>
1< ABCD 1ÆXÚÚ©êFp�1ÆXÚ�1
rúª, ïÄ
ÙDÑA5. -1å��íDÑ3
�a!�lÚ�ål1Ï&�+��A^¥Ñä
k�©­��¿Â, Cc5®k�þ©zïÄ
�
«-1å3ë6�í¥�DÑA5 [5−17]. î8�
�, �íë6ék�ÌN�Ú �ÆC1åDÑA
5K��ïÄ�9$�. �C, ·�ïÄ
É1<

����ÌN�Ú �ÆC1åÏL�íë6D
Ñ�1r©ÙÚ�|1å�þ [18].

^ÚO1Æ�{£ã�äk�ÌN�Ú �
ÆC1å, du�ÌN�*Ð����m, ¦�Ù
1å���ÝuÑ. ¢S-13�)ÚDÑL§Ø
�;�/�É�1<��. �´, �ä1å���
Ý�¬��uÑ¯K. �©òæ^M>1<I�¼
êEpdÐm{ [19], �Ñ��ÝuÑ¯K. M>1
<I�¼êEpdÐm{´^eZ�^1<�U
\Cq�OM>1<��{. ®y²TCq�{�
°Ýp [20].

1å���¡­Ç�»´£ã1åÅcA
5�­�ëê, �´du��1å���¡��
¥¡½�pd¡, ¦�)Û�{ïÄ��¡DÑ
A5��é�(J. Miguel � [21] JÑæ^¥¡
[Ü�¥¡½�pd��¡��{, �vkU

�Ñ[Ü��¡­Ç�»�{ü)Ûª. Ricklin
Ú Davidson[22] |^p�Z¼ê�Ñ
pd - �
��.1å3�íë6¥�­Ç�»úª, �T
�{=·^u�¹pd��1å. ���Ñ�´,
Weber[23] JÑ���­Ç�»�Vg´)ÛïÄ
�¥¡½�pd��¡A5�kåóä. �C, ·
�æ^��­Ç�»��{)ÛïÄ
pd�
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1åÚÜ©�Z²º1å�­Ç�»3ë6�í
¥�DÑA5 [24,25]. î8��, �íë6é�ÌN
�Ú �ÆC1å�­Ç�»�K�����. ¯
¤±�, ÆC1å'n�pd1å�þ�, �nØ
Ú¢�þy², Ü©�Z1'n�pd1åÉë6
K��� [5,6]. @o�ÌN�Ú �ÆC1å�n
�pd1å���­Ç�»3gd�m�DÑA
5kÛ'X? �íë6éüö��­Ç�»DÑA
5�K�qXÛ? �©[éù
¯K?1�\ï
Ä.

2 nØ�.9úª

3OüÚ|CqÚpd.�Å �ÆCb�
e, k�ÌN�Ú �ÆC1å�|©Ù�±^p
rÝ£ã� [1]

J(ρ′
1,ρ

′
2, 0)

=I exp
[
−

(ρ′
1 − ρ′

2)
2σ2

p

L2
p

]
+ σ2

A exp
[
−

( 1
L2

A

+
σ2

p

L2
p

)
(ρ′

1 − ρ′
2)

2

]
, (1)

ª¥, ρ′
1 ≡ (x′

1, y
′
1), ρ′

2 ≡ (x′
2, y

′
2), LA, Lp ©OL

«�ÌN�Ú �ÆC�ºÝ, σ2
A Ú σ2

p ©O�1
rN�rÝÚ �Ø�ÌÝ�ºÝ. σ2

A ��, LA

��, L²�ÌN��wÍ. σ2
p ��, Lp ��, L²

 �ÆC�wÍ. Ï~, I ��uD(1r σ2
A, � I

äkpd©Ù, =

I = exp
[
− (ρ′2

1 + ρ′2
2)/w2

0], (2)

ª¥, w0 �1å�å��».
M>1<�I�¼ê�L«���Ý/¼ê,

=

T (x, y) =

1 |x| 6 b, |y| 6 d

0 |x| > b, |y| > d
, (3)

ª¥ b, d ©O´ x ��Ú y ���1<�°Ý.
(3) ªL«�k�Ý�¼ê�Ð�k�?g�

Epd¼ê�U\, = [19]

T (x, y) =
M∑
i=1

Fi exp
(
− Gix

2

b2

)
×

M∑
j=1

Fj exp
(
− Gjy

2

d2

)
, (4)

ª¥, Fi, Fj Ú Gi, Gj ©O�ÐmXêÚEpd¼
êXê, §��dO�Å`z��. � M = 10 �,
Ù��©z [19] ¥L 1.

�â2Â¨�d - �r�û�È©úª, �ä
�k�ÌN�Ú �ÆC1å3�íë6¥DÑ
�prÝ� [26]

J(ρ1,ρ2, z)

=
( k

2πz

)2
∫ b

−b

∫ d

−d

d2ρ′
1d

2ρ′
2J(ρ′

1,ρ
′
2, 0)

× exp
{

ik
2z

[(ρ′2
1 − ρ′2

2) − 2(ρ1ρ
′
1 − ρ2ρ

′
2)

+ (ρ2
1 − ρ2

2)] − H(ρ′
1,ρ

′
2,ρ1,ρ2, z)

}
=

( k

2πz

)2
∫ ∞

−∞

∫ ∞

−∞
d2ρ′

1d
2ρ′

2T
∗(ρ′

1)

× T (ρ′
2)J(ρ′

1,ρ
′
2, 0)

× exp
{ ik

2z
[(ρ′2

1 − ρ′2
2) − 2(ρ1ρ

′
1 − ρ2ρ

′
2)

+ (ρ2
1 − ρ2

2)] − H(ρ′
1,ρ

′
2,ρ1,ρ2, z)

}
, (5)

ª¥, ∗ L«E�Ý; Åê k = 2π/λ, λ �Å�; z �
DÂål; exp[−H(ρ′

1,ρ
′
2, z)] �L�íë6�K

�, ¿� [26]

H(ρ′
1,ρ

′
2,ρ1,ρ2, z)

=4π2k2z

∫ 1

0

dξ

∫ ∞

0

[1 − J0(κ|ξ(ρ′
1 − ρ′

2)

+ (1 − ξ)(ρ1 − ρ2)|)]κΦn(κ)dκ, (6)

ª¥, J0 ´"� Bessel ¼ê,Φn(κ) ��íë60�
�ò�ÇåÏõÇÌ¼ê.
- ρ′ = (ρ′

1 + ρ′
2)/2, ρ′

d = ρ′
1 − ρ′

2, ρ =
(ρ1 + ρ2)/2, ρd = ρ1 − ρ2, (5) ªC��

J(ρ,ρd, z)

=
( k

2πz

)2
∫ ∞

−∞

∫ ∞

−∞
d2ρ′d2ρ′

dW (ρ′,ρ′
d, 0)

× exp
{ ik

z
[(ρ − ρ′)(ρd − ρ′

d)]

− H(ρd,ρ′
d, z)

}
, (7)

ª¥

W (ρ′,ρ′
d, 0) = T ∗ (ρ′,ρ′

d) T (ρ′,ρ′
d) J (ρ′,ρ′

d, 0) .

�â δ¼ê�5�, =

δ(ρ′′ − ρ′)

=
1

(2π)2

∫ ∞

−∞
exp [±iκd · (ρ′′ − ρ′)]d2κd, (8)
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∫ ∞

−∞
f (x)δ (x) dx = f (0) , (9)

�±��

W (ρ′,ρ′
d, 0)

=
1

(2π)2

∫ ∞

−∞

∫ ∞

−∞
W (ρ′′,ρ′

d, 0)

× exp [iκd · (ρ′′ − ρ′)] d2κdd2ρ′′, (10)

(9) ª¥ f �?¿¼ê.
ò (10) ª�\ (7) ª, ¿é ρ′, ρ′

d ?1È©�

J(ρ,ρd, z)

=
1

(2π)2

∫ ∞

−∞

∫ ∞

−∞
W (ρ′′,ρd + zκd/k, 0)

× exp[−iρ · κd + iκd · ρ′′

− H(ρd,ρd + zκd/k, z)]d2κdd2ρ′′, (11)

Ù¥,

W (ρ′′,ρd + zκd/k, 0)

=
M∑

i1=1

M∑
j1=1

M∑
i2=1

M∑
j2=1

F ∗
i1F

∗
j1Fi2Fj2

× exp
[
−

G∗
i1

b2

(
x′′ +

ρdx + zκdx/k

2

)2]
× exp

[
−

G∗
j1

d2

(
y′′ +

ρdy + zκdx/k

2

)2]
× exp

[
− Gi2

b2

(
x′′ − ρdx + zκdx/k

2

)2]
× exp

[
− Gj2

d2

(
y′′ − ρdy + zκdx/k

2

)2]
×

{
exp

[
− 4ρ′′2 + (ρd + zκd/k)2

2w2
0

−
(ρd + zκd/k)2σ2

p

L2
p

]
+ σ2

A exp
[
−

( 1
L2

A

+
σ2

p

L2
p

)
(ρd + zκd/k)2

]}
. (12)

�ä�k�ÌN�Ú �ÆC1å3�íë
6¥DÑ� z ?� Wingner ©Ù¼ê (WDF) �^
prÝL«� [27]

h(ρ,θ, z) =
( k

2π

)2
∫ ∞

−∞
J(ρ,ρd, z)

× exp(−ikθ · ρd)d2ρd, (13)

ª¥, θ = (θx, θy), kθx, kθy ´÷X x, y ¶�Å¥
þ.

3ë6¥�n�1å� WDF � n1 + n2 + m1

+m2 �rÝÝL«� [27]〈
xn1yn2θm1

x θm2
y

〉
=

1
P

∫ ∞

−∞

∫ ∞

−∞
xn1yn2θm1

x θm2
y

× h(ρ,θ, z)d2ρd2θ, (14)

Ù¥ P =
∫ ∫

h(ρ,θ, z)d2ρd2θ �L1åoUþ.
1å�rÝÝäk²(�Ôn¿Â, ~X: ��
Ý

〈
ρ2

〉
=

〈
x2

〉
+

〈
y2

〉
L«å°�²�, 〈xθx〉

Ú 〈yθy〉 �1å��¡­Ç�»¤�'.
ò (13) ª�\ (14) ª, ¿$^È©úª

δ(n) (s) =
1
2π

∫ ∞

−∞
(−ix)n exp (−isx) dx, (15)∫ ∞

−∞
f (x) δ(n) (x) dx = (−1)n

f (n) (0)

(n = 0, 1, 2, · · · ), (16)

ª¥ δ(n) Ú f (n) ©OL« δ¼êÚ f ¼ê� n �
�ê, ²LE,�È©$���

〈x2〉 = A + (D/k)z + (B/k2)z2 + (2/3)Tz3, (17)

〈xθx〉 = (D/2k) + (B/k2)z + Tz2, (18)

Ù¥

A =
πζxζyw2

0

P

M∑
i1=1

M∑
i2=1

M∑
j1=1

M∑
j2=1

[
C

ζ2
xw2

0

2(G∗
i1

+ Gi2) + 4ζ2
x

+ σ2
AE

ζ2
xw2

0

2(G∗
i1

+ Gi2)

]
, (19)

D =
iπζxζyw2

0

P

M∑
i1=1

M∑
i2=1

M∑
j1=1

M∑
j2=1

(
C

G∗
i1
− Gi2

G∗
i1

+ Gi2 + 2ζ2
x

+ σ2
AE

G∗
i1
− Gi2

G∗
i1

+ Gi2

)
, (20)

B =
πζxζyw2

0

P

M∑
i1=1

M∑
i2=1

M∑
j1=1

M∑
j2=1

{
C

[ 1
w2

0

+
2

α2w2
0

+
ζ2
x(G∗

i1
+ Gi2) + 2G∗

i1
Gi2

(G∗
i1

+ Gi2)w2
0ζ

2
x + 2ζ4

xw2
0

]
+ σ2

AE
[ 2
L2

A

+
2

α2w2
0

+
2G∗

i1
Gi2

(G∗
i1

+ Gi2)ζ2
xw2

0

]}
, (21)
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P = πζxζyw2
0

M∑
i1=1

M∑
i2=1

M∑
j1=1

M∑
j2=1

(C + σ2
AE), (22)

C =
F ∗

i1
Fi2F

∗
j1

Fj2√
G∗

i1
+ Gi2 + 2ζ2

x

√
G∗

j1
+ Gj2 + 2ζ2

y

, (23)

E =
F ∗

i1
Fi2F

∗
j1

Fj2√
G∗

i1
+ Gi2

√
G∗

j1
+ Gj2

, (24)

T = π2

∫ ∞

0

κ3Φn(κ)dκ, (25)

α = (Lp/w0)/σP L« �ÆCëþ, £ã �Æ
C�rf; α ��, L² �ÆC�wÍ. ζx = a/w0

Ú ζy = b/w0 ©OL« x, y ¶��þ�1å�ä
ëþ, £ã1<é1å�ä�rf. 1å�äëþ
��, L²�ä�r.

�â©z [23], ?¿|÷ x ¶���­Ç�»
�L«�

R =
〈
x2

〉
/〈xθx〉. (26)

ò (17) ªÚ (18) ª�\ (26) ª, ���ä�
k�ÌN�Ú �ÆC1å3�íë6¥DÑ�
��­Ç�»

R =
A + (D/k)z + (B/k2)z2 + (2/3)Tz3

(D/2k) + (B/k2)z + Tz2
. (27)

Ón, ò (27) ª¥ G∗
i1

, Gi2 , ζx, ζy O�� G∗
j1

, Gj2 ,
ζy, ζx =��� y ��þ���­Ç�».

(27) ª´�©�Ì�(J. lTª�±wÑ:
�ä�k�ÌN�Ú �ÆC1å���­Ç�
»Ø=� �ÆCëþ α, �ÌN�ëþ σ2

A, 1å
�äëþ ζx, ζy k', ��ë6rf C2

n k'. (27)
ªäk��5, � σ2

A = 0 �, (27) ª{z��ä�
=k �ÆC1åÏL�íë6DÑ���­Ç
�»; � α → ∞ (σ2

P → 0) �, (27) ª{z��ä�
=k�ÌN�1åÏL�íë6DÑ���­Ç
�»; � σ2

A = 0 Ú α → ∞ Ó�÷v�, (27) ª{
z��ä�pd1åÏL�íë6DÑ���­
Ç�»; � T = 0,(27) ª{z��ä�k�ÌN�
Ú �ÆC1å3gd�m¥DÑ���­Ç�
».

3 ê�O�(J�©Û

ê�O�¥æ^ Tatarskii Ì, = [26]

Φn(κ) = 0.033C2
nκ−11/3 exp(−κ2/κ2

m), (28)

ª¥, κm = 5.92/l0, l0 ´ë6SºÝ, C2
n ´ò�

Ç(�~ê, L�ë6�rf. �ë6SºÝ�
� l0 = 0.01 m �, ò (28) ª�\ (25) ªÈ©��:
T = 7.6113C2

n.

ê�O�¥�1åëê λ = 1.06 µm, w0 =
0.05 m, ζx = ζy = ζ; M , Fi, Fj , Gi Ú Gj æ^©
z [19] L 1 ¥�êâ. du�ä�k�ÌN�Ú 
�ÆC1å3 x ��Ú y �����­Ç�»C
zA5�Ó, �©ê�O�¥=é x �����­
Ç�»3�íë6¥�Cz�ïÄ. Ó�, Ú\�
é��­Ç�» Rr = R/Rfree 5£ãë6é��
­Ç�»�K�, ª¥ Rfree L«ý�¥éA1å
���­Ç�». Rr ��, L« R Éë6�K��
�.

ã 1 � R � C2
n �Cz­�. ã 1 L²ë6

¦ R ~�, ë6��, R ��. ã 2(a) �ØÓ �
ÆCëþ α e, �ä�=k �ÆC1å� R �
DÑål z �Cz­�. ã 2(a) L²: gd�m¥
�X α �O�, R 9 R ���å z = 0 ¡�ålO
�. w,, �äpd1å (α → ∞) � R 9 R ��
�å z = 0 ¡�ål'�ä�=k �ÆC1å�
��. �X z �O�, ØÓ α � R ­�� . ã 2(b)
� Rr � �ÆCëþ α �Cz­�. ã 2(b) L²:
α ��, R Éë6�K���. �äpd1å� R

Éë6�K�'�ä�k �ÆC1å���, ù
Ò¦�1å3ë6¥DÑ��½ål��, R �
X α �O�
~� (�ã 2(a)).

6

7

8

9

10

11

531

R
/
k
m

642

Cn/10-14 m-2/3 2

ã 1 �ä�k�ÌN�Ú �ÆC1å R � C2
n �Cz

α = 0.5, σ2
A = 0.2, L2

A = 1, ζ = 1, z = 10 km

ã 3(a) �ØÓ�ÌN�ëþ σ2
A e, �ä�=

k�ÌN�1å� R � z �Cz­�. ã 3(a) L
²: gd�m¥ σ2

A ��, R 9 R ���å z = 0
¡�ål��. w,, �äpd1å (σ2

A = 0) � R
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9 R ���å z = 0 ¡�ål'�ä�=k�
ÌN�1å���. �X z �O�, ØÓ σ2

A � R

­�� . ã 3(b) � Rr ��ÌN�ëþ σ2
A �

Cz­�. ã 3(b) L²: σ2
A ��, ë6é R �K

���. �äpd1å� R Éë6�K�'�
ä�=k�ÌN�1å���, Ïd, 1å3ë
6¥DÑ��½ål��, R �X σ2

A �O�


~� (�ã 3(a)).
ã 4(a) �ØÓ�äëþ ζ e R � z �Cz

­�. ã 4(a) L²: 3gd�m¥�X ζ �O\, R

9 R ���å z = 0 ¡�ålþO�. ã 4(b) � Rr

��äëþ ζ �Cz­�. ã 4(b) L²: ζ ��, R

Éë6�K���, ¤±, 1å3ë6¥DÑ��
½ål��, R �X ζ �O\
~� (�ã 4(a)).

ã 2 �ä�=k �ÆC1å, L2
A = 1, σ2

A = 0, ζ = 0.5 (a) R � z �Cz; (b) Rr � α �Cz

� � � � ����� � � � �� � � �� � � �� � � �� � 	 �
 � � 
 
 �� � � ���� � � � � � � � � �� � � � � � � � � � � � ��  ! � ! � �� ! � � � �� ! � � � �� � � � � � � � � � � � � ��� � � ��
ã 3 �ä�=k�ÌN�1å, L2

A = 1, α → ∞, ζ = 0.5 (a) R � z �Cz; (b) Rr � σ2
A �Cz

� � � �����
�

� � � �� � �� � �� � �� � �� 	 
 � � 
� 
 � ���� � � � � � � � � �� � � � � � � � � � � � ��� � � � � � � � � � � � ��� � � ��
�� �  � � ! " #

ã 4 �ä�k�ÌN�Ú �ÆC1å, L2
A = 1, α = 0.5, σ2

A = 0.2 (a) R � z �Cz; (b) Rr � ζ �Cz
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=k �ÆCÚ=k�ÌN��ä1å� Rr

� z �Cz­�©O«uã 5(a) Ú (b). ã 5 L
² Rr � z ��üNCz, Rr �3�����, =3
T �? R Éë6K���, �3T �NCØÓ
1åm Rr ��O���. d	, �� Rr ���1
å�DÑål� α �O�Ú σ2

A �~�
~�, �
äpd1å�� Rr ���¤IDÑål�á. ~
X, dã 5(a) ��, � α = 0.5, 0.7 Ú ∞ �, Rr ��
���� �©O� 1957.6, 1825.78 Ú 1771.27 m;
dã 5(b) ��, � σ2

A = 0, 0.2 Ú 0.5 �, Rr ���
��� �©O� 1771.27, 1913.63 Ú 2016.47 m.
,��¡, �1åDÑ�v
��, ØÓ1å� Rr

��C, ¿ªu½�, =�1åDÑ�v
��, Rr

�1åëêÃ', �äÆC1å� Rr ��äpd
1å��Ó.

ã 5 Rr � z �Cz, L2
A = 1, ζ = 1, C2

n = 10−14 m−2/3

(a) =k �ÆC1å; (b) =k�ÌN�1å

-13�íë6¥DÑÙ1å��¡­Ç�
»dü�Ï�(½: �´gd�m¥1å�DÑA
5, �´�íë6�K�. ®y², ë6¬��1å
��¡­Ç�»~� (�ã 1). Ônþù, 3gd�
m¥1å���¡­Ç�»��Ò¬���íë
6é��¡­Ç�»�K���. ã 2(a) Úã 3(a)
L², 3gd�m¥, 1å��­Ç�»� �Æ
Cëþ α Ú�ÌN�ëþ σ2

A �~�
~�. Ïd,
�íë6é1å��­Ç�»�K�� α Ú σ2

A O
�
O�.

4 ( Ø

�©í�
�ä��ÌN�Ú �ÆC1å
3�íë6¥DÑ���­Ç�» R �)ÛL�
ª. Túªäk��5, A«;.1å (X�ä�=
 �ÆC1å!=�ÌN�1åÚpd1å) ÏL
�íë6Úgd�mDÑ���­Ç�»þ��
�ÙA~�Ñ. ïÄL²: 3gd�m¥, R �X 
�ÆCëþ α, �ÌN�ëþ σ2

A Ú1å�äëþ ζ

�O�
O�, ��Xò�Ç(�~ê C2
n �O�


~�. ,
, R Éë6�K��X α, σ2
A Ú ζ �O

�
O�. Ïd, gd�m¥pd1å���­Ç
�»'�ä��ÌN�Ú �ÆC1å���, �
Éë6K����. AO/, �é��­Ç�» Rr

�DÑål��üNCz, �3�����, =3
T �? R Éë6�K���, �3T �NCØ
Ó1åm Rr ��O���. d	, �� Rr ���
��DÑål� α �O�Ú σ2

A �~�
~�, �
äpd1å�� Rr ���¤IDÑål�á. ,
��¡, �1åDÑ�v
��, Rr ªu½�, �T
½��1åëêÃ', d��ä��ÌN�Ú �
ÆC1å��äpd1åÉë6�K�Cq�Ó.

��¡, -1DÑA5d1|��ÌÚ �A
5(½, 1|���¡­Ç�»���é-1åD
ÑC�9¤�åX­��^; ,��¡, a|�Ý
^5£ã-1åÃ²w*Ð�DÑål, =1åO
���. a|�Ý�½Â�-1å��¡­Ç�»
��4���1å�DÑål [23,28]. Ïd, �©¤
�(JéÆC1åë6�íDÑ��'A^äk
¿Â.
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Effective radius of curvature of truncated laser beams
with amplitude modulation and phase fluctuation∗

Shao Xiao-Li Ji Xiao-Ling†
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Abstract
Usually, high-power laser beams are amplitude modulated and have phase fluctuations (PFs). The analytic formula of the effective

radius R of curvature of truncated laser beams with amplitude modulations (AMs) and PFs propagating through atmospheric turbulence
is derived by using the statistical optics method. It is shown that the R in free space increases with the increases of the phase fluctuation
parameter, the intensity modulation parameter and the truncated parameter. And the influence of turbulence on the R also increases
with the increases of the three parameters. Furthermore, the R of Gaussian beams is largest in free space, but it is most affected by
turbulence. Therefore, in turbulence the R of truncated laser beams with AMs and PFs is even larger than that of Gaussian beams
when the propagation distance is large enough. In particular, the relative effective radius Rr of curvature varies non-monotonically
with propagation distance, and there exists a minimum at a propagation distance where the influence of turbulence on the R is largest.
In addition, the position where the Rr reaches its minimum increases with the increasees of intensity modulation and phase fluctuation.

Keywords: truncated laser beams with amplitude modulations and phase fluctuations, effective radius of curvature,
atmospheric turbulence
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