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ØÓëê�Ò4�»�Ò�4mYål�', O���
ý��4+Ò�4mY«�>|©Ù�¹, l
;�

æ^ Poisson �§¦)�I�?nE,���5 �©�§ù�¯K. (JL², Äu¥Õ½Æ�O�(J�
l Child-Langmuir ½Æ©Û���(J=������4+4�>.^�k'�?�þ. ��4+Ò4�»�Ò
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Ø���, 3¢SÔn¯K¥I�>&¦^.

'�c: ý��4+, �m>Ö���A, Child-Langmuir ½Æ, ¥Õ½Æ

PACS: 52.59.Sa, 52.59.Mv, 85.30.Fg

1 Ú ó

ý��4+´¼�põÇ�>âfå!X �
�!γ ��±9põÇ�Å��'�Ü� [1−3]. 3
p>Ø�^e, ��4+Ò4L¡>|rÝ�L,
�A½K��, Ò4L¡ò�¿u�>f, XJ3
Ò�4mY«vk^|�^, Kù
>fò3>|
�^e��4$Ä, /¤�m>Ö6. Ó�du>
få8à, ¦�Ò4L¡>|ü$
Ø2u�>f,
�m>Ö6ò¬É��� [4−8].

Child[9] Ú Langmuir[10] 3��Ã��²��
4+¥é�m>Ö��u�5Æ?1
ïÄ, �
�
��éØ�¹e£ã²��4+¥�m>Ö
��6½Æ, T�m>Ö��½Æ´3��b�
Ä:þ�Ñ�, ¿�b½
Ò4�u�¡È�Ã
��. �3¢S�¹¥, �4+Ò4º�Ñ´k�
� [11−13], ���m>Ö½Æ����m>Ö��
�A�¢S�¹¬�) �, ¿�T ��ÚÒ4
�»�Ò�4mY�'�k'. ïÄ���m>Ö
���AÚ�4+Ò4�»�Ò�4mY'��

m�'Xk­�¿Â, �±�¢Só�JønØ�
�, �µ�3Û«�¹e�Ä����.��O(

JønØ�â.

d Poisson �§ÑuïÄ�m>Ö��½Æ�,
I�¦)E,���5�©�§, �Ø|u�*
n)Ôn¯K���. �©k± Poisson �§�Ä
:�Ñ�4+?\�m>Ö��G���>Ö�
Ý©Ù, ,�3d>Ö�Ý©ÙcJe, l¥Õ½
ÆÑuïÄù«©Ù����A. O�L§¥, ;
m
¦)��5�©�§�¯K, l>ÖÈ©�
�Ý?1ïÄ, ­:�Ä
ØÓ�»'é�m>
|©Ù�K�, ��'�
l¥Õ½ÆíÑ�(Ø
� Child-Langmuir (CL) í�Ñ�(Ø�m��O,
?Ø
üö�m�éX.

2 Ôn9�[�.

�4+¥��m>Ö���A´��Ò4u
�NL¡�>|~��"�, �4+Uu��>6
�Ý®²����, ØU2UYO\���¹ [6,14].
£ã�m>Ö���A� CL ½Æ, l Poisson �§
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Ñu, 3��²1Ã��²��4+¥æ^��>
.^�, ��
u����>6�Ý. ²1Ã��
²��4+�AÛ(�Xã 1 ¤«, Ò4>³� 0,
�4>³� V0, T�4+�ü¬²��m�ål
� D. �>flÒ4�þu�?\�4+ý�«�
�, �m«�>6�)�>|¬éduü4�>³
��)�>|å²ï�^.� � � � � � � � � � � 	 
 �� � 
 � 	 � �

ã 1 ý�²��4+�AÛ(�

2.1 Child-Langmuir ���mmm>>>ÖÖÖ���������AAAÔÔÔ
nnn���...

�4+¥�)���>6�Ý J(z, r) áu�
�þ, φ(z, r) �>³, ρ(z, r) �>Ö�Ý, éu��
��¹, >³3»�Øu)Cz, �3¶�¬k¤
UC, �@�>Ö�Ý3»��Cqþ!©Ù. Ï
d Poisson �§�

∂2φ(z)
∂z2

= −ρ(z)
ε0

, (1)

>6�Ý�>Ö!�Ý�m�'X�

J(z) = ρ(z)v(z). (2)

b�>flÒ4L¡u�Ñ5�Ð�Ý� 0,
=lmÒ4L¡�>f�ÄU� 0. Ò4�>³
� 0, �Ñ­å�^, K>³Ú>fÄU�m�'X
�L«�

1
2
m ev(z)2 − 0 = eφ(z). (3)

(Ü (1), (2) Ú (3) ª, 3 Poisson �§¥��>Ö
�Ý, ���>³�>6�Ý�m�'X, T'X
ª´������5�©�§:

∂2φ(z)
∂z2

= −J(z)
ε0

√
m e

2e

1√
φ(z)

. (4)

þã����5�©�§¦)�, I��Ñ>.^
�, =Ò4Ú�4L¡�>³, ±93Ò4L¡�

>|� 0, =

φ(0) = 0, φ(D) = V0,
∂φ(z)

∂z

∣∣∣
z=0

= 0. (5)

|^ùA�>.^�K�¦)Ñ�m>Ö��6.
ò (4) ªü>¦±>³��ê, ¿?1È©��∫

∂φ(z)
∂z

∂2φ(z)
∂z2

dz

= − J(z)
ε0

√
m e

2e

∫
∂φ(z)

∂z

1√
φ(z)

dz. (6)

|^ (5) ª¥Ò4L¡>³ÚÒ4L¡>|þ� 0
ùü�>.^�, ��

4
3
φ(z)

3
4 = 2

√
J(z)
ε0

(m e

2e

) 1
4
z. (7)

��4�>³� V0 �, K���u����>6
�Ý, = CL ½Æ�L�/ª

JCL =
4
9
ε0

√
2e

m e

V
3/2
0

D2
, (8)

ùÒ´��½	\>ØÚÒ�4�m�ål�, l
��²1Ã��²��4+¥U�)���>6
�Ý. CL ½ÆkÙ�k�Û�5, T½Æ�·^u
���¹, éuÃ����Î½ö¥N(��Cq
·^, �´éuk�u�¡È^�=��^�Ø÷
v�(�K¬ké�Ø�. d (4) ª��, þã¦)
L§¥�¬��E,���5�©�§. XJC�
�«g´, Äu¥Õ½Æ�È©/ª, �UïÄ�
m>Ö���A, �U
�*�Ä�4+Ò4�»
�mYål'�é�m>Ö�A�K�.

2.2 ÄÄÄuuu¥¥¥ÕÕÕ½½½ÆÆÆ������mmm>>>ÖÖÖ���������...

3í��m>Ö��6L�ª�, b½�4+
®²?u­½��m>Ö���ã, =�4+G�
®Ø��m
Cz.

^).�¼êÈ©/ª5L«�m>Ö�Ý
�

ρ(r) =
∫
δ(r − r′)ρ(r′)dv, (9)

��¼ê�).�¼ê�m�'X�

δ(r − r′) = ∇ ·
[ 1
4π

r − r′

(r − r′)3
]
. (10)

�m>Ö�ÝL�ª (9) ª¥, È©�é�´

: r′, 
¦�êK´�é|: r. l£ã>|ÑÝ
�§�pd½Æ���¥Õ½ÆL�ªXe:

E(r) =
∫

1
4πε0

[
r − r′

(r − r′)3

]
ρ(r′)dv. (11)
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dþãL§�±wÑ, ¥Õ½ÆÚ Poisson �
§ùüöþ´lpd½Æ�Ñ�, Ïd$^¥Õ½
Æ½öÑt�§����m>Ö���A, nØþ
AT�d.

2.3 ���[[[OOO������...

��½�4+�	\>Ø V0 ±9Ò�4å
l D, K�4+«����m>Ö��6òd (8)
ª5£ã, òÙ�\ (7) ª¥��Ñ?u�m>Ö
��G�e�4+«�XeÔnþ:
>³©Ù

φ(z) = V0

( z

D

)4/3

, (12)

÷ z ���>|©Ù

ECL = −4
3

V0

D

( z

D

)1/3

, (13)

>Ö�Ý©Ù

ρ(z) = −4
9
ε0

V0

D

( z

D

)−2/3

. (14)

l¥Õ½ÆÑu����m>Ö©Ù�)�
>|� (11) ª, 3�Î�IXe, >Ö
:��|
:�¥þ� λ = r − r′, ©Û��4+Ò4L¡R
����>|, �m>Ö3»�Ú��þ!©Ù.
éìã 1 �4+�AÛ(�, Kk r = rcer + zcez

Ú r′ = rser + zsez .
Ï��Ä�´¶��>|, Ïd rc = 0,

ECB(zc)

=
1

4πε0

∫ D

0

∫ R

0

(zc − zs)ρ(zs, rs)2πrsdrs

(
√

r2
s + (zc − zs)2)3

dzs.

(15)

� R À D �, K�m>Ö�Ý�oÑ/�Ä�
=�6u zs, = ρ(zs, rs) = ρ(zs), dd, KÈ©�
§ (15) ª�C�

ECB(zc) =
1

2ε0

∫ D

0

(zc − zs)

[
1√

(zc − zs)2

− 1√
R2 + (zc − zs)2

]
ρ(zs)dzs. (16)

d?b�
 R À D ù���^�, ù�b�Ø=
Uå�{z�.$���^, ¿�Ú CL ½Æ�Ã
��²�ù�b�Ä���. ©z [15,16] ÏL¢
S�âf�[ïÄL², 3Tb�cJe�Ñ�ú
ªé R < D ��¹E,¤á.

3 (J9©Û

�[O��I��Ñ\ëêk: �4+Ò�
4�m�mYål D, �4+Ò�4>³� V0, g
d�m>NÇ ε0. �
O��B, ��Ý�Ãþj
zü � D, >³��Ãþjzü � V0, K>|
�Ãþjzü � V0/D. �Ä�>Ö�Ý ρ(zs)
� z−2/3 ¤�' [15], ��
BuÚ CL ���m>
Ö���A�(J?1'�, ò CL ���>Ö�
Ý©Ù�\ (16) ª¥��>Ö�Ý�
�.

3.1 ØØØÓÓÓ��� R/D ëëëêêêééé>>>|||©©©ÙÙÙ���KKK���

R/D ��4+Ò4�»�º��Ò�4mY
ål�'�, T'�����±��²��4+C
q���(��ÎÜ§Ý, T'���, K²��
4+Cq���(�ù�b�Ò��Cý¢�¹.
ã 2(a) ´3ØÓ� R/D �¹e���?u�m>
Ö���AG��4+mY«�>|©Ù, ECL ´
d CL ½ÆO����>|��m©Ù�¹, Ù¦
­�K´Äu¥Õ½ÆO����>|©Ù(J.
dã 2(a) ¥�±wÑ, Äu¥Õ½ÆO��(J3
�Nþ� ECL k� �, �X R/D ��l 0.1, 0.5
� 30 ØäO��, Äu¥Õ½ÆO��>|©Ù
3/Gþ� ECL �5��C.

0 0.2 0.4 0.6 0.8 1.0

-1.00

-0.50

0.00

0.50

E
C

B
/
V


SD

-
1 ECL

z/D

z/D

R/D/.  R/D/.  R/D/.

R/D/.  R/D/   R/D/

R/D/   

R/D/.  
R/D/.  

R/D/.
R/D/.  

R/D/   

R/D/
R/D/   

(a)

0 0.2 0.4 0.6 0.8 1.0
 0

0.4

0.8

1.2
(b)

E
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E
C
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/
V


SD

-
1

ã 2 ØÓ R/D �e�(J (a) �4+mY«>|©Ù
­�; (b) Äu¥Õ½Æ�O�(J� Child-Langmuir ½Æ
O�(J�m�'�
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dã 2(a) �w�, �X R/D �ØäO�, Äu
¥Õ½Æ�O�(J� CL ½ÆO�(J�­�r
³ªu��, �´üö�m�3���N� �.

3.2 ÄÄÄuuu¥¥¥ÕÕÕ½½½ÆÆÆOOO���(((JJJ���???���

ECB � ECL �m�3���N ���Ï3
u, Äu¥Õ½ÆÈ©\È
�4+«�m>Ö�
�A, �vk�9�ü�4��m�>³��K�,

l CL ½Æ���´�¹
ü>4��m>³�
K�����m>Ö��>|.

�ÄÒ�4mY«>³>.^�, Kk

V0 = −
∫ D

0

Eztotal(zc)dzc, (17)

Ù¥, Eztotal ´�m>Ö�>| Ez(zc) ÚduÒ
�44�>.m>³���3
A\\�?�>
|�oÚ, =

Eztotal = Ez(zc) + Ezboundary. (18)

ã 2(b) ´òÄu¥Õ½ÆO����(J
� ECL �~�����>|­�, lã¥5w, �
X R/D O�, üö�~����­�ªu�^½
��.

dã 2(b) ¤«, � R/D → ∞ �, �>.^�
k'�?�>|�

Ezboundary(zc) = −2
3

V0

D
, (19)

(19) ª=�Äu¥Õ½ÆO�(JIO\�?�
þ. L 1 ´À� � zc = 1.0 ?, ^Äu¥Õ½Æ
O�����4�þ>|�\?�þ��^ CL ½
ÆO�(J�'�����é �.

3 R/D �����, cÙ´3 R/D < 10 �,
Äu¥Õ½ÆO��(J� ECL �é ��� (�
L 1), � R/D > 10 ��, Äu¥Õ½ÆO��(
J� ECL ��é �3 10%±S. Ïd, 3¢S�
¹¥, � R/D > 10 �, æ^��� CL ½Æ£ã�
4+�m>Ö���A´��O(�, 
�T'�
���, KI�>&¦^T��� CL ½Æ.

ã 3(a) Ú (b) ´3�4+mY«ØÓ �:
?, Äu¥Õ½ÆO����>|�éA �?
� ECL �~����>|���ëê R/D Cz
��¹. dã 3(a) �±wÑ, � zc ��= �lÒ
4¡�C�, �X R/D �O�, ECB − ECL ��
k´' 0.667V0/D �, ��¯�ª�u 0.667V0/D.

lã 3(b) ¥�wÑ, � zc ��= ��lÒ4
L¡�, �X R/D �O�, ECB − ECL ��k´
' 0.667V0/D �, ��¯�ª�u 0.667V0/D. ¿
�lã 3 ¥wÑ, � R/D ���, >|��� R/D

�Cz
ì�Cz, `²Ò4L¡NC�>Ö�Ý
���Cz²w.

L 1 Äu¥Õ½ÆO��(J� CL ½ÆO����é �

R/D 0.1 0.2 0.5 1.0 2.0 5.0 10 20

�é � −96.2% −91.8% −77.6% −57.5% −35.5% −16.5% −9.41% −5.80%
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ã 3 ØÓ �:?Äu¥Õ½ÆO��(J� ECL �~����>|���ëê R/D Cz��¹ (a)
zc = 0.1, 0.2; (b) zc = 0.3, 0.4, 0.6, 0.8, 1.0
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4 ( Ø

du¥Õ½Æ´é�m>Ö3�m«�¥?
1È©, Ïd�±^uïÄ��D�n�AÛ(�
�¯K. �©l¥Õ½ÆÑu, ê�ïÄ
��N
��(�� R/D �ØÓ��, �4+«�m>Ö
�)�>|©Ù��É. CL �m>Ö��½Æ´
3��b��cJe���(Ø, � R/D ���,

^T½ÆO�Ø���, I�Ï¦?����p�
�Ôn5ÆL�ª, 
� R/D > 10 �, ò´��
'�Ü·�CqnØ. Ïd3¢S$^�, I��
âØ�#N��5(½´ÄÀ^T�m>Ö��
6úª.

a�Ü�ØEâïÄ¤�ã�]ïÄ
Úé|Wa¬
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Investigations of space charge limited effects in diode
with Coulomb’s law
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Abstract

Vacuum diode is a critical component of the apparatus which is the source of electron beams, the emitted electrons from the

cathode of the diode have strong space charge limited effects. Based on Coulomb’s law, the distributions of electric field in cathode-

anode gap for different values of the ratio of radius to gap distance, R/D, are calculated numerically with the model of space charge

limited effects in a planar vacuum diode. This method can avoid solving a non-linear differential equation which is used to yield the

Child-Langmuir law from Poisson’s equation. The results demonstrate that the only difference between the results from Coulomb’s law

and Child-Langmuir law is a modification factor, which is shown to be related to the potential difference across the gap. The results

also show that one-dimensional space charge limited law will be a good approximation for the practical planar diode if the parameter

R/D is beyond 10, but it can present a large error if the parameter R/D is small. Therefore it should be cautiously used.

Keywords: vacuum diode, space charge limited effects, Child-Langmuir law, Coulomb’s law

PACS: 52.59.Sa, 52.59.Mv, 85.30.Fg

† E-mail: zuoyinghong@tsinghua.org.cn

165204-6


