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±�S t �gCþ, ��Ñgd�:�mÿ/��ëê�§|
{
Xi (t)

}
, /Ïu��ëþ R (t) C�¢yÿ

/��©�§�àgz, í�Ñ��ëþ R÷v����©�§!¼�±knê Cu �I��S�)Û) R. Ä

u R ½Â²�o��IX {t, r, θ, ϕ} ��målü , ïágd�:ÿ/���ëþ���IX {t, ξ, θ, ϕ}. ï

Ä {t, ξ, θ, ϕ} ¥dÂ�éØ��m��.Ý5Üþ g �é�zL§, uy�é�zÝ5éA�A�þ t1 (t, ξ),

τ1 (τ, ξ), tt (t, τ, ξ), ττ1 (t, τ, ξ); líÑ���IX {t, ξ, θ, ϕ} �ê�u 4.

'�c: 2Â�éØ, ÿ/���ëþ, ��Ý5

PACS: 04.20.–q, 03.30.+p, 02.40.–k

1 Ú ó

�î¼AÛ���IX´2Â�éØÚå

|!�»�.�Ü6Ä: [1,2], ÿ/�´Ù��

Ä�Vg. £ã�»Ä�üzL§���¿�.

®²��2�@�. à	(X1ÌÊH5ù£!�

»�ºÝ(�Ô�©Ùþ!5!�»�Å�µË

�|ëþ°(ÿþ [3−5]!Ia �#(1Ý�1Ìù

£'X�U©*ÿêâ�©Û(Ø±9�'�n

ØïÄ(J [6−8], Ñ|±Ô��»?u±Y)ä!

\�)äG��*:. �\�)ä�»�2Â�

éØþ!�»�.�mºÝÏf R (t) �Ä�A

5 R̈ (t) < 0 �gñ, =�Úå´�»Ô�Ä��

^��.�gñ. <�}Á3OÏd"�§�Ä:

þïáäkKØrA5�VUþ�»�. [9−14],

Ï"Uz)ù«gñ. �k�
ïÄö, ølIO

��»��¿�.&¢)º\�)äy���»

Ô�/� [15−17]. oNó, äk�Nþ!5��

»�.ªu�\E,.

,��¡, gd�:ÿ/�Vg��éØ��

�.k��éX. 32Â�éØ¥, ½Âgd�:

÷ÿ/�$Ä, �$Ä�:��� τ éA���m

�ëþ ds = idτ , 9Ù�5C� s′ = as + s′0 ´ú

@�ÿ/���ëþ [2,18]. �´, Ø
 s ±	�Ù

¦��ëþ, ±9§�3�»�.¥�A^%4�

�'5.

�:Ë�1fgdDÂ, �ª���:¢Ô

� P áÂ. Éù«¢Ô��mÄ�Uþf�^L§

�éu, 3©z [19, 20] ïÄó��Ä:þ, �©?

�Ú±1f�^L§�Ä:, ½Â�"!ëY!ü

N�ÿ/���ëþ¼ê R (t), ¿ò R (t) ��#

gCþÚ\�©6/ÿ/��©�§���/ª

d2Xµ

dt2
+ Γµ

νo

dXν

dt

dXo

dt
= f

dXµ

dt
, (1)

í�Ñ¼ê R ÷v����©�§, ¼�S�

) R (t),

R (t) = R0
(1−Cu)

√
(1 − Cu) H0t + 1,

1 − Cu > 0, (2)
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�äk�Ýþj� R ¼ê, ½ÂCºÝÏf�m�

IX {ξ, θ, ϕ} �»��I

ξ ≡ r/R, (3)

ò²����IX {t, ς, θ, ϕ} dÂ�éØgd�

:o�m� ds2 ≡ gµνdXµdXν C�¤���I

X {t, ξ, θ, ϕ} / ª, u y {t, ξ, θ, ϕ} � . e � �

�Ý5 gµν é�zL§���'�A��m¼

ê t1 (t, ξ), τ1 (τ, ξ), tt (t, τ1), ττ1 (t, τ1); JÑ�I

� τξ Vg, Äu�I� τξ ��:� t �È©O�,

¼�S�~ê Cu = 1/N , Ù¥ N ��ê; y²

CºÝÏf���IX {t, ξ, θ, ϕ}Cu>0 ��ê�

u 4. �þ!�»�.3��ëþ���IX¥/

ª²wªu{z.

2 gd�:ÿ/���ëþ�©�§

9S�)

� n ��mê| {Xµ (t)}, t > 0. ëY!1w

� {Xµ} ��¥þ
{

Aµ ≡ dXµ

dt

}
£ãÙÛ�A

�. Äu¥þ {Aµ} ÷1w�²1£Ä�±Üþ

A�ØC�½Â, �©6/���*/Ú\ÿ/�

�©�§ [2,21]. ¥þ {Aµ} ²1£Ä�L«¤

Aµ (t → t + dt) //Aµ (t + dt) , (4)

� (4) ªéAk

Aµ (t + dt) = (1 + fdt) Aµ (t → t + dt) , (5)

f �ê�k���"�½¼ê. �©6/¥þ²1

£Ä�½Â [1,2,21]

Aµ (t → t + dt) ≡ Aµ (t) − Γµ
νo

dXν

dt

dXo

dt
dt, (6)

Γµ
νo ¡���éä. 1w� {Xµ} ��¥þ��

/ª

Aµ (t + dt) ≡ Aµ + dAµ =
dXµ

dt
+

d2Xµ

dt2
dt. (7)

ò (5), (7) üª©O�\ (6) ª�ü>, �n���

ÿ/��©�§���/ª

dAµ

dt
+ Γµ

νoA
νAo = f · Aµ. (8)

�®y² [18,21] ÷þã�7½�3ÿ/���ë

þ R (t) ¦�©�§| (8) àgz

dAµ

dR
+ Γµ

νoA
νAo = 0. (9)

(9) ª¥ Γµ
νo, Aµ, Aν , Ao þ± R �gCþ.

3ÔnÆo�²���¥, �Ä�:¢Ô�Ë

�1f+ {pŌP }(�©±ÎÒ “{ }” �L8Ü) �

��:¢Ô� {P} áÂ, � {R (t)} �L1fA�

ëþ, �:�Sëþ {t} �L1f {pŌP } �DÂ�

mL§. � R (t) éA, P �éu�:��m �½

Â� Xi (t), t > 0, i = (1, 2, 3).

� R > 0, Ṙ =
dR

dt
> 0. �gCþC� t → R,

�m�
{
Xi

}
��¥þ÷v

ui ≡ dXi

dt
=

dXi

dR

dR

dt
= Ṙ

dXi

dR
, (10)

dui

dt
≡ d2Xi

dt2
= Ṙ2 d2Xi

dR2
+

dXi

dR

dṘ

dt

= Ṙ

(
Ṙ

d2Xi

dR2
+

dṘ

dR

dXi

dR

)
. (11)

ò (10), (11) ª�\ (8) ª, �n���

d2Xi

dR2
+Γ i

jk

dXj

dR

dXk

dR
=

1
Ṙ

dXi

dR

(
f − dṘ

dR

)
, (12)

ª¥iÄ�I (i, j, k) ∈ (1, 2, 3). du f ��½¼

ê, K�-

f − dṘ

dR
≡ 0, (13)

d^�e, �©�§ (12) �àgz, � (9) ª/

ª�Ó
d2Xi

dR2
+ Γ i

jk

dXj

dR

dXk

dR
= 0. (14)

�Ä� R (t) ¼ê��"!üN5, ±9 (14)

ª�ÊH5, ½ÂÃþjknê Cu,

Cu ≡ R

Ṙ
f. (15)

ò Cu �\ (13) ª, ����ëþ R (t) ÷v��

©�§
d ln Ṙ

d lnR
= Cu. (16)

d (16) ª��

d ln
(
ṘR−Cu

)
= 0, (17)

ṘR−Cu = Ṙ0R
−Cu
0 = const > 0. (18)
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(16), (18) ªL², ��ëþ
{

R, Ṙ
}

äkIÝØC

�©/A�, {Cu} =©/�ê. �©�§ (18) ª�

)¼ê� (2) ª, � H0 ≡ Ṙ0

R0
> 0, 1 − Cu ≡ α > 0.

d (2) ª��

R (t + t′)
α
√

αH0t′ + 1
= R0 · α

√
αH0

t

αH0t′ + 1
+ 1. (19)

- B ≡ αH0t
′ + 1. d (19) ª�wÑ, ò R (t) �

�Ñ� t > t′ Ü©¦ B−1/α!gCþ t ¦ B−1, ¼

��#�� R (t) AÛÓ�. =�N� R (t) �

Ü©� R (t > t′) �q, ù¿�X R (t) ¼ê¥ t

å:�äk�é¿Â. d (2) ª���

Ṙ =
H0R0

αH0t + 1
α
√

αH0t + 1. (20)

K�½¼ê f �L«¤

f ≡ Cu
Ṙ

R
= (1 − α)

H0

αH0t + 1

= (1 − α) H0

(
R0

R

)α

. (21)

� Cu = 0 ^�, d (2) ª��

Rα=1 = R0 (H0t + 1) = Ṙ0t + R0. (22)

(22) ª�\ (21) ª, ��

lim
Cu=0

f

Cu
≡ Ṙα=1

Rα=1
=

H0

H0t + 1
6= 0, (23)

Cu = 0 ^�¿�X�34�Cq f → 0. d (5),

(10) ª�í�, 4�� f = 0 éA�
{
ui

}
�~¥

þ,
{
Xi

}
�Lk����q (3�©6/¥Ø�L

�m�I:!).

� Cu → 1 ^�, d (2) ª��

lim
Cu→1

Rα=0 = R0eHHt, (24)

éA� f ≡ lim
Cu→1

Ṙ

R
= HH �~þ, ��þ!Ô�

ÚO²ï�.¥�1fDÂA�þ.

lêÆ/ª�Ä, ��?Ø lim
Cu→−∞

α → ∞ �

�¹. d (2) ª�� R∞ → R0 ~þ (�©�YÜ

©± R∞ �O R0), �du H =
Ṙ

R
= 0. d (17)

ª��, Ṙ = 0 ´ò (18) ªÿÐ�
 ṘR−Cu =

const → 0 �4��¹. � R∞ ØU��� {Xµ}
�gCþ.

3 g d � : � � ë þ � � � I X

9Ý5

3þ!Ô��µ�¸¥, �:1 O Ë��

?¿1f pŌP �¢Ô P áÂ, éA�1f1§

� r. 1f pŌP 3 O ?�Ë�Uþ� hν0 = h/T0,

3 P ?�áÂUþ� hν = h/T , h �ÊK�~

ê. �Ä1 O ?���S ∆t k�Ë�Ñ�ü

�1fÑ� P áÂ��¹, P áÂùü�1f�

���m���� ∆τ , P éA��m �Cz

� (∆X, ∆Y, ∆Z). þãL§�^dÂ�éØ��

m�£ã

ds2 ≡ lim
∆t→0

[
− (c∆t)2 + (∆X)2

+(∆Y )2 + (∆Z)2
]

= −c2dt2 + dX2 + dY 2 + dZ2

= −c2dτ2. (25)

(25) ª���¥�m�. {r, θ, ϕ}, éA�/ª�

−c2dτ2 = −c2dt2 + dr2

+r2
(
dθ2 + sin2 θdϕ2

)
. (26)

�äk�Ýþj� R∞ = cT∞ �ålº, ½

Â P �»��I

ς ≡ r/R∞, (27a)

dς ≡ dr

R∞
. (27b)

(27) ª�\ (26) ª, ��o��IX {t, ς, θ, ϕ} /

ªe���m�

−c2dτ2 = −c2dt2

+R2
∞

[
dς2 + ς2

(
dθ2

+sin2 θdϕ2
)]

. (28)

d (26), (28) ª¥, lim
r,ζ→0

dτ → dt ��wÑ, dt

=1 O ?������. (25), (26), (28) ª©O

�L²��� “¢Ô�áÂ�:Ë���1féL

§” 1§����n«/ª.

e Ä u R (t) ½ Â C º Ý � m ¥ � I

X {ξ, θ, ϕ}, éA�»��I

ξ ≡ r/R (t) , (29)
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Ïþ!²����.¥ r/t ≡ c ~þ, ¤±Äu�

:Ë�1f1§ r Vg�ïáØÓ�m¥�IX

»��I�C�'X

r = ξR = ξcT, (30)

r = ςR∞ = ςcT∞. (31)

± ς �/ªgCþ, ü��m�IX�m»��I

�C�'X�

ξ =
R∞

R
ς =

ς
α
√

αH0t + 1
=

ς
α
√

αH0r/c + 1

=
ς

α
√

αH0T∞ς + 1
=

ς1−1/α

α
√

αH0T∞ + 1/ς
. (32)

½Â ξHH0T∞ ≡ 1. ας/ξH ¿ 1 ^�e, k ξ ≈ ς;

ας/ξH À 1 ^�e, k ας/ξH + 1 ≈ ας/ξH , =��

5Cq ξ ≈ 1
α
√

αH0T∞
ς1−1/α = α

√
ξH

α
ς1−1/α.

²����IX {t, ς, θ, ϕ} �o��m [22].

Ä u c ã � : Ë � 1 f 1 § V g, � m � I

X {ς, θ, ϕ}, {ξ, θ, ϕ} � m é A � » � � I C

� ξ =
1

α
√

α/ξH + 1/ς
ς1−1/α, �ëþ (θ, ϕ) �±

ØC. 3 0 < α < 1 ^�e, d (32) ª��»��

I ξ �4��^�
dξ

dς
= 0 éAu

1 − α =
ξH

ςξM

> 0, (0 < α < 1) , (33)

ξ �4���

ξM = (1 − α)
1−α

α ξH < ξH , (0 < α < 1) . (34)

� α = 0, »��I ξ �4��^�
dξ

dς
= 0 éA

u ςξM = ξH , 4�� ξM =
ςH
e

. ��, 0 6 α < 1 ^

�e��IC� {ς, θ, ϕ} → {ξ, θ, ϕ}06α<1 Ø´�

�éA�.

� α = 1,
dξ

dς
> 0, �k4�L§ lim

ς→∞
ξM =

1
H0T∞

= ξH . =²�Ã�n��m�IX {ς, θ, ϕ}
� é � C � � n � � I X {ξ, θ, ϕ} � k � �

� ξ ∈ (0, ξH). 3 α > 1 ^�e,
dξ

dς
> 0, {ς, θ, ϕ}

�é�C��n��IX {ξ, θ, ϕ}, �k4�L§

1 > lim
ς→∞

d ln ξ

d ln ς
= 1 − 1/α > 0, (α > 1) . (35)

'� (16) ª��, 4�L§ lim
ς→∞

{ς} → {ξ}α>1

C�'Xªu©/, ©�ê�u 1. dd��í

Ø: Äu�:Ë�1fL§, ?1o�²���

�IX {t, ςR∞, θ, ϕ} �CºÝÏf���IXC

� {t, ξR (t) , θ, ϕ}α>1, duºÝÏf��å�A,

���IX {t, ξ, θ, ϕ}α>1 ��ê�u 4. � α = 1,

���IX {t, ξ, θ, ϕ}α=1 ¤�� {t, ς, θ, ϕ} éA

� “Ã�k.���” �..

d (2), (31) ª � � ² � � m � I X

{ς, θ, ϕ} � ς �ëþ T = R/c �éA'X

ς =
(T/T∞)α − 1

αH0T∞
, (α 6= 0) . (36)

d (2), (30) ª��CºÝÏf�m�IX {ξ, θ, ϕ}
� ξ �ëþ T �éA'X

ξ =
(T/T∞)α − 1

αH0T
, (α 6= 0) . (37)

�Ô�þ!©Ù�., e¢Ô� P ±YáÂ�

:Ë�1f {pŌP }τ1<τ<τ2
, �1fëþ T/T∞ ð

½, K3d�mãS1f {pŌP }τ1<τ<τ2
gd§ r

�Ó. R ¼ê¥� H , α ��â÷ {pŌP } DÂ�

� (θ, ϕ) � T ëêCzÇ5O�

H ≡ Ṙ

R
=

cṪ

cT

=
1

T (t)
lim

∆t→0

T (t + ∆t) − T (t)
∆t

= lim
∆t→0

∆T

T∆t
, (38a)

1 − α

≡ cT̈

cTH2

= T lim
∆t→0

T (t + ∆t) − T (t − ∆t)
[T (t + ∆t) − T (t)] [T (t) − T (t − ∆t)]

= lim
∆t→0

[
T

∆T

∆(∆T )
∆T

]
, (38b)

H , α � {pŌP } ¥��1f*ÿëþ T ���É

�ØÓ|Ü, ´1Ë�!1&ÿì!&ÒL§

±9�µ�¸A5��N. �CºÝÏf���I

X {t, ξ, θ, ϕ} /ª, {pŌP } ¥ü���1f�1§

���

dr ≡ lim
∆t→0

(R∆ξ + ξ∆R)

= Rdξ + ξdR = Rdξ + ξṘdt. (39)

ò (29), (39) ª�\ (26) ª, dÂ�éØ��m�

éA�/ª�

−c2dτ2 = −c2dt2 +
(
Rdξ + ξṘdt

)2
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+ R2ξ2
(
dθ2 + sin2 θdϕ2

)
= −

(
c2 − Ṙ2ξ2

)
dt2 + 2RṘξdξdt

+ R2
[
dξ2 + ξ2

(
dθ2 + sin2 θdϕ2

)]
,

(40)

(40) ª¥�� c, ��± t �gCþ�¢Ô�»�

�IO�úª

ξ =

√√√√(
∆T

∆t

)2
[
1 −

(
∆τ

∆t

)2
]

+ C2
θϕT 2

[
1 −

(
∆τ

∆t

)2

− T 2

(
∆ξ

∆t

)2
]
−

(
∆ξ

∆t

)(
∆T

∆t

)
T

(
∆T

∆t

)2

+ Ċ2
θϕT 2

, (41)

Ù¥� R Ã'��þëê Ċθϕ÷v

Ċ2
θϕ ≡ lim

∆t→0

[(
∆θ

∆t

)2

+ sin2 θ

(
∆ϕ

∆t

)2
]

=
1

ξ2T 2
lim

∆t→0

{[
1 −

(
∆τ

∆t

)2
]

−
(

∆ξ

ξ∆t
+

∆T

T∆t

)2
}

. (42)

��ê/ª, d (40) ª��(
ξ +

T Ṫ

Ṫ 2 + T 2Ċ2
θϕ

ξ̇

)2

+
Ċ2

θϕT 2

Ṫ 2

(
T Ṫ

Ṫ 2 + T 2Ċ2
θϕ

ξ̇

)2

=
1 − τ̇2

Ṫ 2 + T 2Ċ2
θϕ

. (43)

�Ä� T , Ṫ , τ̇ �"�k�, �� (43) ª�AÛ/

ªéAu ξ-ξ̇ ²¡þ�µ4�g�. T�L²,

�CºÝÏf���IX {t, ξ, θ, ϕ} /ª, ��:

¢Ô� P �G�ëê ξ, ξ̇ �Ø��Õá�k��.

3��m�Ý
/ª¥, (25), (26), (28) ªéA

ué�z��Ý5 g. Ù¥ (28) ª�Ý5� Fried-

mann þ!�»�. R-W Ý5 k = 0 �/ª��.

�CºÝÏf���IX {t, ξ, θ, ϕ}, (40) ªéA

���Ý5K¥y�é�z/ª

g ≡



−
(
c2 − Ṙ2ξ2

)
RṘξ 0 0

RṘξ R2 0 0

0 0 R2ξ2 0

0 0 0 R2ξ2 sin2 θ


.

(44)

4 ��ëþ���IXÝ5�é�z

4.1 ���:::ËËË���111fff������qqq���������IIIXXXÝÝÝ555
ééé���zzz

��4� Cu → 0, α = 1 éA���ëþ

Rα=1 ≡ R∞ (H0t + 1) . (45)

�â (23) ª�?Ø, (Ü (25) ª�:Ë�1f

1 § � � . � �, � ~ ¥ þ é A � Rα=1 ¼ ê

� � � ² � � m � : Ë � 1 f {pŌP } � � q

� N � � . {r, θ, ϕ}. {θ, ϕ} � L 1 f Ë � �

�, » � å l {r} � L � : Ë � 1 f 1 §. 1

§ r �1fDÂ�m t ¤�', ½ÂÄ�Ônü

 
r

t
≡ c = 1/

√
ε0µ0, ε0µ0 �L��Ô�á5.

d (45) ª�±wÑ, Rα=1 �1f1§¤�', =�

�Ü·ü ¦ Ṙα=1 ≡ R∞H0 = c.

�
¢y (44) ªé�z, ½Â��5���I

C� {t, ξ} → {t1, ζ},

t1 ≡
√

1 − ξ2 (t + R∞/c) , (46a)

ζ ≡ ξ√
1 − ξ2

, (46b)

t1 (t, ξ) �L²¡ {t, ξ}Rα=1
S�È©A��q [20].

� dτ , dt ØÓ, dt1 Ø�L¢ÔO�m��! ò t1

Ú ζ �\ (40) ª, ��

−dτ2 = −dt21 + t21

[
dζ2

1 + ζ2

+ζ2
(
dθ2 + sin2 θdϕ2

) ]
. (47)
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- R (t1) ≡ ct1, � (47) ªéA�é�zÝ5

gt1 ≡ c2



−1 0 0 0

0 t21
1+ζ2 0 0

0 0 t21ζ
2 0

0 0 0 t21ζ
2 sin2 θ


, (48)

gt1 � Friedmann þ!�»�. k = −1 � R-W Ý

5/ª��.

e±¢Ô���� τ �gCþ½Â��ëþ

R (τ) ≡ R∞ (H0τ + 1) = cτ + R∞, (49)

=½Â�m�IX {ξ, θ, ϕ}α=1 �»��I ξ ≡
r/R (τ). (40) ª�C�¤

c2dt2 =
(
c2 + Ṙ2ξ2

)
dτ2 + 2RṘξdξdt

+R2
[
dξ2 + ξ2

(
dθ2 + sin2 θdϕ2

)]
.(50)

½Â��5���IC� {τ, ξ} → {τ1, η},

τ1 ≡
√

1 + ξ2 (τ + R∞/c) , (51a)

η ≡ ξ√
1 + ξ2

, (51b)

τ1 (τ, ξ) �L²¡ {τ, ξ}R(τ) S�È©A��q [20],

dτ1 �Ø´¢ÔO�m��. ò τ1, η Ú R (τ) �

\ (50) ª, ��

−dt2 = −
[
dτ2

1 + τ2
1

dη2

1 − η2

+τ2
1 η2

(
dθ2 + sin2 θdϕ2

) ]
. (52)

(47) ª�ý�� dτ �L1fé�Â�Sm

��,  (52) ª�ý�� dt K�LÓ�é1f�

Ë��Sm��, üö�Ôn¿ÂØÓ. �ÒêÆ

/ªó, (52) ª�n)���m�3���I

X {τ1, η, θ, ϕ} ¥í2. - R (τ1) ≡ cτ1, � (52) ª

éA�é�zÝ5

gτ1 ≡ c2



−1 0 0 0

0 − τ2
1

1−η2 0 0

0 0 −τ2
1 η2 0

0 0 0 −τ2
1 η2 sin2 θ


. (53)

�ëþ T∞ �Ú�O�ü , ½Â��5�S

C� {t, τ1} → {ttT∞, ττ1T∞},

t/T∞ ≡
(
ett − e−tt

)
eττ1 = 2 exp ττ1shtt, (54a)

τ1/T∞ ≡
(
ett + e−tt

)
eττ1 = 2 exp ττ1chtt, (54b)

tt = ln
√

t + τ1

τ1 − t
, (55a)

ττ1 = ln
√

t + τ1

2T∞
· τ1 − t

2T∞
, (55b)

tt (t, τ1), ττ1 (t, τ1) �L²¡ {t, τ1} S�éA��

q [20], dtt, dττ1 Ó�Ø�L¢ÔO�m��. (54)

ª��©, �\ (52) ª, ��

−dτ2
τ1

= −dt2t + ch2tt

[
dη2

1 − η2

+η2
(
dθ2 + sin2 θdϕ2

) ]
. (56)

(56) ª����m�3���IX {tt, η, θ, ϕ} ¥

í2. � R (tt) ≡ cT∞chtt, (56) ªéA�é�z

Ý5�

gtt ≡ c2T 2
∞



−1 0 0 0

0
ch2tt
1 − η2

0 0

0 0 η2ch2tt 0

0 0 0 η2ch2tt sin2 θ


,

(57)

gtt � Friedmann þ!�»�. k = 1 � R-W Ý5

/ª��.

nþ¤ã, /Ïu��ëþ Rα=1 Úäk�m

þj�A�þ t1, τ1, tt, ττ1 , d²���m� (40)

ª�í�Ñ (47), (56) ª. �©âdí½, ��Ý

5 gt1 , gtt éAu Friedmann þ!�»�., §�´

o�²���þ!53�:Ë�1f��q��

�IX¥�äN/ª.

4.2 ¢¢¢ÔÔÔ������¨̈̈���������IIIXXXÝÝÝ555ééé���zzz

�����ëþ/ª

R (t) = cT = cT∞ (αH0t + 1)1/α
. (58)

- (40) ª¥¢Ô� P �»��I ξ ÷v±eCz

5Æ

1 +
2Ṫ ξ

T ξ̇
≡ 1

1 − Ṫ 2ξ2

= 1 + Ṫ 2ξ2 +
(
Ṫ 2ξ2

)2

+
(
Ṫ 2ξ2

)3

+ · · · (59)
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Kk
2

T ξ̇
= Ṫ ξ

[
1 + Ṫ 2ξ2 +

(
Ṫ 2ξ2

)2

+
(
Ṫ 2ξ2

)3

+ · · ·
]

=
Ṫ ξ

1 − Ṫ 2ξ2
, (60)

��¼ê ξ ÷v����àg�©�§ (Ëã|

�§)

ξ̇ + 2
Ṫ

T
ξ =

2
T Ṫ

ξ−1, (61a)

d
dt

ξ2 + 4
Ṫ

T
ξ2 =

4
T Ṫ

. (61b)

��:¢Ô P �I ξ > 0, (61) ª�3��) ξ (t).

ò (59) ª�\ (40) ª [20], ��

−dτ2 = −
(
1 − Ṫ 2ξ2

)
dt2

+T 2

[
dξ2

1 − Ṫ 2ξ2

+ξ2
(
dθ2 + sin2 θdϕ2

) ]
. (62)

� (62) ªéA�é�zÝ5

gα ≡ c2



−
(
1 − Ṫ 2ξ2

)
0 0 0

0
T 2

1 − Ṫ 2ξ2
0 0

0 0 T 2ξ2 0

0 0 0 T 2ξ2 sin2 θ


. (63)

(62) ª¥ü��Sëþþ�L¢Ô��¨.

�
�Ïn)Ý5 gα �Ôn¿Â, �Ä�m¥

é¡Ô�©Ù�Úå|�¸. dÚå~ê G!

�m¥�» r ≡ Rξ!¥NS�oÔ�þ M ±

9 Ṙ2ξ2 =
Ṙ2

R2
r2 = H2r2 ��¤Ãþjëê χ,

χ =
GM

rṘ2ξ2
=

GM

Ṙ2Rξ3
, (64)

χ � ~ ê é A � Ô n ^ � � � � ë þ k '.

X α = 0, Ṙ/R = HH ~ê, Kk

H2
H =

GM

χR3ξ3

=
4πG

3χ
ρc →

3M

4πr3

= ρc = const, (65)

Ô��Ý~þ ρc ´OÏd"�»Æ�n�äNL

y/ª, (65) ª�L {t, ξ}Rα=0
²¡S�þ!�»

Ô��§. R = R0eHHt �Ñy3 “@Ïý��Ì

��»�ä” �.¥ [2,23]. ò~þ ρc �\ (62) ª,

��

−dτ2
∣∣
α=0

= −
(

1 − 4πGρc

3χ
T 2ξ2

)
dt2

+T 2

[
dξ2

1 − (4πGρc/3χ)T 2ξ2

+ξ2
(
dθ2 + sin2 θdϕ2

) ]
. (66)

� (66) ªéA�é�zÝ5

gα=0 ≡ c2



−
(

1 − 4πGρc

3χ
T 2ξ2

)
0 0 0

0
T 2

1 − 4πGρc

3χ
T 2ξ2

0 0

0 0 T 2ξ2 0

0 0 0 T 2ξ2 sin2 θ


. (67)
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d�©�§ (61) ª, �O�Ñ

T 2ξ2 =
ch (4HHt)

3H2
H

+ T 2
∞ξ2

0e−4HHt.

� α = 3/2, R = R∞ (3H0t/2 + 1)2/3,

k R3H2 = R3
∞H2

0 ~ê. χ �~ê�^�

R3
∞H2

0 =
GM

χξ3R3
R3

=
4πG

3χ
ρcR

3 → 4π

3
ρR3

= M3/2 = const. (68)

~þ ρcR
3 éAu {t, ξ}Rα=3/2

²¡S¢Ô�Ýþ

!©Ù��»Ô��§ [2,23]. ò M3/2 �\ (62) ª

���

−dτ2
∣∣
α= 3

2
= −

(
1 −

GM3/2

χc3

ξ2

T

)
dt2

+T 2

[
dξ2

1 − (GM3/2/χc3)(ξ2/T )

+ξ2
(
dθ2 + sin2 θdϕ2

) ]
. (69)

� (69) ªéA�é�zÝ5

gα= 3
2
≡ c2



−
(

1 −
GM3/2

χc3

ξ2

T

)
0 0 0

0
T 2

1 −
GM3/2

χc3

ξ2

T

0 0

0 0 T 2ξ2 0

0 0 0 T 2ξ2 sin2 θ


. (70)

d�©�§ (61) ª, �O�Ñ
ξ2

T
=

4
5H2

0T 3
∞

+
(

ξ2
0

T∞
− 4

5H2
0T 3

∞

)
× (3H0t/2 + 1)−

10
3 .

� α = 2, R = R∞ (2H0t + 1)1/2, RṘ =

R2
∞H0 ~ê. χ �~ê�^�

R2
∞H0 =

√
GM

χξ3R3
R4

=

√
G

χ

4π

3
ρcR4 →

√
4π

3
ρcR4

= Sα=2 = const. (71)

~þ ρcR
4 éAu {t, ξ}Rα=2

²¡S�Ë�|�Ý

þ!©Ù��»Ô��§ [18,23]. ò Sα=2 �\ (62)

ª���

−dτ2
∣∣
α=2

= −
(

1 − GS2
α=2

χc4

ξ2

T 2

)
dt2

+T 2

[
dξ2

1 − (GS2
α=2/χc4)(ξ2T 2)

+ξ2
(
dθ2 + sin2 θdϕ2

) ]
. (72)

� (72) ªéA�é�zÝ5

gα=2 ≡ c2



−
(

1 − GS2
α=2

χc4
ξ2

T 2

)
0 0 0

0
T 2

1 − GS2
α=2

χc4

ξ2

T 2

0 0

0 0 T 2ξ2 0

0 0 0 T 2ξ2 sin2 θ


. (73)
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d�©�§ (61) ª, �O�Ñ

ξ2

T 2
=

2
3H2

0T 4
∞

+
(

ξ2
0

T 2
∞

− 2
3H2

0T 4
∞

)
(2Ht + 1)−3

.

�o�þ� Ms �(¥	 “ý�” Cq, α =

3/2[19,20], (64) ª χ �~ê�^�

ξ2R2 =
GMs

χRξ

=
GMs

χr
→ χξ2R2 − GMs

r

= 0. (74)

(74) ª ¥
GMs

r
é A u ( ¥ 	 � m Ú å ³ ¼

ê V (r). �\ (62) ª���

−c2dτ2
∣∣
Ms

= −
(

1 − 2GMs

c2Rξ

)
c2dt2

+

[
R2dξ2

1 − (2GMs/c2Rξ)

+ R2ξ2
(
dθ2 + sin2 θdϕ2

) ]
. (75)

(75) ª¥� χ = 1/2. � (75) ªéA�é�zÝ5

gMs ≡



−
(

1 − 2GMs

c2Rξ

)
c2 0 0 0

0
R2

1 − 2GMs

c2Rξ

0 0

0 0 R2ξ2 0

0 0 0 R2ξ2 sin2 θ


. (76)

3(¥	�m?�Ú���ëþCq�~

þ, = Rdξ ≈ d (Rξ) = dr, K gMs �2Â�é

Ø Schwarzschild ��Ý5/ªªu��.

5 gd�:��ëþ���.�m�

I� τξ

(40) ª��~þ c, ± t �¢Ô� P �m�

I {ξ, θ, ϕ} �/ªgCþ, ��

dτ = dt

√
1 −

(
T ξ̇ + ξṪ

)2

− ξ2T 2
(
θ̇2 + sin2 θϕ̇2

)
.

(77)

(77) ªéAu�éØ$Ä�¨Cú�A. - dξ ≡
dθ ≡ dϕ ≡ 0, ½Â�m�I� τξ,

dτξ ≡ dt

√
1 − ξ2Ṫ 2,

(
1 > ξ2Ṫ 2

)
. (78)

dugdG�¢Ô� P áÂ1fL§��Ø÷

v dξ ≡ dθ ≡ dϕ ≡ 0, � τξ �Ø�L¢Ô��

S. ò dτξ � (46), (51), (55) ª�A��¨���

�'�,

dt1 (t, ξ)

≡ d
[√

1 − H2
0T 2

∞ξ2

(
t +

1
H0

)]
, (79a)

dτ1 (τ, ξ)

≡ d
[√

1 + H2
0T 2

∞ξ2

(
τ +

1
H0

)]
, (79b)

dtt (t, τ, ξ)

≡ d
(

ln
√

τ1 + t

τ1 − t

)
= d

(
ln

√√
1 + H2

0T 2
∞ξ2 (τH0 + 1) + tH0√

1 + H2
0T 2

∞ξ2 (τH0 + 1) − tH0

)
,

(79c)

dττ1 (t, τ, ξ)

≡ d

(
ln

√
τ2
1 − t2

4T 2
∞

)

= d

ln

√
(1 + H2

0T 2
∞ξ2) (H0τ + 1)2 − H2

0 t2

4T 2
∞H2

0

 .

(79d)

�wÑ τξ Ø´��È©A�þ. ò (58) ª�\ (78)

ª, ��

τξ =
∫

dt

√
1 − ξ2H2

0T 2
∞ (αH0t + 1)2

1−α
α . (80)
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(80) ª¥ H0T∞ (αH0t + 1)
1−α

α = Ṫ , A^È©C

þ dt → d
(
ξṪ

)
��, ��

τξ =
(ξH0T∞)

α
α−1

(1 − α) H0

∫ ξṪ

ξH0T∞

√
1 − B2B

2α−1
1−α dB,

(
B2 < 1

)
, (81)

τξ �k�?ê)�^��knê α =
N + 1
N + 2

, N �

�ê. äN�¹©ãXe:

N = 0, α =
1
2

�k

τξ, 12
=

H0t + 2
2

√
1 − ξ2H2

0T 2
∞

(
H0

2
t + 1

)2

−
√

1 − ξ2H2
0T 2

∞

H0

+
arcsin

(
H0t + 2

2
ξH0T∞

)
− arcsin (ξH0T∞)

ξT∞H2
0

. (82)

N = 1, α =
2
3

�k

τξ, 23
=

1
ξ2H3

0T 2
∞

[√
1 − ξ2H2

0T 2
∞

3

−
√

1 − ξ2H2
0T 2

∞ (2H0t/3 + 1)
3
]

. (83)

N = 2, α =
3
4

�k

τ
ξ,

3
4

=
2ξ2H2

0T 2
∞

(
3H0

4
t + 1

)2/3

− 1

2ξ2H3
0T 2

∞

× 3

√
3H0

4
t + 1

√
1 − ξ2H2

0T 2
∞

(
3H0

4
t + 1

)2/3

+

(
1 − 2ξ2H2

0T 2
∞

) √
1 − ξ2H2

0T 2
∞

2ξ2H3
0T 2

∞

+
arcsin

(
ξH0T∞

3

√
3H0
4 t + 1

)
− arcsin (ξH0T∞)

2ξ3H4
0T 3

∞
. (84)

é N > 3 ���ê, α =
N + 1
N + 2

, k

τξ, N+1
N+2

=

√
1 − ξ2H2

0T 2
∞

3
−

(
Ṫ

H0T∞

)N−1 √
1 − ξ2Ṫ 2

3

H0

+
(N − 1)

∫ ξṪ

ξH0T∞

√
1 − B2BN−2dB

H0 (ξH0T∞)N−1
. (85)

N → ∞, k lim
N→∞

α = 1, lim
N→∞

Tα=1 =

T∞ (H0t + 1), = Ṫ = H0T∞, d (80) ª����

τξ,1 =
∫ t

0

√
1 − ξ2H2

0T 2
∞dt

=
√

1 − ξ2H2
0T 2

∞t. (86)

(Ü (79a) ª, ��w�ü� “�mëþ”τξ,1, τζ �

m�«O.
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N = −1, α = 0, k Ṫ = HHT∞eHHt, �\ (78)

ª��

τξ,0 = t +
1

HH
ln

1 +
√

1 − ξ2H2
HT 2

∞

1 +
√

1 − ξ2H2
HT 2

∞e2HHt

+

√
1 − ξ2H2

HT 2
∞e2HHt −

√
1 − ξ2H2

HT 2
∞

HH
.

(87)

N = −2 ¿�X α → ∞, Ṫ ≡ 0, =4�^�é

Au²��m�IX {ς, θ, ϕ}, �\ (78) ª��

τξ,∞ ≡ τς =
∫ t

0

dt = t, (88)

τς �L²;ÔnÆ�ýé�¨�. (.5X�I�

¨�Ó5). é N 6 −3 �K�ê, α �^g,ê n

5L«, α =
n + 1

n
, ��

τξ, n+1
n

=
n

n + 1
1

H0

[(
n + 1

n
H0t + 1

)n+1

×

√√√√
1 − ξ2H2

0T 2
∞

(
n + 1

n
H0t + 1

)− 2
n+1

3

−
√

1 − ξ2H2
0T 2

∞

3

− (n − 2) (ξH0T∞)n+1

×
∫ ξṪ

ξH0T∞

√
1 − B2B−ndB

]
. (89)

α ��Ü^g,ê n L«

α =
n ± 1

n

∈
{

2
1
,
3
2
,
4
3
,
5
4
, · · · , 1, · · · ,

4
5
,
3
4
,
2
3
,
1
2
, 0

}
, (90)

� (58) ª��¤

Rn±1 (t)
R∞

=
Tn±1 (t)

T∞
=

(
n ± 1

n
H0t + 1

) n
n±1

.

(91)

» � � I C � � � é A ^ � � α > 1, =

� α =
n + 1

n
. �\ (38b) ª��

1 − α = Cu = −1,−1
2
,−1

3
, · · · ,− 1

n
, · · · (92)

(92) ªéA� R̈ < 0.

e=l/ªþ�Ä, Äu τξ-t 'X��½Âo

��IX {τξ, ξ, θ, ϕ}. �´, �IX {τξ, ξ, θ, ϕ} /

ªeØ�3��éØ��m�éA�Ý5C�'

X, T�IX�¿Â�k�?�ÚïÄ.

6 ( Ø

Ä u g d � : ÿ / � � � ë þ R (t) ½ Â

�mCºÝÏf���IX {t, ξ, θ, ϕ}, ò�é

Ø� � m � ds2 ≡ gµνdXµdXν l o � ² � �

m {t, ς, θ, ϕ} / ª N � � {t, ξ, θ, ϕ} / ª, u y

� � � ë þ R é A � � « é � z Ý 5 gµν 3

Ô n � » Æ+� � U ä k  � � nØ¿ Â. Ù

¥ R = R∞e
√

8πGρc/3·t ��mÔ�þ!©Ù�»

�.éA, ρc ��»²þ�Ý~þ; R = ct + R∞

��:Ë�1f8Ü {pŌP } ��qéA, ��

� ² � � m � I X {ς, θ, ϕ} � & Ò Ä :; R =

R∞ (H3t/2 + 1)2/3 � ρcR
3 �~þ��m¢Ôþ

!©Ù�»�.éA; R = R∞
√

2Ht + 1 � ρcR
4

�~þ��mË�|þ!©Ù�»�.éA. ð

½ º Ý R∞ = cT∞ K � ê Æ � ² � o � � I

X {t, ς, θ, ϕ} é A. � {t, ς, θ, ϕ} � 3 � � N �

�CºÝÏf���IX {t, ξ, θ, ϕ}α>1 �ê�

u 4, �k R̈ (t) < 0. �:Ë�1f��q��

�IX {t, ξ, θ, ϕ}α=1 �Ý5 gt1 , gτ1 �2Â�é

Ø Friedmann þ!�»�.���� R-W Ý5

éA.
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Abstract

Taking the time-series t as independent variable, the parameter equations
{
Xi (t)

}
of free particle space geodesic can be given.

By transforming affine parameter R (t) we achieve homogeneous geodesic differential equations, and derive the first-order differential

equations which are satisfied by affine parameter R and the sequence of analytical solutions R marked by rational number Cu. In

light of R we define the distance unit of flat four-dimensional coordinate system {t, r, θ, ϕ}, and then establish a free particle geodesic

affine parameter time-space coordinate system {t, ξ, θ, ϕ}. By the study of the diagonalization process of special relativity time-space

interval model metric tensor g in {t, ξ, θ, ϕ}, we find the spatial and temporal line characteristic quantities t1 (t, ξ), τ1 (τ, ξ), tt (t, τ, ξ)

and ττ1 (t, τ, ξ) corresponding to diagonal metric. Derived from these quantities, the dimension of time-space coordinate system is less

than 4.
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