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ÏLò2Â Langevin �§¥�XÚSD(ï��©ê�pdD(, í�Ñ©ê� Langevin �§, Ù©ê��ê
��êdXÚSD(� Hurst �ê¤(½. ?Ø
?urD(�¸e��5L{Z©ê� Langevin �§3±Ï&
Ò-ye���1�, |^ Shapiro-Loginov úªÚ Laplace C�, í�
XÚ�A��!���ÝÚ��A�
Ì!���)ÛL�ª. ©ÛL², ·�ëêe, XÚ��A�ÌÚ���D(�,
A�ëê!±Ï-y&Ò
�ªÇ9XÚÜ©ëê�CzÑy
2Â��Å��y�.
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1 Ú ó

20 V 70 c�±5, ��5�Æ�ïÄuy,
3Nõ¢S��AXÚ (XÔnXÚ!)zXÚ)
¥, �ÅÞáy�ÊH�3, ¿�éu�ºÝ��
AXÚó, �ÅÞáåX'��^. ÚåÞá�
Ì��Ï´XÚ��ÄåÆ1��)�XÚSD
(½ö´	Ü�¸$ÄéXÚK��)�XÚ
	D( [1−3].

3 ± � ï Ä ¥, X Ú S D ( ~ � ï ��
pdxD(, d�âf�²þ²� £��m
Cz�m�'X�:

〈
x2(t)

〉
= 2Dt, ¡� “�~”

*Ñ; ,, �âf3È��Å56N!äkS
ÜgdÝ� 6N±9ë68ì¥$Ä�, âf
� ² þ ² � £ ´ � m t � � Æ � � 5 ¼ ê,
=

〈
x2(t)

〉
= 2Dδt

δ, δ 6= 1, ¡� “�~” *Ñ [1],
“�~” *Ñ�±ÏL2Â Langevin �§�x.

�C�õc5, ©ê��È©nØÉ�4�
'5 [4,5], 3Å5á�!ÚD(!·b!“�~” *

Ñ [5,6] �y��ïÄ¥k2�A^. <�5¿�,
“�~” *Ñ3�mþäkPÁ5!3�mþäk
�ÛÜ5, ©ê��È©Ó��äk�mPÁ5
Ú�§�m�'5, ®�y²U
'�ê��°(
/£ãkPÁÚ¢D!´»�65��ÔnL§
Ú)z�AL§.

Ïd, �©ÄkJÑò2Â Langevin �§¥
�XÚSD(ï��©ê�pdD(, ¦Ùg�
'¼ê��ÆP~� “�ö�” G, ÏLÞáÑÑ
½n, í�
2Â Langevin �§�{Zå��â
f £ x(t) � Caputo ©ê��ê, Ïd¡d©
ê�pdD(°Ä�2Â Langevin �§�©ê
� Langevin �§.
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�
 ï Ä � B, ò X Ú � k ª Ç É � �	Ü Z
6 ï ��¦ 5 V � D (. Ï L Shapiro-Loginov
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(9±Ï-y&Ò�éXÚ�A¼ê�K�, ©Û
L², 3·�ëêe, �©JÑ��5L{Z©ê
� Langevin �§�3�Å��y�.

I�`²�´, �©¤^� “�Å��” ´�
d Gitterman �JÑ� “2Â�Å��”, =XÚ�
A�,
¼ê (XÝ!g�'¼ê!õÇÌ½&D
'�) �XÚ�,
A�ëê (X±Ï-y&Ò�
Ì!ªÇ½D(rÝ!�'Ç�) �üNCz�y
� [7−9]. Ó�,©¥í����XÚ�A¼ê�)
ÛL�ª´��?ÛCq�°(L�ª, �Ø7�
�3fD(Úf-y&Ò��S, ·^u?¿D(
rÝÚ±Ï&Ò�Ì!ªÇ, U)º��2��Ô
ny�.

2 XÚ�.

2.1 222ÂÂÂ Langevin ���§§§

��?urD(�¸��5L{Z�f�d
2Â Langevin �§£ã [10,11]:

γ

∫ t

0

K(t − u)ẋ(u)du +
[
ω2 + Z(t)

]
x(t)

= A0 sin(Ωt) + F (t), (1)

Ù¥, x(t) �ü �þâf� £, A0, Ω �±Ï
-y&Ò��ÌÚªÇ, ω �XÚ�kªÇ, γ > 0
�{ZXê, �Åå Z(t)��kªÇ ω É���
Å6Ä, �©òÙÀ�XÚ	D(, ï��V�D
( [12]: Z(t) U�ü�lÑ� {a,−a}, a > 0, ��
VÇ÷v Ps(a) = Ps(−a) = 1/2, Z(t) �þ�Ú�
��

〈Z(t)〉 = 0,

〈Z(t)Z(s)〉 = a2 exp [−v |t − s|] , (2)

Ù¥, a2�D(rÝ, v�D(�'Ç.
K(t) �XÚ{ZØ¼ê, F (t) �âfÉ��

�Åå, �©òÙÀ�XÚSD( (F (t) �XÚ¤
É�{ZÓ�å [1,13]), F (t) Ú K(t) ÷vÞáÑ
Ñ½n [1]

〈F (t)F (s)〉 = kBT · K(t − s), (3)

Ù¥ kB�Å�[ù~ê, T ´0�§Ý.
3 þ ! 0 � ¥, â f � $ Ä ; , ´ � � ê

��ÅL§, éA��Åå F (t) ï��pdx
D(: 〈F (t)〉 = 0, 〈F (t)F (s)〉 = kBT · δ(t − s),

d� K(t) = δ(t), {Zå γ
∫ t

0
δ(t − u)ẋ(u)du =

γẋ(t), 2Â Langevin �§òz�²; Langevin �
§, d�ÙKâfÉ��{Zå��âf�c�
Ýk'; 3�þ!0�¥, *ÑL§äkPÁ
5, âf�$Ä;,´���ê��ÅL§, d
��Åå F (t) Aï��ÚD(, du3ý¢�
ÔnÚ)z�¸¥0�é{¤�Ý�PÁÏ~
Ly��ÆP~� “�ö�” G, Ïd�©ò�Å
å F (t) ï��äk�Æ.g�'¼ê�©ê�p
dD( [10,11,14−18].

2.2 ©©©êêê���pppdddDDD(((

©ê�ÙK$Ä BH(t), t ∈ R+ ´��"þ�
�pdL§, é?¿ëê H:

〈BH(t)BH(s)〉 =
1
2

(
t2H + s2H − |t − s|2H

)
,

t, s ∈ R+,

Ù¥, H ����� 0 < H < 1, ¡� Hurst �
ê [14,15].

© ê � p d D ( WH(t) ´ �� BH(t), t ∈
R+ � 2 Â � ê  Ú \ � V g [16], ù p
·� æ ^©z [11] � Ñ � ½ Â WH(t) =
√

2kBT
dBH(t)

dt
, K WH(t) ´"þ��²L§, Ï

L 〈BH(t)BH(s)〉 �í�Ñ WH(t) �g�'¼ê:

〈WH(t)WH(s)〉 = 2kBTH(2H − 1) |t − s|2H−2
,

t, s ∈ R+. (4)

2.3 ���555LLL{{{ZZZ©©©êêê��� Langevin ���§§§

ò (1) ª¥�XÚSD( F (t) À½�©ê�
pdD( WH(t), (Ü (3), (4) üª, d��{ZØ
¼ê KH(t)�

KH(t) =
〈WH(0)WH(t)〉

kBT

= 2H(2H − 1) · t2H−2, t ∈ R+. (5)

�
�y{ZØ¼ê KH(t) > 0, �©©ê
�pdD( WH(t) � Hurst �ê������
� 1/2 < H < 1[10,11,17,18]. �â (4) ª, d� WH(t)
�g�'¼ê�X�mmå |t − s| �O\�
ÆP~, Hurst �ê H ��P~�¯, H ��P
~�ú.

ò{ZØ¼ê KH(t) �L�ª (5) �\ (1) ª,
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í���
�5L{Z©ê� Langevin �§

γ̄
d2−2H

dt2−2H
x(t) +

[
ω2 + Z(t)

]
x(t)

= A0 sin(Ωt) + WH(t), (6)

Ù¥

d2−2H

dt2−2H
x(t) =

1
Γ (2H − 1)

∫ t

0

(t − u)−(2−2H)

× ẋ(u)du,

1/2 < H < 1� Caputo ¿Âe�©ê��ê [19].
γ̄ = γ · Γ (2H + 1) > 0�2Â{ZXê [20].

d Caputo © ê � � ê � ½ Â � �, â f 
£ x(t) �©ê��ê��uéÙ�Ý ẋ(t) \�
È©, ¿�ål�c���C� ẋ(t) �D���
���, ål�c���������, äkP
~PÁ5. Ù��~���Ç�©ê��ê��
ê 2 − 2H k', ��þ´d°ÄXÚ�©ê�p
dD( WH(t) � Hurst �ê H, 1/2 < H < 1 ¤(
½. AO/, � H → 1/2 �, {ZØ¼ê KH(t) ò
z�ü À-¼ê δ(t), XÚ��PÁ5, ©ê�
�êòz��ê��ê. � H → 1 �, {ZØ¼
ê KH(t) òz�~�¼ê, XÚé�����Ý�
PÁUå���Ó. du H ØÓ�XÚ�±�x
ØÓ§Ý�PÁ5, Ïd©ê�pdD( WH(t) °
Ä2Â Langevin �§¤���©ê� Langevin �
§äk�2��ïÄd�.

�©�Ì�ó�´í� (6) ª¤�x��5L
{Z©ê� Langevin �§XÚ�A��!��
�ÝÚ��A�Ì!���)ÛL�ª, ¿&Ä
Ù��1�.

� � ` ², �©ò Z(t) À�X Ú	D
(, WH(t) À�XÚSD(, S!	D(å�Ø
Ó, Ï d b � WH(t) Ú Z(t) Ø � ', =
〈WH(t)Z(s)〉 = 0.

3 XÚ�A�!���Ý9��
A�Ì!��

3.1 XXXÚÚÚ���AAA���������ÝÝÝ999������AAA���ÌÌÌ

é (6) ª ü > � ² þ, � � X Ú � A � �
Ý 〈x(t)〉 ÷v��©�§

γ̄
d2−2H

dt2−2H
〈x(t)〉 + ω2 〈x(t)〉 + 〈Z(t)x(t)〉

= A0 sin(Ωt). (7)

du (7) ª¥Ñy
#�ÍÜ� 〈Z(t)x(t)〉, I�
éT�?1)Í. |^ Shapiro-Loginov úª [21] �
� 〈Z(t)x(t)〉 ¤÷v��©�§

d
dt

〈Z(t)x(t)〉 = 〈Z(t)ẋ(t)〉 − v 〈Z(t)x(t)〉 . (8)

d� (8) ª¥qÑy
#�ÍÜ� 〈Z(t)ẋ(t)〉, I
�UYÏéÙ¤÷v��§. ò (6) ª�ü>¦
± Z(t) ¿�²þ��

γ̄e−vt d2−2H

dt2−2H

(
〈Z(t)x(t)〉 evt

)
+ ω2 〈Z(t)x(t)〉 +

〈
Z2(t)x(t)

〉
= 0. (9)

(9) ª¥Ñy
#�p��'�
〈
Z2(t)x(t)

〉
, |^

V�D( Z(t) �5�:
〈
Z2(t)x(t)

〉
= a2 〈x(t)〉, �

ò (9) ªz{�

γ̄e−vt d2−2H

dt2−2H

(
〈Z(t)x(t)〉 evt

)
+ ω2 〈Z(t)x(t)〉 + a2 〈x(t)〉 = 0. (10)

(7), (8), (10) ª�' u 〈x(t)〉, 〈Z(t)x(t)〉,
〈Z(t)ẋ(t)〉 ��§|, �{zPÒ�: x1 = 〈x(t)〉,
x2 = 〈Z(t)x(t)〉, x3 = 〈Z(t)ẋ(t)〉, é � § |
� Laplace C� [19,22]

(γ̄s2−2H + ω2)X1(s) + X2(s)

=
A0Ω

s2 + Ω2
+ γ̄s1−2Hx1(0),

(s + v)X2(s) − X3(s) = x2(0),

a2X1(s) +
[
γ̄(s + v)2−2H + ω2

]
X2(s)

= γ̄(s + v)1−2Hx2(0),

(11)

Ù ¥, Xi(s) =
∫ +∞
0

xi(t)e−stdt, i = 1, 2, 3,
x1(0), x2(0)�Ð�^�.

d�§| (11) ªwÑ, XÚ�A���Ý¤÷
v��§3 s ����n��àg�5�§|, )
�§|�� Xi(s), i = 1, 2, 3 �)ÛL�ª

Xi(s) = Ĥi1(s) ·
A0Ω

s2 + Ω2

+
[
Ĥi1(s) · γ̄s1−2Hx1(0)

+Ĥi2(s) · x2(0) + Ĥi3(s)

×γ̄(s + v)1−2Hx2(0)
]
. (12)

ò (12) ª�_ Laplace C�, ��XÚ�A�
�Ý x1 = 〈x(t)〉, x2 = 〈Z(t)x(t)〉, x3 = 〈Z(t)ẋ(t)〉

170501-3
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�)ÛL�ª

xi(t) = A0

∫ t

0

Hi1(t − u) sin(Ωu)du

+ [Gi1(t)x1(0) + Gi2(t)x2(0)] , (13)

Ù¥, Ĝi1(s) = Ĥi1(s) · γ̄s1−2H , Ĝi2(s) = Ĥi2(s) +
Ĥi3(s) · γ̄(s + v)1−2H , i = 1, 2, 3.

Ĥik(s), i, k = 1, 2, 3 � Hik(t) � Laplace C
�, = Ĥik(s) =

∫ ∞
0

Hik(t)e−stdt,  Ĥik(s), i, k =
1, 2, 3 �±ÏL�§| (11) (½, AO/,

Ĥ11(s) =
1

H(s)
[
γ̄(s + v)2−2H + ω2

]
,

Ĥ21(s) =
1

H(s)
(
−a2

)
,

(14)

Ù¥

H(s) =
(
γ̄s2−2H + ω2

)
×

[
γ̄(s + v)2−2H + ω2

]
− a2.

��y (13) ª¤�Ñ�XÚ�A��Ý�
½5 (¿�X H(s) = 0 ØUk�¢�), XÚëê
I÷vXeØ�ª [12,23]:

a2 < a2
cr = ω2

(
γ̄v2−2H + ω2

)
. (15)

�©��Y?ØÑ´Äu^� (15) ¤á��
¹e?1�, d�, t → ∞ Ð©^�éXÚ�A�
K�òÅì��, XÚ�A����Ý©O�

〈x(t)〉as = 〈x(t)〉 |t→∞

= A0

∫ t

0
H11(t − u) sin(Ωu)du,

〈Z(t)x(t)〉as = 〈Z(t)x(t)〉 |t→∞

= A0

∫ t

0
H21(t − u) sin(Ωu)du.

(16)

(16) ª ¥ � X Ú � A � �� Ý 〈x(t)〉as,
〈Z(t)x(t)〉as �±l&Ò?n��Ýn), =±Ï&
Ò A0 sin(Ωt) Ñ\®�XÚ¼ê� Ĥ11(s), Ĥ21(s)
��5�ØCXÚ�ÑÑ, Ïd (16) ª�?�ÚL
«� [22,24]

〈x(t)〉as = A1 sin(Ωt + ϕ1),

〈Z(t)x(t)〉as = A2 sin(Ωt + ϕ2),
(17)

Ù ¥ A1, A2 Ú ϕ1, ϕ2 �X Ú � A � ��
Ý 〈x(t)〉as, 〈Z(t)x(t)〉as ��ÌÚ�£, A1 q¡
�XÚ��A�Ì, §���â Ĥ11(s), Ĥ21(s)

�L�ª (14) ��

A1 = A0

√
f2
1 + f2

2

f2
3 + f2

4

, ϕ1 = arctan
(

f2f3 − f1f4

f1f3 + f2f4

)
,

A2 = A0

√
a4

f2
3 + f2

4

, ϕ2 = arctan
(
−f4

f3

)
,

(18)
Ù¥

f1 = γ̄b2−2H cos [(2 − 2H)θ] + ω2,

f2 = γ̄b2−2H sin [(2 − 2H)θ] ,

f3 = γ̄2(Ωb)2−2H cos
[(π

2
+ θ

)
(2 − 2H)

]
+ ω2γ̄Ω2−2H cos

[π

2
(2 − 2H)

]
+ ω2γ̄b2−2H cos [(2 − 2H)θ] + ω4 − a2,

f4 = γ̄2(Ωb)2−2H sin
[(π

2
+ θ

)
(2 − 2H)

]
+ ω2γ̄Ω2−2H sin

[π

2
(2 − 2H)

]
+ ω2γ̄b2−2H sin [(2 − 2H)θ] ,

b =
√

v2 + Ω2, θ = arctan
(

Ω

v

)
.

3.2 XXX ÚÚÚ ��� AAA ��� ��� ���  ��� ÝÝÝ 999  ��� ���
AAA������

e¡^aq��{5¦XÚ�A���
�Ý. ò (6) ª�ü>¦± x(t) ¿�²þ��È
©�§

γ̄e−vt

∫ t

0

(t − u)2H−2

Γ (2H − 1)
〈x(u)ẋ(u)〉 evudu

+ω2
〈
x2(t)

〉
+

〈
Z(t)x2(t)

〉
= A0 sin(Ωt) 〈x(t)〉 . (19)

(19) ª ¥ Ñ y 
 # � Í Ü � 〈x(t)ẋ(t)〉,〈
Z(t)x2(t)

〉
, ©OïáXe�§:

d
dt

〈
x2(t)

〉
= 2 〈x(t)ẋ(t)〉 , (20)

d
dt

〈
Z(t)x2(t)

〉
= 2 〈Z(t)x(t)ẋ(t)〉

− v
〈
Z(t)x2(t).

〉
(21)

d� (21) ª¥qÑy
#�ÍÜ� 〈Z(t)x(t)ẋ(t)〉,
I�UYÏéÙ¤÷v��§, ò (6) ª�ü>¦
± Z(t)x(t) ¿�²þ, �

γ̄e−vt

2
d2−2H

dt2−2H

(〈
Z(t)x2(t)

〉
evt

)
+ω2

〈
Z(t)x2(t)

〉
+ a2

〈
x2(t)

〉
170501-4
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= A0 sin(Ωt) 〈Z(t)x(t)〉 . (22)

(19), (20), (21), (22) | ¤ ' u
〈
x2(t)

〉
,

〈x(t)ẋ(t)〉,
〈
Z(t)x2(t)

〉
, 〈Z(t)x(t)ẋ(t)〉 � � ��

© - È © � § |. �¦ ) d � § |, U Y |
^ Laplace C�, � y1 =

〈
x2(t)

〉
, y2 = 〈x(t)ẋ(t)〉,

y3 =
〈
Z(t)x2(t)

〉
, y4 = 〈Z(t)x(t)ẋ(t)〉, é � §

| (19), (20), (21), (22) ©O� Laplace C�

ω2Y1(s) + γ̄(s + v)1−2HY2(s) + Y3(s)

=
∫ +∞
0

A0 sin(Ωt)x1(t)e−stdt,

sY1(s) − 2Y2(s) = y1(0),

(s + v)Y3(s) − 2Y4(s) = y3(0),

a2Y1(s) +
[ γ̄

2
(s + v)2−2H + ω2

]
Y3(s)

=
∫ +∞
0

A0 sin(Ωt)x2(t)e−stdt

+
γ̄

2
(s + v)1−2Hy3(0),

(23)

Ù¥, Yi(s) =
∫ +∞
0

yi(t)e−stdt, i = 1, 2, 3, 4, y1(0),
y3(0)�Ð�^�.

¦)o��àg�5�§| (23) �� Yi(s),
i = 1, 2, 3, 4 �)ÛL�ª, 2�_ Laplace C��
�XÚ�A��Ý y1 =

〈
x2(t)

〉
, y2 = 〈x(t)ẋ(t)〉,

y3 =
〈
Z(t)x2(t)

〉
, y4 = 〈Z(t)x(t)ẋ(t)〉 �� (t →

∞) L�ª

y
(as)
i (t) = yi(t) |t→∞

= Ni + J2i sin(2Ωt)

+J2i−1 cos(2Ωt),

i = 1, 2, 3, 4, (24)

Ù¥~ê Ni, Jk �d (13), (23) ª¤(½.

AO/, ���Ý y
(as)
1 (t) =

〈
x2(t)

〉
as

��
àÜ© N1 �)ÛL�ª�

N1 =
A0

2

[
A1(γ̄v2−2H + 2ω2)

ω2(γ̄v2−2H + 2ω2) − 2a2
cos ϕ1

− 2A2

ω2(γ̄v2−2H + 2ω2) − 2a2
cos ϕ2

]
, (25)

Ù¥, A1, A2, ϕ1, ϕ2 � (18) ª.

?�Ú, âf £ x(t) ���A����à
Ü©�±L«�

σ2 =
Ω

2π

∫ 2π
Ω

0

{〈
x2(t)

〉
as
− [〈x(t)〉as]

2
}

dt

= N1 −
A2

1

2
. (26)

�
�y (24) ª¤�Ñ�XÚ�A���
Ý y

(as)
i (t), i = 1, 2, 3, 4 �½5, XÚëêI÷v

XeØ�ª:

a2 < a2
cr = ω2

(
γ̄v2−2H

2
+ ω2

)
. (27)

(Ü��Ý!��Ý�½5^� (15), (27) ª, �
©�Y�ý¢�ÑÄu^� a2 < ω4 ?1�.

4 ê�(J

L�ª (18) Ú (26) ©O�Ñ
XÚ��A
�Ì A1!�� σ2 �)ÛL�ª. e¡·�?ØX
ÚS!	D(ëê (Hurst �ê, rÝ, �'Ç)!±
Ï-y&ÒªÇ Ω 9XÚ{ZXê γ é A1, σ2 �
K�.

4.1 XXX ÚÚÚ  ��� ��� AAA ��� ÌÌÌ A1 ��� ��� ÅÅÅ ���
���yyy���

ã 1(a), (b), (c), (d) ©O±�
±D( Z(t) �
rÝ a2!�'Ç v!{ZXê γ Ú±Ï&Òª
Ç Ω �ëê� A1-H �.

ã 1(a), (b) © O ± � 
 A1-H � D ( Z(t)
rÝ a2 Ú�'Ç v �Cz�. l�A�w
Ñ, �ÑkØÓ§Ý���¸, =éA�©ê
� Langevin XÚÑÑy
2Â��Å��y�, ¿
��XrÝ a2 �O�, �'Ç v �~�, ��¸�
\²w, �X a2 �O�, ��¸ �m£; �X v

�~�, ��¸ ��£.
ã 1(c) ±�
±{ZXê γ �ëê� A1-H

�, n^�Ñk��¸, =XÚÑy
2Â�
�Å��, �X γ �~�, ��¸�²w, ��¸ 
�m£.

ã 1(d) ±�
±±Ï-y&ÒªÇ Ω �ëê
� A1-H �. ã¥�n^�Ñ¥y�üN�C
z, =éA�XÚÑÑy
2Â��Å��y�.
Ó�, �	Ü-y±Ï&Ò�ªÇ Ω Cz�, A1-H
��kn«ØÓ�Cz/ª, =XÚ��A�
Ì A1 �D( Hurst �ê H �Cz�w«Ña
�Cy�. � Ω = 0.9 �, �k��4��, =ü
¸�; � Ω = 1.1 �, �k��4��Ú��4�
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ã 1 A1-H Cz� A0 = 0.5, ω = 1 (a) Ω = 0.5, v = 15, γ = 0.2; (b) Ω = 0.5, a2 = 0.9, γ = 0.2; (c) Ω = 0.5, a2 = 0.9,
v = 10; (d) a2 = 0.8, v = 15, γ = 0.2

ã 2 ��A�Ì A1 � (ëê: A0 = 0.5, ω = 1, Ω = 0.5,
H = 0.53, γ = 2) (a) A1-a2; (b) A1-v

�, =���¸�; �X Ω O�� Ω = 1.3 �, �
k��4��, =ü��.

ã 2(a), (b) ©O±�3XÚ�ê�½�¹e,
A1 �D( Z(t) rÝ a2 Ú�'Ç v �Cz�, �
^�Ñ�3ØÓ§Ý���¸, =©ê�XÚÑ
y
2Â��Å��y�, Ó��X a2, v �O�,
��¸�\²w, ��¸� �m£.

4.2 XXX ÚÚÚ  ��� ��� AAA ��� ��� σ2 ��� ��� ÅÅÅ ���
���yyy���

ã 3(a), (b) ©O±�
 σ2-H �D( Z(t) r
Ý a2!�'Ç v �Cz�. l�A�wÑ, 
�ÑkØÓ§Ý���¸, =éAXÚÑÑy

2Â��Å��y�, ¿��XrÝ a2 �O�,
�'Ç v �~�, ��¸�\²w, �X a2 �O
�, ��¸ �m£; �X v �~�, ��¸ �
�£.

ã 3(c) ±�
±{ZXê γ�ëê� σ2-H 
�, n^�Ñk��¸, =XÚÑy
2Â��
Å��, ¿��X γ �~�, ��¸CpCÄ, �
m£.
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ã 3(d) ±�
±±Ï-y&ÒªÇ Ω �ëê
� σ2-H �, �Ñk��¸, =Ñy
2Â��

Å��y�, �X Ω �~�, ��¸CpCÄ, �
�£.

ã 3 σ2-H Cz� (A0 = 0.5, ω = 1) (a) Ω = 0.5, v = 10, γ = 2; (b) Ω = 0.5, a2 = 0.9, γ = 2; (c) Ω = 0.5, a2 = 0.9,
v = 5; (d) a2 = 0.9, v = 5, γ = 2

ã 4(a), (b) ©O±�
 σ2 �D( Z(t) �r
Ý a2!�'Ç v �Cz�. lã 4(a) ��A
�wÑ, �XD(rÝ a2 �O�,��A�� σ2

üNO\, ��)�Å��y�; lã 4(b) ��A

�wÑ, éu�½D(rÝ a2 ��, �XD(
�'Ç v �O�, �Ñy
��4��, =Ñy

ü��, ¿�D(rÝ a2 ��, ��/G�²w,
�. �Cp.

ã 4 ��A�� σ2 � (ëê: A0 = 0.5, ω = 1, Ω = 0.5, H = 0.54, γ = 1) (a) σ2-a2; (b) σ2-v
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5 ( Ø

�©Ï L ò 2 Â Langevin � § � X Ú S
D ( ï ��© ê � p d D ( í � � � 
 © ê
� Langevin �§, ¿ïÄ
±Ï-y&Ò�^e
��5L{Z©ê� Langevin �§��Å��1

�, í�ÑXÚ�A��!���ÝÚ��A
�Ì!���)ÛL�ª, ?Ø
D(!±Ï-y
&ÒÚXÚëêéXÚ�A�K�, uy3·�ë
êe�5L{Z©ê� Langevin �§�32Â�
Å��y�, ¿�uy
õ«ØÓ���1�.
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Abstract

By choosing the internal noise as a fractional Gaussian noise, we obtain the fractional Langevin equation. We explore the phe-

nomenon of stochastic resonance in an over-damped linear fractional Langevin equation subjected to an external sinusoidal forcing.

The influence of fluctuations of environmental parameters on the dynamics of the system is modeled by a dichotomous noise.

Using the Shapiro-Loginov formula and the Laplace transformation technique, we obtain the exact expressions of the first and

second moment of the output signal, the mean particle displacement and the variance of the output signal in the long-time limit t → ∞.

Finally, the numerical simulation shows that the over-damped linear fractional Langevin equation reveals a lot of dynamic behav-

iors and the stochastic resonance (SR) in a wide sense can be found with internal noise and external noise.

Keywords: fractional Langevin equations, over-damped linear oscillator, fractional Gaussian noise, stochastic res-
onance
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