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1 Ú ó

�uÄåÆ�§´£ãNõ���5Ôn
L§��. [1]. ù
ÔnL§Ï~�9d±Ï	å
°Ä���5��y�, 2��3uÉ½���ü
{ [2], ��N [3], )Ô%Æ [4], Ú1>��XÚ [5]

�ïÄ�K¥. ù
ÔnL§�ëY�müz´d
�u�©�§£ã�, �Bu©ÛÏ~{z�±e
��ulÑN� [1]:

xt+1 = xt + a + b sin(2πxt) ≡ S(xt, a, b). (1)

Nõ©z�\�[�ïÄ
ù�N� [6−14]. @Ï
�©zïÄëê a Ú b �ØÓ�����, N��
ÄåÆA�Úl±ÏLÞ�·b�å» [8−12].

CÏ��
©zïÄÄu�uN���«í
2/ªÚÍÜXÚ, ��\[��©Û�uN��
A�, ±9ïÄÄu�uN��A^Eâ. ~X©
z [7] ïÄ©ê��È©½Âe�2Â�u�§.

©z [6, 15] ïÄ���u²�N�Úp��u²
�N�. ©z [16] ©Û�uN�©
ã��ª. ©

z [17] ©Û'�
�uN�?u·bÚO±ÏG
��S��Ú�VÇ©Ù. ©z [18] ïÄÍÜ�u
N��f¥�·ÜG�. ©z [19] ïÄëê6Äe
�u²�N��ÚOA5. ©z [20] ïÄÄu�u
N��·b>´9ÙA^.

�©ïÄ�Iþ��u�§, ©Û�Iþ�u
�§�²ï:½5!©
!Ú·b�ÄåÆy
�. du�IÄåÆ�§�AÏ5, ·�:ïÄ
âÝ¼ê µ éXÚG��K�, �©uy�X�I
ëê�Cz�uÄåÆ�§�) n �±Ï©
, ²
ï:©�, áÚf���´L�ÄåÆy�, Ù¥ n

�±Ï©
Ú²ï:©�´�IÄåÆ�§¥�
Aky�, 3®k�©z¥m���.
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åÆ�§�d3A^d�.

2 �IÄåÆ�§

�IÄåÆ�§´���#�êÆïÄ+�,

Ú��£ã
ëY�©�§ÚlÑ�©�§ [21].

� I ´ � « ÿ Ý ó, { ü 5 ` Ò ´¢ê � � �
�4f8, ^ÎÒ T L«. ëY�©XÚ��I
� T = R, lÑ�©�§��I� T = Z. Ïd�
©ÄåÆ�§Ú�©ÄåÆ�§´�IÄåÆ�
§�ü�A~, �Iþ�ÄåÆ�§3�����
IþïÄÄåÆ�§, *Ð
ÄåÆ�§��
(
Ø [21−26]. ~X©z [23, 24] òÄåÆ�§�½
5nØí2�����Iþ, ©z [25, 26] ïÄ�
IþÄåÆ�§���Ú±Ï).

2.1 ���III��� delta ���êêê

½½½ÂÂÂ 1 �I´¢ê�����4f8, Ï~
^ÎÒ T L« [21].

ü�~���I´ T = R Ú T = Z. éu½Â
3 T ¥�¼ê f , �±½Â�� delta �ê f∆, e
¡k0�A�ý�5Vg.

½½½ ÂÂÂ 2 ½ Â c � Ú � � = £ $ � Î σ, ρ:

T → T[21]

σ(t) = inf{s ∈ T|s > t},

ρ(t) = sup{s ∈ T|s < t},

é A u σ(t) > t, σ(t) = t, ρ(t) < t, ρ(t) = t,

: t ∈ T ©O¡�mlÑ, m��, �lÑ, ��
�. XJ T vk�lÑ����, K½Â8Ü Tk

� T; ÄK½Â Tk ´vk�lÑ���� T.

½½½ÂÂÂ 3 ½ÂâÝ¼ê µ : T → [0,∞)

µ(t) = σ(t) − t, (2)

XJ T = R âÝ¼ê�~ê 0, XJ T = Z âÝ
¼ê�~ê 1, ������I T âÝ�±Ø´~
ê [21].

½½½ÂÂÂ 4 - f ´½Â3 T þ���¼ê, ·
�¡ f 3 t ∈ Tk S´ delta ���, XJ3 t ��
� N ��S, é¤k� ε > 0 Ñ�3 α ÷v [21]

|f(σ(t)) − f(s) − α(σ(t) − s)| 6 ε|σ(t) − s|,

éu¤k� s ∈ N .

3ù«�¹e·�^ f∆(t) L« α, XJéz
�� t ∈ Tk 5` f Ñ´���, @o f 3 T S´
���. XJ f 3 t ∈ Tk þ´���, @oN´�
� [21]

f∆(t) =


lims→t,s∈T

f(t) − f(s)
t − s

, µ(t) = 0,

f(σ(t)) − f(t)
µ(t)

, µ(t) > 0.

(3)

,, �I�È©Æ�8�´;�üÕ?Ø µ(t) =

0 Ú µ(t) > 0 ü«�¹, Ïdy²¥A;�¦^ (3)

ª. ·��Ñ,�«/ª [21]:

f(σ(t)) = f(t) + µ(t)f∆(t). (4)

¦ ^ (4) ª �, · � Ò v k 7 � « © µ(t) = 0

Ú µ(t) > 0 ü«�¹. �â (4) ªü���¼
ê f Ú g �¦� delta �ê [21]:

(fg)∆(t) = f∆(t)g(t) + f(σ(t))g∆(t). (5)

½½½ÂÂÂ 5 ½Â¼ê F ´ f �� delta �ê, X
J F∆(t) = f(t), t ∈ T, �Ü delta È©½Â� [21]∫ t

a

f(s)∆s = F (t) − F (a). (6)

2.2 ���IIIÄÄÄåååÆÆÆ���§§§999ÙÙÙ½½½555

éu½Â3 T ¥���¼ê y, �â (4) ª�
±¦Ù delta �ê x∆, @o·��±ïÄÄåÆ�
§| [23]

x∆ = f(t, x), t > 0, (7)

Ù¥Cþ x ∈ Rn, t ∈ T, f : [0,∞) × Rn → Rn ´
��ëY¼ê. 5¿�, � T = R �, (7) ª´�©
�§|, � T = Z �, (7) ª´�©�§|. Ù¦~
���I��) q �©�§

T = qZ := {qk|k ∈ Z} ∪ {0}, q > 1, (8)

äkð½Ú���©�§:

T = hZ := {hk|k ∈ Z}, h > 0. (9)

élÑ©Û�¡k^��I

T = {tk|k ∈ Z}, tk ∈ R, �k ∈ Zktk < tk+1.

(10)

ÚÚÚnnn 1 � f(t, 0) = 0, D ⊂ Rn �¹�:, X
J�3 I . Lyapunov ¼ê V : D → [0,∞) é¤
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k (t, x) ∈ [0,∞) × D ÷v

λ1(t) ‖x‖p

6 V (x) 6 λ2(t) ‖x‖q
, (11)

V ∆(t, x)

6 −λ3(t) ‖x‖r − L(M ª δ)(t)eªδ(t, 0)
1 + Mµ(t)

, (12)

V (x) − V r/q(x) 6 0, (13)

Ù¥ λ1(t), λ2(t), Ú λ3(t) ´�¼ê, � λ1(t) ´
� ü ¼ ê; p, q, r ´ � ~ ê; L ´ � � K ~ ê,

� δ > M := inft>0 λ3(t)/[λ2(t)]r/q > 0. @o (7)

ª� 0 )3 [0,∞) þ´�ê½�.

Ún 1 �Ñ
�§ (7) ½5�¿©^�, Ú
n 1 �y²��ë�©z [23]. Ó�©z [24] ¥y
²
�§ (7) Ø½�¿©^�, �±Lã�±e
Ún.

ÚÚÚnnn 2 � f(t, 0) = 0, D ⊂ Rn �¹�:,

XJ�3 Lyapunov ¼ê V : D → [0,∞) é¤
k (t, x) ∈ [0,∞) × D ÷v V ∆(t, x) �½, @o (7)

ª�²ï:Ø½.

3 �I�uÄåÆ�§

l (1) ª��uN�Ñu, ·�½Â�©JÑ
��I�uÄåÆ�§

x∆ = a + b sin(2πx) ≡ f(x), (14)

Ù¥ a, b ��K~ê, �÷v a < b, x(0) ∈ [0, 1],

t ∈ T. w, (14) ª¥¹kü�ëê a, b, Ó��Û
¹XâÝ µ(t). ò (14) ª���©�/ª

x(σ(t)) = x + µ(t)[a + b sin(2πx)] ≡ g(x), (15)

Ù ¥ â Ý ¼ ê µ(t) � X � I T  U C. w ,,

� T = Z �, (15) ªòz� (1) ª, =�uN�
´þã½Â3�I� T = Z �A~. �é{`, �
I�uÄåÆ�§Aäk�uN��¤kA�, 
§´ÄLyÑÙ¦#�A�ò´�!?Ø�:.

3.1 ²²²ïïï:::���½½½555

d (14) ªN´��²ï: �, du f(x) �
±Ï5, e¡�?Ø3 [1 7] «mS�²ï:.

N´��, � a = 0 � (14) ªkn�²ï:©

O� 0, 0.5 Ú 1, � a > 0 � (14) ªkü�²ï
: 0.5 + arcsin(a/b)/2π, 1 − arcsin(a/b)/2π. w,
du f(x) ±Ï� 1, a = 0 Ú a > 0 ��²ï:
�±Ú��dL�ª S1 = 0.5 + arcsin(a/b)/2π,

S2 = 1 − arcsin(a/b)/2π £ã. e¡, �©©Û²ï
: S1 Ú S2 �½5.

�©Û²ï: S1 �½5, é (14) ª�Cþ
�� x = y + S1 ò²ï: S1 £��:, ��

y∆ = a + b sin[2π(y + S1)] ≡ g1(y), (16)

(16) ª÷v g1(0) = 0, ²ï:��� D1 = [−ε, ε],

Ù ¥ ε ´ Ã ¡ � � ¢ ê, w , (16) ª � : �
� D1 S �  ½ 5 � (14) ª S1 : � � D =

[S1 − ε, S1 + ε] ⊂ R S�½5�d. - Lyapunov

¼ê V = ‖y‖2, λ1(t) = 1, λ2(t) = 1, p = 2, q = 2,

λ3(t) = 1, r = 2, L = 0. w,, V ÷v (11) ªÚ (13)

ª. �â (5) ª�¦�5K, é¼ê V ¦ delta �ê

V ∆ = 2y · g1(y) + µ(t) ‖g1(y)‖2
. (17)

ò (17) ª�\ (12) ª, �âÚn 1 �� (16) ª½
�¿©^�

2y · g1(y) + µ(t) ‖g1(y)‖2 6 −‖y‖2

1 + µ(t)
. (18)

- G = g1(y)/y, �\ (18) ª, ²�n�

2(1 + µ)G + µ(1 + µ)G2 + 1 6 0. (19)

3 y ∈ D1 �

G = lim
y→0

g(y)/y = −2π
√

b2 − a2. (20)

ò (20) ª�\ (19) ª, ���§ (14) 3²ï: S1

�� D S�ê½�¿©^�

4π2µ(1 + µ)(b2 − a2)

−4π(1 + µ)
√

b2 − a2 + 1

6 0. (21)

?�Ú, �âÚn 2, l (17) ªÚ (20) ªN´�
� (16) ª3�:�� D1 SØ½�^�

V ∆ > 0

⇒ µ(t) > −2y/g1(y)

⇒ µ(t) > 1
π
√

b2 − a2
. (22)

l (21) ª�±��

sup
{

1 + µ −
√

1 + µ

µ(1 + µ)

}
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6 2π
√

b2 − a2

6 inf
{

1 + µ +
√

1 + µ

µ(1 + µ)

}
. (23)

(23) ª`² µ �½� (16) ª½G�?u a-b ë
ê²¡þ�ü^V��m, ù�(J´é�uN
��'©z [1] ¥®�(Ø�í2. d (21) ª, ?�
Ú�n����Ø�ª

−1 − 0.5G + 0.5
√

G2 − 4G

G

6 µ 6 −1 − 0.5G − 0.5
√

G2 − 4G

G
. (24)

(24) ª�Ñ
ëê a, b �½��y (14) ª½�
¿©^�. (22) ªÚ (24) ª`² (14) ª�½5É
��I�K�, =ÉâÝ¼ê µ �K�.

�©Û²ï: S2 �½5, é (14) ª�Cþ
�� x = y + S2 ò²ï: S2 £��:, ��

y∆ = a + b sin[2π(y + S2)] ≡ g2(y). (25)

(25) ª÷v g2(0) = 0, -

D2 = [arcsin(a/b)/2π − 0.25, arcsin(a/b)/2π],

du a < b, D2 ´²ï:�:���, w, (25)

ª3�:�� D2 S�½5�� (14) ª S2 :�
� [S2+arcsin(a/b)/2π−0.25, S2+arcsin(a/b)/2π]

S�½5�d. - Lyapunov ¼ê V = ‖y‖2, �
â (5) ª�¦�5K, é¼ê V ¦ delta �ê

V ∆ = 2y · g2(y) + µ(t) ‖g2(y)‖2
. (26)

d�u¼ê�A5N´��3�� D2 S

g2(y) > 0, y > 0,

g2(y) = 0, y = 0,

g2(y) < 0, y < 0,

(27)

Ï d 2y · g2(y) 3 � � D2 S � ½, q d ½ Â 3

N ´ � � â Ý µ > 0, Ï d (26) ª 3 � � D2

S � ½. � â Ú n 2, � ± � ä ² ï : S2 �
� [S2+arcsin(a/b)/2π−0.25, S2+arcsin(a/b)/2π]

SØ½.

dþã©Û��, (14) ª�²ï: S1 Ú S2

¥, �k S1 3A½ëêe�U´½�, =3
A½ëêe, (14) ªk���½²ï: S1 =

0.5 + arcsin(a/b)/2π. ²ï:� �dëê a, b (
½, d (22) ªÚ (24) ª��²ï:�½5É�â
Ý¼ê µ(t) �K�, �Ò´XÚG�É�Iëê�

K�. ù¿�X, 3,
E,�Ie, �C�âÝ¼
ê µ(t) òÚåE,�ÄåÆ1�. ���CXÚ�
E,1��UÏL{{����IÄåÆ�., |
^�I�©óä�±©ÛÚn).

3.2 hZ ���IIIþþþ���²²²ïïï:::½½½555ÚÚÚ©©©




e¡ò?Ø�I�uÄåÆ�§3 a = 0.1,

b = 0.25, T = hZ ��©
y�. 3 T = hZ �,

µ = h, d (14) ªL«��uÄåÆ�§���
�©/ª

x(σ(t)) = x + h[a + b sin(2πx)] ≡ g(x). (28)

�uÄåÆ�§�²ï:Ú½5�±d (28) ª
�S��©Û��.

ã 1(a) Ú (b) ¥�Ñ
�Iëê h ∈ [0, 2.3]

« m S � I � u Ä å Æ � § � © 
 ã Ú é A
� Lyapunov �êÌ. � h > 2.171 �, XÚG�Ø
U�±3 [17] «mS, e¡�©ïÄ h ∈ [0, 2.171)

«mSXÚG��üC.

�â½Â 3, T = hZ �âÝ µ = h, l (24) ª
�±��3 h ∈ [0, 1.166] «mS�I�uÄå
Æ�§k��½²ï: S1 ≈ 0.565, l (22) ª�
±��3 h > 1.389 �²ï: S1 Ø2½. d (28)

ªÚ |g′(S1)| < 1 ��3 h = 1.389 NC, S�
� (28) ª�²ï: S1 k�Ç –1, é'ã 1 �±
w�, ²ï: S1 �½«m�� h ∈ [0, 1.388],

3 h > 1.388 �²ï: S1 Ø½, �y
 (24) ª
Ú (22) ª©O£ã²ï: S1 ½ÚØ½�¿©
^�.

lã 1 ¥w�, 3 h = 1.388 NC, �I�u
ÄåÆ�§���½²ï: S1 =C�Ø½
²ï:, �)
�±Ï©
, �)
 2 ±Ï;�.

3 h = 1.742 Ú h = 1.816 N�2gu)�±Ï©

, ©O�) 4 ±Ï;�Ú 8 ±Ï;�. Ó��±
wÑ, �±Ï©
�m�ò�5�Ä, �±ÚOÑ
�±Ï©
�¤éAëê� hn(n = 1, 2, · · · ) S�
m�'�4��

lim
n→∞

hn − hn−1

hn+1 − hn
≈ 4.727. (29)

(29) ª��� Feigenbaum ~ê 4.669 · · · �©�C,

`²�I hZ þ��uÄåÆ�§3Ï�·b�´
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��X��±Ï©
L§¥, 3ëê�m¥LyÑ
g�q5.

ã 1 �I�uÄåÆ�§©
ãÚ Lyapunov �ê

3.3 hZ ���IIIþþþ������©©©




ã 1 ¤«�©
ã3·b«�SÑy
 3 �
²w�±ÏI, �����±Ï 3 I�, ü���
�±Ï 5 Ú±Ï 6 I�, ÙÛÜ©
ãXã 2(a), (b)

Ú (c) ¤«. ±ÏI¥ 3 ±Ï!5 ±ÏÚ 6 ±Ï;
�H{�q��±Ï©
�Ï�
·b, ¿3I�
(å �u)·b�Å, Úå·bG��âC, d
���Ä�âC��DÕ���°�. *	ã 2(a),

�ëê h O�� 2.031 NC�,hZ �Iþ��uÄ
åÆ�§u)
�©
, Úu

u·b, Ñy

±Ï 3 I�. ã 2(d) �Ñ
 h = 2.031 NC�ng
N�S��. ngS���é��fÐ��,

�)
n��: A, B, C Úü�Ø½�: D, E.

�Xëê h �O\, n��:/¤n^½�±Ï

;�Ún^Ø½;�, n^ØU*	��Ø½
;�3I�(å?�g?·b���, lÚå·
b�Å. ã 2(e) �Ñ
 h = 1.957 NC�ÊgN�
S��. ÊgS���é�����)
Ê�
�: A, B, C, D, E Úü�Ø½�: F , G. Ê�
�:Ò/¤Ê^½�±Ï;�ÚÊ^Ø½;
�. ã 2(f) �Ñ
 h = 1.879 NC�8gN�S�
�, 8gS���é�����)
8��:
Ún�Ø½�:, 8��:Ò/¤8^½�±
Ï;�Ú8^Ø½;�.

4 E,�Iþ�ÄåÆ1�

4.1 EEE,,,���III

�I T �±´¢êþ�?¿��4f8, Ø

þã{ü��½Ú��I T = hZ, ��U�3é
õ�E,��I. ~X�±´÷v (10) ª�Ú�Ø
�½�I, ëY4«mÚlÑ:·Ü�8Ü, $�
�±´ Cantor 8�a�©/8Ü. e©ïÄ�«÷
v (10) ª��I

T =
{
tk|tk+1 = tk + hk, k ∈ N0

}
,

Ù¥

hk =



c1, k = nl,

c2, k = nl + 1,
...

cn, k = nl + n − 1,

l ∈ N0, (30)

Ù¥ {c1, · · · , cn} ´ n ��u 0 �~ê, N0 L«�
K�ê8Ü, t0 = 0. 3 (30) ª��Ie, (15) ªé
AX±Ï��XÚ, �±L«��©/ª

x(σ(t)) = x + µ[a + b sin(2πx)] = g(µ, x), (31)

Ù¥ µ(tk) = hk. � {c1, · · · , cn} ´ n �ØÓ�ê
�, (31) ªL« n ^ØÓ��gS��. Ó�Ù
�g!ng� k gS��Ñk n «ØÓ��U,

z^�U�S��Ñ�U�)ØÓ� k ±Ï²
ï:, l�)AÏ�©
y�. e©± n = 2 �
~, �ã (30) ª�IeXÚÐy�AÏy�.
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ã 2 (a) ±Ï 3 I; (b) ±Ï 5 I; (c) ±Ï 6 I; (d) ngS��; (e) ÊgS��; (f) 8gS��

4.2 ÄÄÄåååÆÆÆ111���©©©ÙÙÙ���²²²ïïï:::½½½555

�I�uÄåÆ�§3 a = 0.1, b = 0.25,

n = 2 �, �ëê c1 Ú c2 Ó�Cz, �I T þ��
uÄåÆ�§�ÄåÆ1�©ÙXã 3 ¤«. ã 3

�â�uÄåÆ�§±Ïê���¦^�A�ç
x�Ý3 c1 Ú c2 �ëê²¡þ±Ñ, ã¥xÚ«
��L±Ï 1, çÚ«��L·b, ±Ïê��K

�Ý��. �±wÑ, �±ÏêÚ·b«�Ì�8
¥3 c1, c2 ëê���«mS, 3d«mS�Y,
X�±Ïê«�, `²3·b«�S�3±ÏI�.

d	, � hZ �Iþ�©
ã�', ·bG��ëê
©Ù�ml��C�
��, ·bG�e�ëê�
mwÍ*Ð. ù¿�X3ØUCXÚ��, ==Ï
LO\�I�±Ïê n, ÒU*Ð�§?u·bG
��ëê�m, ëê�m�*�éÄu·b�\
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��{k��¿Â [27].

ã 3 �I T þ��uÄåÆ�§�ÄåÆ1�©Ùã

d 3.1 !�©Û��,(31) ª£ã��uÄå
Æ�§�k��²ï: S1 ≈ 0.565 �U´½�.

du µ Ø2´~ê, ²ï:?S�¼ê���ê�
ýé���Ã{�äXÚ½5, �ù� (22) ª
Ú (24) ª�(ØE,´k��, �â (24) ª���
²ï: S1 ½�¿©^�

max{c1, c2} 6 1.166. (32)

�â (22) ª���²ï: S1 Ø½�¿©^�

min{c1, c2} > 1.389. (33)

4.3 n ���±±±ÏÏÏ©©©


���²²²ïïï:::©©©���

5¿�ã 3 �é��éAXã 1(a) ¥�©

ã, 3ã 3 þ�Y²��, Ò�±��ØÓë
ê c1 e�ëê c2 Cz��uÄåÆ�§�©

ã, Xã 4 ¤«. lã 4(a) �±w�, c1 = 0.1 �,

3 c2 = 1.505 NC�uÄåÆ�§d±Ï 1 ;�
©
�±Ï 4 ;�. � c2 = 1.505 �, ã 5(a) ¥�
ogS��þü��:3: A Ü, �Xëê c2

O\, dÜ��:©�¤Ê��: A, B, C, D,

E, Ù¥o��: A, B, C, D �½:, �)
o
^½;�, ü�Ü3 E ?��:�Ø½, �
)�^ØU*	��Ø½;�, Xã 5(b) �o
gS��¤«. �©¡ù«©
� 2 �±Ï©

, T©
´ (30) ª�IeÄåÆ�§�AÏy
�, Ï� n = 2 � (30) ª�Iû½
âÝ¼ê3ü

�� c1 Ú c2 m��, Úå (15) ª£ã��uÄå
Æ�§3ü«G�m��, �)�ü^S���
gÓ�u)
�±Ï©
. w,, n �Ù¦�ê�
(30) ª�Uu)aq�©
, ·�¡� n �±Ï
©
.

c1 = 1.5 �, c2 ∈ [0, 0.2] « m � © 
 ã X
ã 4(b) ¤«, 3 c2 = 0 ?½�±Ï 2 ;�©

�½�±Ï 4 ;�, 3 c2 = 0.096 NC½�±
Ï 4 ;� 2 �±Ï_©
�±Ï 1 ;�. � c2 = 0

�, �k�^�U�ogS���ã 5(c), �)n
�Ü��: A, B, C, Ù¥�: A, B �½:,

�)
ü�½;�. �Xëê c2 O\, dogS
��©�¤ü^, n��:©�¤Ê��: A,

B, C, D, E, Ù¥o��: A, B, C, D �½:,

�)
±Ï 4 ½;�, ü�Ü3 E ?��:
�Ø½, �)�^ØU*	��Ø½;�, X
ã 5(d) �ogS��¤«. c1 = 1.5, c2 = 0 ?�
©
y�dS���©��).

ã 4 3ØÓëê c1 eëê c2 Cz��©
ã (a) c1 = 0.1;

(b) c1 = 1.5
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ã 5 ²ï:üC�ogS��ã

ã 6 (a) c1 = 0.5; (b) c1 = 1.5

4.4 áááÚÚÚfff������yyy���

lã 6(a) �±w�, c1 = 0.5 �, 3 c2 = 2.6 N
C�uÄåÆ�§²�©
d 1 ±ÏâC� 1 ±
Ï;�� 4 ±Ï;���. 3 c2 = 2.6 ?, ã 7(a)

¥�ogS��þÑyo��: A, B, C, D, Ú
��½��: E, �ëêO\o��: A, B, C,

D Ò�)o�½�:Úo�Ø½�:, �)

o^½;�, ½��: E �)�^ 1 ±Ï
½;�.

lã 6(b) �±w�, c1 = 1.5 �, 3 c2 = 1.293

NC�uÄåÆ�§d��½;��±Ï©

�ü�Õá���±Ï 2 ;�. � c2 = 1.293 �,

�gS��þü��:3: E Ü, �Xëê c2
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O\, dÜ��:©�¤Ê��: A, B, C, D, E,

Ù¥o��: A, B, C, D �½:, �)
ü�Õ
á�±Ï 2 ½;�, ü�Ü3 E ?��:�Ø
½, �)�^ØU*	��Ø½;�, Xã 7(b)

��gS��¤«. lã 6(b) w�, �X c2 �U
YO�, ü�Õá�±Ï 2 ;�3 c2 = 1.5 ?-E
�)½�±Ï 2 ;�, c2 UYO�, ½�±Ï 2

;�2g©��ü�Õá�±Ï 2 ;�. ü�Õ

á�½±Ï 2 ;�¥, ��±Ï 2 ;�²L�±
Ï©
�)
u·b�3 c2 = 2.5 NC��, ,�
�±Ï 2 ;�3 c2 = 2.142 NC�±Ï©
�
½�±Ï 4 ;�, 3 c2 = 3.361 NC_�±Ï
©
�±Ï 2 ;�, 3 c2 = 3.774 NC��. Ó
�, 5¿�, 3 c2 = 3.472 NCÑy
,��Õá
�½±Ï 2 ;�, T;�²L�±Ï©
�)
·b.

ã 7 (a) �ogS��; (b) ��gS��

5 ¢ �

�I�uÄåÆ�§��©/ªd (15) ª
£ã

x(σ(t)) = x + µ(t)[a + b sin(2πx)],

�I T ÷v (30) ª�, (15) ª�±^g�"�
Nª>´¢y. Xã 8 ¤«, Ø���ì (VCO)

3 t � � � � sin (2πx) æ � � ² L C � ì �
� a + b sin (2πx), d µ(t) �m�>²�±��
� VCO �ªÇ, VCO 3 σ(t) ��æ�ÑÑ��Ò
´ sin[2πx(σ(t))]. (15) ª�)�±l t ���æ�
�¥�Ñ� ¿Ø±~ê 2π ��. 3¢�>´¥,

dêiªÇÜ¤ (DDS) Eâ�ï VCO, æ�d A/D

ì�¢y, C�!� J�ÚØ± 2π �ö�|^
Äu FPGA �êi>´¢y, >²�±�Jd D/A

ì�¢y, ¢�>´�ã 9.

¢�¥, ÿÁ
�I�uÄåÆ�§3 a =

0.1, b = 0.25, n = 2 �, �ëê c1 Ú c2 �ØÓë
êe��¹, ¢�(Jd`|� 200M êi«Å

ì 4202c ÿþ, Xã 10 ¤«.

ã 8 �I�uÄåÆ�§>´¢�XÚµã

ã 9 ¢�>´ì¡
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ã 10 a = 0.1, b = 0.25, n = 2 �ÑÑ&Ò (a) c1 = 0.1, c2 = 1; (b) c1 = 0.1, c2 = 1.6; (c) c1 = 1.5, c2 = 0; (d) c1 = 1.5,

c2 = 0.055; (e) c1 = 0.5, c2 = 2.75, Ð©�� 0.58; (f) c1 = 0.5, c2 = 2.75, Ð©�� 0.8

6 ( Ø

�©ïÄ
�Iþ��uÄåÆ�§, ©Û

�I�uÄåÆ�§�²ï:!²ï:½5Ú
©
y��, ïÄL²²ï:½5Ú©
y�É
âÝ¼ê�K�. �âÝ¼êØ�~ê�, �)
 n

�±Ï©
Ú²ï:©��Aky�. Ó��±Ï
©
, �©
, áÚf���´L�ÄåÆy��
Ñy3�I�uÄåÆ�§¥. �©ÏLê��ý

Ú>´¢��y
nØ©Û�(J.

d	, �Iëê�Ú\*Ð
ÄåÆ�§�ë
ê�m, ò·bG��ëê©Ù«�l$�*Ð�
p�, ·bG�e�ëê�mwÍO�. ù¿�X
ØUCXÚ��, ==ÏLO\�I�±Ïê n, Ò
U*Ð�§?u·bG��ëê�m, ëê�m
�*�éJp·b\��{S�5 [27] ÚO\·b
X�Å/�O(¹5 [28] k��¿Â.
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Stabilities and bifurcations of sine dynamic
equations on time scale∗
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Abstract

A time scale is a nonempty closed subset of the real numbers R. Recently, the dynamic equations on time scale have received much

attention, which have the generalized forms of differential and differential dynamic equations. In this paper, we study the stabilities

of fixed points and bifurcations of the sine dynamic equations on time scale. The results show that the solutions of the sine dynamic

equations become different with the time scale parameter changing. And n-period-doubling bifurcations and splits of fixed points are

observed. Moreover, the chaotic parameter spaces of the dynamic equations are expanded by the increase of complexity of time scale

but without increasing the system parameter, thus providing a potential advantage for chaos encryption, radar waveform design and

other application areas.
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