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�Å«+ÄåÆ�.´ïÄ«+m±9«+�Ø(½5�¸m�p�^�ÄåÆ1��êÆ�.. �©lV

Ç�Ý±9&E�6!��)�üz�Ý&?
ü«+)�XÚ� Itô (½ Statonovich) ¿Âe�Å�.�ÄåÆ

1�. |^ Fokker-Planck �§9Ù>.^�Ú&E�½Â�Ñ&E�6 (²þÑÝ) Ú��)�'Xª, ¿ÏLê

�´»È©{ÓP��6���5Czª³±9&E��4�: ��VÇ�Ý�¯�[£Ú©
�éX. A^

ê�´»È©{O�(JL² Itô (½ Statonovich) ¿Âeü«�Å�.�VÇ�ÝÚ&E��4�: �ØÓ�

üzª³��.

'�c: VÇ�Ý, &E�, )�XÚ, pdxD(
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1 Ú ó

) Ô « + X Ú ´ ; . � � � 5 Ä å X Ú,

 Lotka-Volterra (LV) �.´¯õ«+XÚ¥ï

Ä��2���a [1−3]. Ø�;�/, )Ô«+X

Ú¬²{�«Ï��Ø(½5ÅÄ½]�Cz, 

xD(!�Å�uD($��ÅóÀ�´éÐ£

ãù
�Åy��êÆ�. [4−8]. 3¿©�ÄÓ 

Ú�Ó öO�Ç��Å5 [6−8] Ä:þ, �É'

5�ïÄk�Å�¢ LV �. [7], óÀÓ  - �Ó

 �Å�. [8] ±9�A��Å²þ{ [9] ��. �

C, Cai Ú Lin[10] Ò�#�Å LV �.l��;,

ÚVÇ�Ý��ÝÑuïÄ
D( (AO´�Å{

uD() °ÄeTXÚ�ÄåÆ1�, uy�ÅX

Ú�VÇ�Ý3ü�½¥%5£[£?/¤

V¸�. ¯¢þ, &Û�Å�¸e�)�XÚVÇ

�Ý��müz�5ÆéTXÚ¢���ÚZý

òké��Ï.

,��¡, &E�´XÚVÇ�Ý��¼, /

Ï�ÅÄåXÚ�VÇ�Ý¼ê¤�Ì� Fokker-

Planck (FP) �§5ïÄ�A&E��üz5Æ´

g Nicolis Ú Daems[11,12] 3�ÅÄåXÚ¥ïá&

E�½Âea'9åÆ¥�6Ú��)�Vgm

©�. ��, 3�X�;.ÑÑXÚ [13−16]!zÆ

�AXÚ [17,18], °ÄD(a.Ú�^Ån [19−24]

�ïÄ¥��2�A^, :©Û
�XÚ� Lya-

punov �ê½ÑÝ±9·b��m�éX. �þã

ïÄ�õ´�Ä�Å�5XÚ½�z��Å�5

XÚ�&E�üz¯K, �éõ���5XÚ?

Ø$� [25].

�©òlVÇ�Ý(Ü&E�üz��Ý©

Û�Å�¸eü«+��5ÄåXÚ�ÄåÆ1
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ÚÙýÿ��¯K [26] Jø�kd��ë�.

2 �Å�¸eü«+ÄåXÚ�VÇ

�ÝÚ&E��O�

2.1 pppdddxxxDDD(((°°°ÄÄÄ���üüü«««+++������555ÄÄÄååå
XXXÚÚÚ

�ÄXeü«+���5ÄåXÚ [10]:

Ġ = rgG (1 − s − cggG − cwgW ) + rgGξ (t) ,

Ẇ = rw [a + W (1 − cgwG − cwwW )] ,

Ù¥ ξ (t) ´"þ���'¼ê� Dδ (τ) �pdx

D(, �'¼ê´�mm� τ � Delta ¼ê, D �

D(rÝ. rg, rw ©O�ü«���Ý G!W �O

�Ç, s ��:Ç, cwg, cgw �«+m¿�Xê, cgg,

cww �«+S¿�Xê,a ��� W �Äê. e©

O3 Itô (k = 0) ½ Statonovich (k = 1) ¿Ân)þ

ã�§� [27], �òÙU��

Ġ = rgG (1 − s − cggG − cwgW )

+ k ·
(

1
2
Dr2

gG

)
+ rgGξ (t) ,

Ẇ = rw [a + W (1 − cgwG − cwwW )] , (1)

�
ïÄ�ÅXÚ (1) VÇ�Ý9&E�CzÇ�

üz5Æ, Äk©ÛXÚ (1) éA(½5Ü©��

5½5. éu(½5XÚ

Ġ = rgG (1 − s − cggG − cwgW )

+ k ·
(

1
2
Dr2

gG

)
,

Ẇ = rw [a + W (1 − cgwG − cwwW )] , (2)

� k = 0 � Ù  ½ 5 � ? Ø � © z [10], y

ò k = 0, 1 ü«�/Ü¿Xe:

1) e G = 0, W =
1

2cww

(
1 +

√
1 + 4acww

)
, T

: α (G,W ) �ìC½¥%;

2) e G 6= 0, Kk(
1 − s +

1
2
kDrg

)
− cggG − cwgW = 0,

�)�

G =

(
1 − s + 1

2kDrg

)
− cwgW

cgg
;

� ∆ > 0 �, W± =
1

2A

(
B ±

√
∆

)
, kü�Ø

Ä: β± (G,W±) ©O�Q:ÚìC½¥%;

� ∆ = 0 �, W =
B

2A
, ØÄ: β = (G,W ) �

Ø½¥%; � ∆ < 0 �, �k α (G,W );

ª¥

A = cwgcgw − cggcww,

B = cgw

(
1 − s +

1
2
kDrg

)
− cgg,

C = acgg,

∆ = B2 − 4AC.

ã 1 ∆ �ëê s �Cz�

ã 2 (½5XÚ (2) ��Û©Û

ã 1 �Ñ
d ∆ = B2 − 4AC �UC¦�

XÚ (2) Ñy©
y�¤éAëê s �À�nØ�

Y. �´3¢S«+XÚ�ê�O�¥ s ØU�¿

�, Ï�XÚ (2) L��´ü«���Ý. ´�, 3

ëê���Ó� k = 1 Ú k = 0 �/eØÄ: �
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�k�É. �
�*Ð« ∆ > 0 �XÚ (2) �áÚ

�©Ù (± k = 0 �/�~), �

rg = 1.5, rw = 1.0, cgg = 0.7, cwg = 1.0,

cgw = 2.0, cww = 1.03, s = 0.3, a = 0.03, (3)

?1ê�O�. ã 2 L²XÚ (2) ü�áÚ��©

.�´�^��, Q: β+ :�3T��þ. Ð�

�À�òû½XÚ (2) )�½5. âdÀ�Ð©

©Ù^u1 3 !¥�A�ÅXÚ (1) �VÇ�Ý9

&E�CzÇ�ê�O�¿©ÛÙÄåÆ1�.

ã 3 éÜVÇ�Ý pGW (a) D = 0.04; (b) D = 0.02

2.2 ���ÅÅÅXXXÚÚÚ (1) ���&&&EEE���üüüzzz���§§§

eP

P = P (g, w, t) ,

f1 (g, w) = rgg (1 − s + kDrg/2 − cggg − cwgw) ,

f2 (g, w) = rw (a + w (1 − cgwg − cwww)) ,

f3 (g, w) = Dr2
gg

2/2, (4)

KXÚ (1) �A� FP �§�
∂P

∂t
= −∂ (f1P )

∂g
− ∂ (f2P )

∂w
+

∂2 (f3P )
∂g2

. (5)

�â&E�½Â S (P ) = −
∫∫

P lnPdgdw, ¿|^

�©{K, í�&E�üz��©�§�
dS (P )

dt
= −

∫∫ (
dP

dt
lnP +

dP

dt

)
dgdw. (6)

´�þª1���", 2ò FP �§ (5) �\þ

ª, �E|^©ÜÈ©{9 FP �§�áÂ>.^

� P (g, w, t)
∣∣
(g,w)∈Γ = 0 (Γ �XÚ (1) �>.),

(6) ª�ÅÚC�
dS (P )

dt
=

∫∫ (
∂f1

∂g
+

∂f2

∂w

)
Pdgdw

+
∫∫

1
P

· ∂P

∂g
· ∂ (f3P )

∂g
dgdw. (7)

P (7) ª�1��Ú1��©O�

ṠF =
∫∫ (

∂f1

∂g
+

∂f2

∂w

)
Pdgdw, (8)

ṠP =
∫∫

1
P

· ∂P

∂g
· ∂ (f3P )

∂g
dgdw. (9)

& E � 6 (ṠF ) (8) ª � w ¤ ´ X Ú (1) � � Å

ÑÝ�þ�¼ê. &E��) (ṠP ) (9) ª´X

Ú (1) �*Ñ�Ü©��z, �N
XÚ (1) VÇ

�Ý�*Ñ§Ý. ò f1, f2, f3 L�ª (4) 9��

Ý mij =
〈
GiW j

〉
�\ (8) ªÚ (9) ª�O���

ṠF = rg (1 − s + kDrg/2) − (2rgcgg + rwcgw) m10

− (rgcwg + 2rwcww) m01, (10)

ṠP = −Dr2
g +

Dr2
g

2

∫∫ (
g · ∂P

∂g

)2

· 1
P

dgdw. (11)

d (10), (11) ª�ê�O�&E�6!��)5*

	XÚ (1) VÇ�Ý�]�Cz5Æ.

ã 4 k = 0 �>�VÇ�Ý (a) pG ã; (b) pW ã
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3 ê�(J9©Û

yæ^©z [25] ¥ê�´»È©O�XÚ (1)

�VÇ�Ý9&E�CzÇ. �dk�ÑXÚ (1)

��!��Ý��©�§|

ṁ10 = rgm10 (1 − s) − rgcggm20

−rgcwgm11 + k

(
1
2
Dr2

gm10

)
,

ṁ01 = rwa + rwm01 − rwcgwm11 − rwcwwm02,

ṁ11 = rgm11 (1 − s) − rgcggm21 − rgcwgm12

+rwam10 + rwm11 − rwcgwm21

−rwcwwm12 + k

(
1
2
Dr2

gm11

)
,

ṁ20 = 2 [rgm20 (1 − s) − rgcggm30

−rgcwgm21] + (1 + k) Dr2
gm20,

ṁ02 = 2 [rwam01 + rwm02

−rwcgwm12 − rwcwwm03] ,

(12)

ã 5 D = 0.04 �>�VÇ�Ý (a) pG ã; (b) pW ã

2æ^��\Èþ�ä{òþã�§| (12)

�ä, =ò

m21 = 2m10m11 + m20m01 − 2m2
10m01,

m12 = 2m01m11 + m02m10 − 2m2
01m10,

m30 = 3m10m20 − 2m3
10,

m03 = 3m01m02 − 2m3
01,

�\ (12) ª. ¤��ä�Ý�§|^uê�´»

È©{¥=£VÇ�Ý�á�%C9&E�Cz

Ç (10), (11) ª�O�, �ë�©z [25].

ã 6 &E�6Ú��) (a) ṠF Ú (b) ṠP �ª³ã±9 (c) é
ÜVÇ�Ý���ã

3.1 ���ÐÐÐ©©©©©©ÙÙÙÀÀÀ333½½½666///SSS

3.1.1 k = 0 ��VÇ�Ý

ëêÀ�� (3) ª�, XÚ (2) Ð�:À3,

�áÚ�'Xã 2 «�/S, d�XÚ¢yØÄ

: β− (0.954, 0.0319) �ìC½�. �A/, X

Ú (1) Ð©©ÙeÀ3áÚ�/S, VÇ�Ýò
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3 β− :NC/¤ü¸G, �ã 3 Úã 4. (JL²

D(rÝé��, (½5ÄåÆA�?uÌ�|�

/ ; �XD(rÝO�, ¦�XÚ3 β− :NC�

�¹�, =XÚ�A���O� (ã 3). ü�>�V

Ç�ÝÑòCLCÙ¥%ò l β− (ã 4).

3.1.2 k = 1 �VÇ�Ý

ëêÀ�E� (3) ª� k = 1, �Ð�À36/

/S, d�XÚ (2) � β− £� (1.0, 0.029). ã 5 '

�
 k = 0,1 ��>�VÇ�Ý, XÚ$Ä5ÆÄ

���. �é k = 0 �/,k = 1 ��VÇ�Ý pG

¸�¥%m£ pW ¸�¥%�£. ã 3 �ã 6

�O�«�� [0.0, 1.8] × [−0.02, 0.15] ¿¿©¤

28 × 28 �f«�, O���� T = 10, �mm�

� ∆t = 0.5, Ð © © Ù À � N(0.9, 0.065, 0.12,

0.0052, 0).

ã 7 éÜVÇ�Ý���ã (a) T = 3∆t; (b) T = 6∆t; (c) T = 9∆t; (d) T = 12∆t; (e) T = 15∆t
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3.1.3 k = 0 ½ k = 1 � � & E � 6 Ú
��)

|^ (10) Ú (11) ªO��6 ṠF Ú��) ṠP ,

ã 6 L²üö��mÑ¥y��5�Czª³.

ṠF kO�Åìª, ṠP 3 T = ∆t NC��4�,

L²XÚ (1) �VÇ�Ý¥%lÐ©©Ù×��

  Ø Ä : N C, � N 
 V Ç � Ý � / � ¯ � U

C (�ã 6(c)); T = 5∆t NC´ ṠP �CzÇ�

=ò:, ¿�X��XÚ (1) �VÇ�Ý?\�N

G�.

3.2 ÐÐÐ©©©©©©ÙÙÙ���¥¥¥%%%ÀÀÀ333©©©...���þþþ���:::

éuXÚ (1), �Ð©©Ù�¥%À3©.�

þ�:, 3D(�6Äe, XÚ�A©ÙlÐ©©

ÙÑu, k×�®8� α �¥%�«�, �Å

ì� β− ù�¥%[£, �ª©à�ùü�ìC

½¥%. ã 7 Úã 8 ÏLé]�VÇ�Ý�Ó

P*	�ù�ÚO$Ä5Æ. du α Ú β− �á

ÚårfØÓ, ¦�©Ù�ª¥yÑØþï�V

¸�.

ã 8 >�VÇ�Ý (a) pG (3∆t); (b) pW (3∆t); (c) pG (6∆t); (d) pW (6∆t); (e) pG (9∆t); (f) pW (9∆t); (g) pG (12∆t); (h)

pW (12∆t); (i) pG (15∆t); (j) pW (15∆t)
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ã 9 &E�6Ú��) (a) ṠF Ú (b) ṠP �ª³ã

ã 9 ´ÏLdã 7 Úã 8 ¤«VÇ�Ý�

üzL§�AO� ṠF Ú ṠP ��m�Czª³.

3 k = 0, 1 ü«�/e ṠF Ú ṠP ��m�Czª

³�Ó�4�: �ØÓ. ṠF ¥yõ4���5

Czª³, L²XÚ (1) �²þÑÝ��m���

5Cz. ṠP kO��4��Åì~�, Ù4�

: �Ñy3 T = 11∆t NC, ��éA3ã 7(c),

(d) ¥XÚ (1) �éÜVÇ�Ýl T = 9∆t ü¸ö

�G©
/¤ T = 12∆t �²w�V¸G, Ó�/,

ã 8(e)—(h) ¥ü�>�VÇ�Ý�dü¸ÅìC

�V¸.

ã 7 �ã 9 O�«�� [−0.05 ,1.2] × [−0.1,

1.15] ¿¿©¤ 28 × 28 �f«�,T = 16,∆t = 0.8,

Ð © © Ù � N
(
β+G, β+W , 0.052, 0.052, 0

)
. ë ê

À�� (3) ª� k = 0, D = 0.028 �, β+ �I

� (0.27, 0.51). duü�ìC½¥%þ�C>.,

VÇ�Ý�8¥uü�¥%é���S, æ^Ý/

O�«�Ñ�õ�O�°Ý�, �ÏLN�O�«

�5Uõ.

4 ( Ø

�©¢yü«+)�XÚ� (õ���5) �

Å�.¥VÇ�Ý9&E�6!��)�üz5

Æ¿©Û
��éA��ÅXÚÄåÆ1�, ê�

(JL²²þÑÝ���5Czª³L²�ÅX

Ú��m��m�²þ¿Âþ���5Â Cz.

&E��)�4�: ��VÇ�Ý�¯�[

£Ú©
�éA. ù�A^VÇ�Ý5¢��Å�

�Jø�Ï. ��, VÇ�Ý9&E�üz�§´

ïÄE,�õ«+)�XÚ�Å�.��åóä.

�éXÚ (1) ��EØ5K«��´»È©{5U

õO�°Ý.
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Information entropies and dynamics in the stochastic
ecosystem of two competing species∗
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Abstract

Using the models of stochastic population dynamics, the competitions and interactions of interspecies and between species and the

stochastic environment are studied. In this paper, the stochastic ecosystems (in Itô or Statonovich model) of two competing species are

investigated through evaluating probability densities and information entropy fluxes and productions of two species. The formulas of

entropy flux (i.e. expectation of divergence) and entropy production are educed for numerical calculations, through the corresponding

Fokker-Planck equation with its condition and the definition of Shannon entropy. The nonlinear characteristics of entropy fluxes are

captured and the relationships are found between the extremal points of entropy productions and the rapid transitions or bifurcations.

The numerical results obtained with path integration method show that the probability densities and Shannon entropies of these two

stochastic models (in Itô or Statonovich meaning) have the same evolutional tendency but with different points of extrema.

Keywords: probability density, information entropy, ecosystem, Gaussian white noise
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