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3��5Ø�O�nØµeeïÄ
·bXÚ²þÐ©Ø�O��ÚA5±9Ø��Ú�ÓXÚ�ý�Ï�

�'X. Äk&¢
 Lorenz96 XÚ¥²þ�éÐ©Ø�O��Ú5Æ, uy²þ�éÐ©Ø�O��Ú�ÓÐ©Ø

��g,éê�3{ü��5'X: Ù�ög,éê�Ú��~þ, �T~þÓÐ©Ø�Ã'. ¢�L²T(Øé

Ù¦·bXÚ�·^. Ïdé�½·bXÚ, 3O�ÑÚ~ê��±	í��?¿�½Ð©Ø��²þ�éØ�O

��Ú�. �?�ÚïÄØ��Ú�Ó�ý�Ï��'X, �Ñ
²þýéØ�O��½Â. nØ©ÛL²·bX

Ú²þýéØ�O��¬���Ú. Ù�Ú��~þ, �Ð©Ø�Ã', ·bXÚ��ëê(½, �Ú�Ò�½. �

âþãïÄ, ���Ñ��½þO��ý�Ï���. Tp =
1

Λ
ln

(
Es

δ0

)
+ c, Es �ýéØ�O��Ú�. ¢�ïÄ

L²éuE,�p�·bXÚ, Tý�Ï��.ÑU�Ð/·^.

'�c: �éÐ©Ø�O�, ��5Ø�O�nØ, ·bXÚ, �ý�Ï�
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1 Ú ó

/¥�í½°�ý��Ø�Ì�5
uÐ©
�Ø�Ú�.Ø�ü��¡. Lorenz 3 1996 c [1]

£ã
·bXÚÐ©�Ø�O�L§: 3m©á�
mSÐ©Ø�¥�ê?O�, O��êÄ��u�
Û�� Lyapunov �ê; XÚüz�½�m�Ø�
O���, O�Ç~���ªu", �ªØ���
�Ú. ·bXÚ�ý�5�Ð©Ø�'X�ïÄ�
Ð´ïá3�5Ø�ÄåÆÄ:þ, @��ý��
mºÝ Tp =

1
Λ

ln
(

δ

δ0

)
[2], Ù¥ δ �ý�Ø�þ�,

δ0 �Ð©Ø�, Λ ��� Lyapunov �ê. T�."
�´�k�3 δ Ú δ0 Ñ���âk¿Â� δ �(
½�LÌ*. 3�C�ïÄ¥, oï²�JÑ
�
�5Ø�O�nØ [3−6], @�²þ�éÐ©Ø�O
� (mean relative growth of initial error, mean RGIE)

���½��, Ø�O�?\��²w���5�

ã�ª���Ú, �Ú�ÓÐ©Ø��'. Äu�
�5Ø�O�nØ, ¶ar� [7] JÑ
���½þ
�O·bXÚ�ý�Ï���. Tp = C − 1

Λ

lg δ0

lg e
,

T�.rØ�O�©��5O��ãÚ��5O
��ã, �5O��ãØ�O��±|^��5
uÐ�§ [8,9] 5£ã, 3��5O��ãØ�O�
��, é�½�·bXÚ��5O��ã����
½. T�.U
�Ð�£ã{üXÚ��ý�Ï�
ÓÐ©Ø��'X, �´�.�Ôn¿ÂØ´�
²(.

��5Ø�O�nØ�ïÄy�ãÌ�8¥
3Ð©Ø�Ó�ý�Ï��'X�¡, 
éØ�O
��Ú��vk�õ�ïÄ. �
�Ð&¢·bX
ÚØ�O��Ú��¿Â, ±9Ø�O��Ú�Ó
�ý�Ï��'X. �©Äké Lorenz96 XÚ�

ïÄ, uy²þ�éØ�O��Ú�ÓÐ©Ø�
���3{ü��5'X: �ö�g,éêÚ�~
ê. ¢�L²ù�(ØéÙ¦·bXÚ�·^. �
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?�ÚïÄØ�O��Ú�Ó·bXÚ�ý�Ï
��'X, �â²þ�éØ�O��½Â, ©Ù�
Ñ
²þýéØ�O��½Â. ©ÛL², ·bX
Ú²þýéØ�O��Ú��~ê, =Ó·bX
Ú���ëê�', ÓÐ©Ø�Ã'. �âþãï
Ä, �©��Ñ���½þO��ý�Ï���
. Tp =

1
Λ

ln
(

Es
δ0

)
+ c, Es �ýéØ�O��Ú�,

δ0 �Ð©Ø�, Λ ��� Lyapunov �ê, c �?�
ëê. T�.�Ä
Ø�O���5�ãÚ��5
�ã, Ú©z [6] JÑ��ýÿÏ��.�', �ý
ÿ�.Ì�ý­uØ�O��Ú�Ú�ýÿÏ�
'X�¡. l�¡©Û�±wÑü�.¢�´�d
�, �´�©�Ñ��./ªÔn¿Â�\²(,


�¢�©ÛL²éu�
E,�p�·bXÚ,

T�.ÑU�Ð�·A.

2 ��5Ø�O�nØ

��5Ø�O�nØ�Ñ
�5Ø�O�n
Ø3�ý�5ïÄ�Û�5, §Øé��5XÚ�
Ø��?Û�5z�Cq, ��æ^�©Ø�uÐ
�§5ïÄÐ©Ø��uÐ [7]. ïÄ�a N ��
�5ÄåXÚ

dx

dt
= F [x(t)], (1)

ª¥ x(t) = (x1(t), x2(t), · · · , xn(t))T, F [x(t)] =

(F1(x(t)), F2(x(t)), · · · , Fn(x(t)))T, þI T L«=
�. b� δx(t0) � t = t0 ���Ø�, ½Â��5
ÛÜ Lyapunov �êXe:

λ(x(t0), δx(t0), τ) =
1
τ

ln
(
‖δx(t0 + τ)‖
‖δx(t0)‖

)
. (2)

�
Ö��B, e¡òØ��þ δx(t) ���
L«� δ(t). �
l�Nþé��5XÚ�ÄåÆ
A�?1ïÄ, Ú\XÚ²þ��5ÛÜ Lyapunov

�ê [10]

λ̄(δx(t0), τ) = 〈λ(x(t0), δx(t0), τ)〉K , (3)

ª¥ 〈·〉K L« K(K → ∞) ����8Ü²þ.

Ïd²þ�éÐ©Ø�O��±L«�

Ē(δx(t0), τ) = exp(λ̄(δx(t0), τ)τ). (4)

d (1) ª� (4) ª��

Ē(δx(t0), τ) = exp

(
1
N

N∑
i=1

ln
(

δi(t0 + τ)
δi(t0)

))
.

(5)

éuê��Ó�Ð©Ø� δ(t0), k

Ē(δx(t0), τ) =

(
N∏

i=1

δi(t0 + τ)

)1/N

/δ(t0). (6)

²þ�éÐ©Ø�O��VÇ¿ÂÂñ��
�~ê [3], =

Ē(δx(t0), τ) P−→ c, (K → ∞). (7)

ù�~ê c �w� Ē(δx(t0), τ) �nØ�Ú
�, P−→ L«�ìVÇ¿ÂÂñ. �XXÚüz�
m τ �O\, ²þ�éÐ©Ø�¬�����Ú�,

^ Ē∗(δx(t0)) 5L«.

3 ·bXÚ²þ�éØ�O��Ú�

·�ÄkïÄ Lorenz96[11] �.�²þ�éØ
�O��Ú��Ð©Ø���Cz'X. Lorenz96

�.´ïÄ�í�ý�5�¡2�A^����
., Ù�§�

d
dt

yi = −yi − yi−1(yi−2 − yi+1) + F. (8)

yi ¥�/©Ù, yi+N = yi, �^5�L÷��
þ!æ�:�í��, Xº�!í§�. �.¥�
�g, �5Ú~ê�©OL«é6, ÑÑ±9	Ü
°Äå [12].

ã 1(a) w « Lorenz96 X Ú 3 Ø Ó Ð ©
Ø � δ(t0) e ² þ � é Ø � O � g , é
ê ln Ē(δx(t0), n) � n �Cz�¹, ²þ�éÐ©
Ø�O��g,éêl 0 m©, � n O\���Ú,

�Ú�ÓÐ©Ø�k'. ã 1(b) w« ln Ē∗(δx(t0))

ÓÐ©Ø��g,éê ln δ(t0) �Cz�¹. X
ã¤«, ln Ē∗(δx(t0)) Ú ln δ(t0) ¥�5�', Ù
�5[Üª��Ç���u –1. u´é Lorenz96

XÚ ln Ē∗(δx(t0)) Ú ln δ(t0) �'X�±ïáX
e'X:

ln Ē∗(δx(t0)) + ln δ(t0) = C, (9)

Ù¥ C �ÓÐ©Ø�Ã'�~ê�. ��y (9) ª
3Ù¦·bXÚ¥�¤á, ·�é Lorenz63[13] X
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ã 1 ²þ�éÐ©Ø�O��Ú��Ð©Ø�Cz (a)

Lorenz96 XÚ3ØÓÐ©Ø�^�e�²þ�éØ�O�
�g,éê ln Ē(δx(t0), n) � n �Cz (­�lþ�eéA
� δ(t0) �� 10−13, 10−12, 10−11, 10−10, 10−9, 10−8, 10−7,

10−6, 10−5, 10−4, 10−3. Lorenz XÚ�ëê F = 10, XÚ�ê
�u 5. È©�ªæ^ Rung-Kutta4, È©Ú�� 0.01); (b) ²þ
�éØ�O��Ú�g,éê ln Ē∗(δx(t0)) �Ð©Ø�g,
éê ln δ(t0) �Cz

ã 2 Lorenz63 X Ú Ú Logistic N � � ln Ē∗(δx(t0))

Ó ln δ(t0) �'X (Lorenz63 XÚn�ëê��©O� σ =

10, r = 28, b = 8/3, Logistic N�ëê a = 0.4)

Ú±9 Logistic N���
Ó��²þ�éØ�
�Ú�CzïÄ. (JXã 2 ¤«, ln Ē∗(δx(t0))

Ú ln δ(t0) �¥�5, �Ù�5[Üª��Ç��
�u –1, (9) ª¤á. ¯¢þ�©éÙ¦·bX
Ú (XL 1 ¤«) �¢�L², (9) ªÑ¤á.

�ì (9) ª, 3®�~ê C ��¹e, �¦Ñ?
¿�½Ð©Ø�e�²þ�éØ��Ú�. ~ê C

�±3®�Ð©Ø���¹eÏL¢�¼�.

d?é¢�L§9'�êâ?1£ã. �¼
�ã 1(a), Äk�?¿:��Ð©�, éu Logistic

N�I�yÐ�3·b«m (0,1) S. ,�UìÈ
© (éulÑXÚ´S�) �ª$1 2×104 Ú, ��
�:��ý�å©:±�yå©:3áÚfþ. l
å©:m©�1, ¼� E(δx(t0), n) ��gS�. �

��²þ�éØ�O�, �Ó�L§��1 200

g, z�gO��ª:��e�gO��å:. r
oêâU (6) ªO���²þ�éØ�O�.

4 ·bXÚ²þýéØ�O��Ú�

�ì²þ�éØ��½Â (6), ½Â²þýé
Ø�O��

Ēabs(δx(t0), τ) =

(
N∏

i=1

δi(t0 + τ)

)1/N

. (10)

d (6), (10) ª��²þýéØ�O�Ú²þ�
éØ�O��'XXe:

Ēabs(δx(t0), τ) = Ē(δx(t0), τ) × δ(t0). (11)

ü>Ó��éêk

ln Ēabs(δx(t0), τ) = ln Ē(δx(t0), τ) + ln δ(t0).

(12)

d (12) ª ´ �, ² þ ý é Ø � O
� Ēabs(δ(t0), τ) Ó²þ�éØ�O� Ē(δx(t0), τ)

k�Ó�5�, =¬�XXÚüz�mO\¬�
��Ú�. ^ Ē∗

abs(δ(t0)) 5L«²þýéØ��Ú
�, u´k

ln Ē∗
abs(δx(t0)) = ln Ē∗(δx(t0)) + ln δ(t0). (13)

d (9), (13) ª�

ln Ē∗
abs(δ(t0)) = C. (14)

=·bXÚ�²þýéØ��Ú��~ê, ÓÐ
©Ø�À�Ã'. u´²þýéØ��Ú��L«
� Ē∗

abs.
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ã 3 �y
 Ē∗
abs �ð½��íä. Xã¤

«, ØÓ�Ð©Ø�²þýéØ�O��ª¬ª
�Ó��Ú�. 3 Lorenz96 XÚ¥, � F = 10, �
ê�u 5 � Ē∗

abs = 2.529; F = 10 �ê�u 100

� Ē∗
abs = 4.120.

²þýéØ��Ú� Ē∗
abs ÓÐ©Ø�Ã',

=ÓáÚf��k'. �â·bXÚ�ÿÀD4
5 [19], ²þýéØ�O��Ú��±w�·bX
ÚáÚf¥?ü:�m�²þål. �±^ Ē∗

abs

���x·bXÚáÚf�����A�þ. L 1

�Ñ
�
·bXÚ�²þýéØ�O��Ú�
�g,éê, �±ÏLù
�5
)·bXÚáÚ
f���¹.

du·bXÚ�ýé�ÚØ��~ê, 
��
Ø����Ú��, Ø���Ø2O\, �±@�
Ô�
¤k�ýÿ5. �ì��5Ø�uÐnØ,

�±éý�Ï�ïáXeO��.:

Tp =
1
Λ

ln
(

E∗
abs

δ0

)
+ c, (15)

Ù¥ Λ L«XÚ�� Lyapunov �ê, δ0 �Ð©Ø

�, c L«��5?��. �.¥
1
Λ

ln
(

E∗
abs

δ0

)
L«

�5O��ã, Ø�±�� Lyapunov �êO�. �
´Ø�O����½�� δc �¬?\��5O�
�ã, T�ãØ�O�ØU^þã�£ãÏ
I�
éT���½�?�. du·bXÚØ����5
O��ã�m Tn ´��~ê [8], ¤±�±é�.
\\��~þ c 5����5O��?�. c �±
�â,�½Ð©Ø���ý�Ï�
O��Ñ. d
u E∗

abs �~ê, 3®� c ��¹e, �ì (15) ª�
±¦�?¿��Ð©Ø���ý�Ï�.

± Lorenz96 XÚ�~, �yT�ý�Ï��.
��(5. XL 1 ¤«, F = 10 � 20 � Lorenz96

XÚ�ýéØ��Ú�g,éê� ln(E∗
abs) =

3.3023, �� Lyapunvo �ê� Λ = 2.1602, ?�ë
êO�� c = 1.71. ã 4 w«
|^ (15) ª	í�
�Ù¦Ð©Ø����ý�Ï�Ú|^��5Ø
�O�nØO�����ý�Ø�Ï�'�, uy
�ö�~ÎÜ. ù`²|^ýéØ�O��Ú�ï
á��ý�Ï�O��.´�(�. ¯¢þ, T�
.�z�

Tp =
1
Λ

ln(E∗
abs) −

1
Λ

ln(δ0) + c. (16)

- C =
1
Λ

ln(E∗
abs) + c, ��

Tp = C − 1
Λ

ln(δ0), (17)

(17) ª�´©z [7] ¥¤J�½þO��.. (15)

ªÚ (17) ª´�d�, �´�ö£ã�ý­:ØÓ.

ã 3 Lorenz96 XÚ�²þýéØ�O� Ēabs(δ(t0), n) � n

�Cz (È©�ªæ^ Rung-Kutta4, È©Ú�� 0.01. ã¥, l
þ�eéA� δ(t0) �� 10−13, 10−12, 10−11, 10−10, 10−9,

10−8, 10−7, 10−6, 10−5, 10−4, 10−3) (a) F = 10, �ê�u 5,

Ē∗
abs = 2.529; (b) F = 10, �ê�u 100, Ē∗

abs = 4.120

ã 4 |^ (15) ªO��� Lorenz96 XÚ�ý�Ï�Ú|^
��5Ø�O�nØO����¢S�ý�Ï��Ø�Czã
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L 1 �
·bXÚ�²þýéØ�O��Ú��g,éê�

XÚ ëê ln Ē∗
abs

Henon[14]:

Xn+1 = 1 − aX2
n + Yn

 a = 1.4

b = 0.3
–0.398

Yn+1 = bXn

Rossler-Chaos[15]:

Ẋ = −(Y + Z)


a = 0.15

b = 0.20

c = 10.0

1.732
Ẏ = X + aY

Ż = b + Z(X − c)

1w Chua[16]:

Ẋ = p(y − x − ax − bx3)



a = −1.203

b = 0.0081

c = 10

d = 14.87

1.757
Ẏ = x − y + z

Ż = −qy

Lorenz96 XÚ (8) ª F = 10, �ê = 20 3.3023

Lorenz96, XÚ II[17]:

dXk/dt = −Xk−1(Xk−2 − Xk+1) − Xk + F −

(
J∑

j=1
Yj,k

)  (h, c, b, F ) = (1, 10, 10, 10)

(K, J) = (8, 4)
2.736

dYj,k/dt = −cb
(
Yj+1,k − Yj−1,k

)
− cYj,k + (hc/b)Xk

Lorenz96 U?�. [18]:
 (a0, a1) = (9.95,−− 0.122)

�ê = 8
2.445

dxi/dt = xi−1(xi+1 − xi−2) − xi + a0 + a1xi

5 ( Ø

�©3��5Ð©Ø�O�nØµee, ïÄ

·bXÚ²þÐ©Ø�O��Ú�ÓÐ©Ø�
�'X, ±9�Ú�Ó�ý�Ï��'X. ïÄu
y, ²þ�éÐ©Ø�O��Ú�ÓÐ©Ø��ö
�g,éêÚ�~ê, �T~êÓÐ©Ø�Ã'.

�ìù�(Ø, 3¦Ñ·bXÚ�Ú~ê�, �¦
�?¿Ð©Ø�e�²þ�éØ��Ú�. ?
,

�©�ì�éØ��½Â, Ú\
ýéØ��Vg,

¿�í�Ñ·bXÚ�²þýéØ�O��Ú�
�ð½�, ÓÐ©Ø���Ã', =Ó·bXÚá
Úfk'�(Ø. ��yù�(Ø, ©ÙÿÁ
�

äk�L5�·bXÚ, l$���p��!l
Ñ��ëY�, ¢�(JÑéÐ/÷vù�(Ø.

ùéu·bXÚ�ý��mï�äk���¿Â.

|^ýéØ�O��Ú��~êù�A5, �©ï
á���½þO�·bXÚ�ý�Ï���.. ¢
�y²T�.éuE,�p�·bXÚ�ý�Ï
�ÑUéÐ�£ã. �©3���y²
��.Ó
©z [7] ¤ï�.��þª�d�, �´�©��
.ý­u£ãýéØ�O��Ú�Ó�ý�Ï�
�'X, Ù�Ñ/ª�Ôn¿Â�\²(.

A��Ñ�´, ¦+¢�¥®²3õ�·bX
Úe�y
²þýéØ�O��Ú��~ê, �´
ÿ�±î��êÆÜ65��y². ,	©¥O�
�Ñ´êÆ·bXÚ�., éu�
¢S�E,·
bXÚ'XUíXÚ
ó�©�(Ø´Ä÷vÿ
I�?�ÚïÄ.
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Saturation property of mean growth of initial error
for chaos systems

Yang Jin-Hui† Song Jun-Qiang

( School of computer, National University of Defense Technology, Changsha 410073, China )
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Abstract

The saturation property of mean growth of initial error and the relation between saturation value and predictability limit of chaos

system are studied in a frame of the nonlinear error growth dynamics. Firstly, the saturation property of mean relative growth of initial

error (RGIE) of Lorenz96 system is investigated. It is found that there exists a simple linear relationship between the logarithm of

saturation value of mean RGIE and initial error. The sum of logarithms of the two is constant that is independent of the magnitude of

the initial error. It is proven by experiment that this conclusion is suitable for other chaotic systems too. With this conclusion, once

the constant sum has been determined, the saturation values of mean RGIE at any magnitude of initial error can be calculated easily.

Furthermore, to make the study of the relation between error growth saturation and the predictability limits more convenient, just as

the definition of the mean RGIE, a definition of the mean absolute growth of initial error (AGIE) is introduced and theoretical analysis

reveals that the AGIE has a similar saturation property as RGIE. The saturation value of mean AGIE is constant, which means for a

given chaos system, once the control parameters of the system has been determined, the saturation of AGIE is determined. Finally a

model for calculating predictability limit quantitatively is given as follows: Tp =
1

Λ
ln

(
Es

δ0

)
+ c, where Es is the saturation value of

mean AGIE. It is shown that this model can work with complicated and high dimension chaos system very well.

Keywords: relative growth of initial error, nonlinear error growth dynamics, chaos, predictability limit
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