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1 Ú ó

r|pg�Å (high-order harmonic generation,
HHG) duÙA�Ì¥yÕA�²�(�, =3�
�p�g��ÅEk�½�u�õÇ, Ïd�±
|^§¼��Z�4àb	Åã±9 X ��Å
ã�1
 [1,2], �´8c<�¢yC¦óÀ�ÄÀ
1
 [3,4]. �â “nÚ” �. [5], HHG ²����
 ��� Ip + 3.17Up. ùp Ip ´NX�>lU;
Up = E2/4ω2 ´>f3-1|¥�k�Äå³, §
�'u\�-1�>|rÝ E �²�, Ú-1�ª
Ç ω �²�¤�'. ��@�: � U3 Ú>f�·
��þU�±�'[��ÿ, ½ölf�k�Ø>
Öê�L 20 �, 7L3nØï�¥�Ä�éØ�
A [6]. Ï~��éØ�A�): ^|�A!õ4�
A!�þ?��A!g^�A��.

l � K þ ù, ¤ k � é Ø � A Ñ U 3 ¹
� Dirac �§ (time dependent Dirac equation, TDDE)
�nØµee\±£ã. Ø
@Ï�
ïÄ´Ï¦

,
A½�¹e�)Û)±	, 8cnØó�Ì�
�ãå����´XÛê�/°(¦) TDDE Ä
åÆL§. ¦+<�3ù�+�®²��
�
­
��?Ð, �´��8F, ��ê�¦)	|¥�
n� TDDE �,´���~äk]Ô5�?Ö.

�u��ê�¦)n� TDDE �(J, <�J
ÑéõCq�Y5?n� (l) f3�r-1¥�
ÄåÆL§: 1) �éØr|Cq�. [7], ��=�
ÄÄ���z, éuëY�>f=�Ä-1|��
^, �Ñ�f³�K�. 2) ²;½�²;�. [8], ^
²;âfXn�[þfÅ�, T�Y�^5ïÄ>
lÄåÆ, Ã{O(£ãþf��ÑÚ�Z�A. 3)
 ~�ÝO��Y [9,10], U��½5$�´�½þ
�(J. 4) ¦)�éØ?��¹�Å½��§ [11],
�T�{==·^uf�éØ��Æ. Hu �<|
^T�{ïÄ
��B�pg�Åu�Ån±9
^�p�^!^;ÍÜ��éØ?��épg�
Åu��L§�K� [11].

â·�¤�, �vkó�;�?Ø�éØ�
þ?��Aé HHG �K�. �©òÏL¦)��

* I[g,�ÆÄ7 (1OÒ: 10904006, 11034003, 11105015, 11075023), úô�g,�ÆÄ7 (1OÒ: Y6110578) Ú¥Ió§ÔnïÄ�
�ÆEâuÐÄ7 (1OÒ: 2011B0102026, 2011A0102007) �]Ï�K.

† E-mail: siliang.zeng@gmail.com

c© 2012 ¥¥¥IIIÔÔÔnnnÆÆÆ¬¬¬ Chinese Physical Society http://wulixb.iphy.ac.cn

173202-1



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 17 (2012) 173202

� TDDE 5ïÄù�¯K. ���Ñ�´: �r-
1�^|�^¬��>f÷-1DÂ��u)â
Ô[¤£, T�A¬wÍü$ HHG �u��Ç. ù
´���.Ã{£ã�. ¢�þ�±ÏL^�é
rÝ!ªÇÚ ���þ�Ó�é�DÂ��r
óÀ�Ó/¤7Å|5-�^|��A [11]. ù�
���.E,´Ün�Cq. �©�Ì�8�´
½þ�²�éØ�þ?��Aé�pg�Åu�
�K�, £�²;� “nÚ�.” UÄO(/ýó
�éØ�pg�Å��� �. ¢Sþ, nØþn
)pg�Åu�L§A��): �*Ú÷*ü�L
§. ùü�L§©OéAu�f3-1|¥��
�5�A±930�¥DÂ�¤k�f��Å�
�ZU\. ùp, ·�=�u?Ø�Åu��ü�
f�A.

XÃAÏ`², �©þæ^�fü  (a.u.).

2 nØ�{

3 � Ý 5 � Ú ó 4 C q e, - 1 | � � f
�p�^�¹� Schrödinger �§ (time dependent
Schrödinger equation, TDSE)

i
∂

∂t
ψSE(x, t) =

[
−1

2
∇2 + V (x)

+x · E(t)]ψSE(x, t), (1)

d?� V (x) �>faÉ��·>�p�^³,
E(t) �-1>|, ψSE(x, t) ´÷v TDSE �>f
Å¼ê. �©æ^é¡©
¯�Fp��Y¦
) TDSE, äN�O�[!, �ë�©z [12].

�A� TDDE �

i
∂

∂t
ψDE(x, t) =

{
cα̂

[
−i

∂

∂x
+ A(x, t)

]
+V (x) + c2β̂

}
ψDE(x, t), (2)

Ù ¥ α̂ Ú β̂ � Dirac Ý 
, c � ý � ¥ � 1
�, A(x, t) �>^|�¥³, ψDE(x, t) ´o©þ
� Dirac Å¼ê. E,æ^é¡©
¯�Fp�
�Y?1ê�¦), äN�O�[!, Ì�ë�©
z [9].

ÀJ^Ø¥Õ³£ã�fØé>f�áÚ,

V (x) = −Q/
√

x2 + A. (3)

�
Ø�?Ø���5, ùp Q = 12, A =
0.014, �A�NXÄ�Uþ� –72. -1óÀ�>

|/ª�

E(t) = E0 cos [ω(t − tm/2) + ϕ]

× exp
[
−4 ln(2)

(t − tm/2)2

σ2

]
. (4)

E0 ´-1>|�¸�rÝ, ω ´-1óÀ�¥%ª
Ç, tm ´-1óÀo�±Y�m, ϕ ´-1óÀ�
� , σ ´-1óÀ�ä��p�°. �©O�¥
ÀJ ω = 1, tm = 6π Ú σ = tm/3. 3O�¥, ÀJ
��m��´ [–800—800], �mÚ�� 0.0122, �
mÚ�� 0.0000157, �
;�Å¼ê3�m��
�, æ^
 cos1/8 �¡ä¼ê [13,14]. ��
NX
��éØÚ��éØ/ª�¹�Å¼ê�, �±©
OO�Ñ������ÝÚ\�Ý/ª�ó4Ý,
~X,

dSE
L (t) =

〈
ψSE(x, t)

∣∣ x
∣∣ψSE(x, t)

〉
,

dSE
A (t) =

〈
ψSE(x, t)

∣∣ − dVa(x)
dx

−E(t)
∣∣ψSE(x, t)

〉
. (5)

éO����¹�ó4Ý�Fp�C�, �±
��pg�Å�u�õÇÌ [17]

PL(ω) =
∣∣∣∣∫ dL(t)e−iωtdt

∣∣∣∣2 ,

PA(ω) =
∣∣∣∣ 1
ω2

∫
dA(t)e−iωtdt

∣∣∣∣2 . (6)

�
ïÄpg�Åu���mA5, �±é�
A�ó4Ý� Morlet �ÅC�. éu,g�Å, Ù
u�rÝ�X�m�Cz�±L«� [15−17]

dω(t) =
∣∣∣∣∫ d(t′)Ft,ω(t′)dt′

∣∣∣∣2 , (7)

Ù¥�ÅC��Ø� Ft,ω(t′) =
√

ωW [ω(t′− t)], Ù
/ª�

W (x) =
1√
τ
eixe−

x2

2τ2 , (8)

ùp τ = 10. �
©Û²;� “nÚ�.” UÄO
(/ýó�éØ�pg�Å��� �. �©�u
Ð
�éØ� “nÚ�.”, T�.�Ä��§´K
���éØ²;|$Ä�§. �â��éØ� “n
Ú�.”, >f>l�3r-1|�^e\�Ý!
�ÝÚ £÷vÚî�§

ẍ(t) = −E(t), (9a)

ẋ(t) =
∫ t

tini

−E(t′)dt′, (9b)
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x(t) =
∫ t

tini

ẋ(t′)dt′

=
∫ t

tini

∫ t′

tini

−E(t”)dt”dt′. (9c)

éu�éØ� “nÚ�.”, I�éþã>f�
Ý?1�éØ?�, =

ẋR(t) = ẋ(t) · c/
√

c2 + ẋ(t)2. (10)

éA�>fÄU�

Ek
R(t) =

c2√
1 − ẋ2

R(t)
c2

− c2. (11)

3 (J�©Û

� 
 u � > f Å ¼ ê � ê � ° Ý � ¦
) TDDE §S�O(5. ã 1 ©O�Ñ
\�
ÝÚ�Ýü«/ªe, ¦) TDDE Ú TDSE �pg
�Åu�õÇÌ. du3\�Ý/ªe, CØ«�
Å¼êéO��ê�Ø��é¯a; 
3�Ý/ª
e, K´�Ø«�Å¼êéØ���¯a. Ïd, <
�²~ÏLu�ØÓ5�/ªe�Åu�õÇÌ
�ÎÜ§Ý, 5µ�Å¼ê�ê�°Ý. lã 1 ¥
�±w�, ü«5�e��ÅõÇÌ��ÎÜ, ù
L²¤¦��¹�Å¼ê3CØ«Ú�Ø«þk
ép�°Ý. ã 1 ¥, qlf�k�Ø>Öê� 12,
-1|>|�¸�rÝ� 10, �±ýÏ�éØ�A
¿Ø­�. lã¥½�*	� TDDE Ú TDSE �[
����ÅÌ��O��. �ó�, ·� TDDE �
�[(J, 3$U4�e, � TDSE �(J���.
ù´Ün�, �´§SO(5����y.

ã 1 TDDE � TDSE O���Ý/ªÚ\�Ý/ª�pg
�Åu�Ì (-1>|¸�rÝ� E0 = 10 a.u., -1ªÇ
� 1 a.u.)

ã 2 TDDE � TDSE O��pg�ÅõÇÌ (¸�>|rÝ
©O� 70, 80, 100 a.u., -1ªÇ� 1 a.u.)

�
ïÄ�éØ�þ?��Aé�ÅÌ�K
�, ã 2 ¥�Ñ
-1>|�¸�rÝ©O� 70,
80 Ú 100 �pg�Å�u�õÇÌ, Ù¥¢�
� TDSE �[�(J, J�� TDDE �[�(J.
lã¥�±*	�: 3$|r�, TDDE Ú TDSE
�Ñ��Åu��ÇÄ���. �X|r�Or,
TDDE �Ñ��Åu��Ço´$u TDSE �Ñ
�(J. ��5`, �Å�u��ÇÌ��ûuü
�Ï� [16,17]: 1) ==��f�(��'�ó4�
p�^. ù�Ï�ÚäN�-1ëêÃ'. 2) ��
þf���m�ÙØ. ù�Ï�ÚäN�ÄåÆ
EE�'. �Ä�3$|r�, TDDE Ú TDSE �
u�Ì��ÇÄ���, Ïd�±íØ: �|r'
����ÿ, ÃØ´ TDDE ��[�´ TDSE ��
[, =��f�(��'�ó4�p�^�N�
�. ��þf���m�ÙØ��/�´Xd. �
X|r�Or, �-1ëêÃ'�ó4�p�^¿
���u)UC. ,��¡, TDSE �[�>l�
�' TDDE �[�>l�����
 [18]. lX²
;�ã�5w, 3�Ó�-1|^�e, ��éØ
>f�±\���¯, ����, �N´�ø�f
Ø�åP. ã 3 ©O�Ñ
>l>fÅ�3r-1
|�^e��IÚÄþ�²þ�. 3-1óÀ�þ
,÷, >lé�, �éØÚ��éO��(J�C,
�X-1óÀ�rÝO\, �éØ�þ?��AC
��5�­�, lã 3 ¥�±�ß/w�: TDDE
Ú TDSE ü«�{O����>l>fÅ�Äþ
Ú £²þ���É. �ó�, þfåÆ��[<
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y
X²;�ã�. Ïd, nÜ�Äü�¡�Ï�
�±½5)ºã 2 ¥ù�Úç�u��Ç�ØÓ.

ã 3 >l>fÅ�Äþ²þ� 〈P 〉 Ú�I²þ� 〈x〉 ��m
�Cz (-1>|¸�rÝ� E0 = 10 a.u., -1ªÇ� 1 a.u.)

lã 2 ¥��±*	�: �X\�1r�O\,
TDSE Ú TDDE �[O�����Åu���U
þ��Åì\�, U*	�wÍ��éØ�A. �
>||r� 100 �, ��éØÚ�éØ�Ñ���
 �©O��
 5129 Ú 4743 g. >f3�r-1
|°Äep�$Ä, du�éØ5��þ?��A
¤��pU>f\�Ø|, Ïd TDDE �Ñ��Å
�� �o´�u TDSE �[���(J. ã 4 ¥
�Ñ
�²;���éØÚ�éØ “nÚ�.” O
�����ÅË��EÜ��Cz�­�, Xã¥
��%�Ú�%n�­�¤«. �ã 2 é'(JL
²: þfåÆ�[��Å�� ���²;�nØ
ýÿ(J�Î. lã 4 ¥, �éØÚ��éØü|
²;�['��(J5w: éu$g�Å, ü«�
[����Åu��m�O��, �X�ÅgêÅ
ÚJp, �þ?��AììOr, �Åu��m�
�O��5��. 3�� �NC, ����m�
�C 12 as.

ã 5 �Ñ
|^�ÅC��{é�ÅÌ (ã 2
¥� E0 = 100 Ì�) ?1
�ª©Û. lã 5 Ó�
�±�Ù/*	�: �éØ�[(J��� ��
�u��éØ��[(J; ��Ågê�u 1500
g��, éuÓ��g�Åu���Ç
ó, ��
éØ��[(J�Ç p; 3�Åu���mþ,
üö����O��� 0.4 ��fü . ÃØ´²
;� “nÚ�.”, �´þfåÆ��ª©ÛþL
²: 3�pg�Å¥, �±*	�²w��éØ�
A. Ïd, 3�r-1óÀ^�e, |^�pg�Å
éC¦óÀ?1`z���, k7��Ä�éØ�

þ?��Aé�pg�Å�K�.

ã 4 \�-1>|¸�Ì E0 = 100 a.u. �, �²;O���
éØ (n�) Ú��éØ (��) ��ÅË�Uþ��m�Cz
'X

2.512T10-25

6.310T10-25

1.585T10-24

3.981T10-24

1.000T10-23

2.512T10-23

6.310T10-23

1.585T10-22

3.981T10-22

1.000T10-21
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(a)

(b)

/
a
.u
.

/
a
.u
.

ã 5 E0 = 100 a.u. ^�e, �éØÚ��éØ�pg�Åu
���mªÇ1�

� 
 ½ þ £ ã � é Ø � þ ? � � A é �
p g � Å � � ª Ç � K �, · � Ú \ � � '
� (Enon − Ere)/Ere. ùp, Enon, Ere L«©O
3��éØÚ�éØ�/e�Ñ��Å��ªÇ.
ã 6 �Ñ
T'��k�Äå³ Up �Cz'X.
ã 6 ¥�¢�Ún�/©OéA²; “nÚ” �.
�(JÚþfO��(J. �öÎÜ�éÐ, �é
Ø� “nÚ�.” �±ýó�éØ�pg�Å��
�ªÇ. �X|r�Or, �±ýÏþfåÆ�A
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¬��~f. âf�$Ä�ª�u²;1�. Ïd
·��±|^�²;O��O�éØ�þ?�é
�Å��ªÇ�K�. � Up �u 0.1 �>f�·�
�þU�, �éØ�þ?��Aéf; �X Up Åì
O�, �þ?��A��5�r; � Up �C 0.5c2

�, �éØ�þ?��A�K��� 30%.

ã 6 (Enon − Ere)/Ere �k�Äå³�Cz'X (Ù¥¢�
�²;O�, n�/�þfO��(J)

4 ( Ø

nþ¤ã, �©©OÏLê�¦)�� TDSE
Ú TDDE, ¿(Ü�ª©ÛEâÚ�éØ� “nÚ”
�., ïÄ
�.�f3�éØ�r-1óÀ�^
e��pg�Åu�L§, ½þ�²
�éØ�þ
?��Aé�pg�Åu��K�. �
u�ê�
Å¼ê3�� .�m�ê�°Ý, ·�'�
�
ÝÚ\�Ýü«/ª�pg�Åu�õÇÌ. ïÄ
(JL²: 3f|r^�e, �éØ��[(JÚ
��éØ�(JÎÜ. �X|r�Or, �éØ�
AÅì²w. ÏL¦) TDSE ���(J¬p��
Å�u��ÇÚ�Å�²�«�� �. �Å²�
«��� �, ÎÜ�éØ “nÚ” �.�ýÿ. �
X|r�?�ÚOr, � Up �C 0.5 ��>f·
��þU�, �éØ�þ?��A�K��C 30%.
�'�ïÄ(Jé�pg�Å�`z��ÚC¦
óÀ���k�½�/�¿Â.
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Mass shift effect on relativistic high-order
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Abstract

By solving the time-dependent Dirac and Schrödinger equations, we investigate the super high-order harmonic generation (HHG)

from a one-dimensional model atom in a relativistic intense laser pulse. Our numerical simulations show that the relativistic results can

be degraded to non-relativistic ones in the weak laser field, and the clear effect of the relativistic mass-shift can be gradually observed

as the increase of the laser field intensity. Furthermore, the cutoff frequency and the emission efficiency of the HHG spectrum are

analyzed by the wavelet time-frequency analysis and the relativistic “three-step” model.

Keywords: high harmonic generation, relativistic mass-shift, time-dependent Dirac equation
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