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1 Ú ó

µ^1åäkÚ^.� (�, z�1f��
k;��Äþ. ÙÕA�5�áÚ
�õêïÄ
ö [1−4], ÙïÄ��×�¡�
y�1Æ���©
|, �2�A^u1p!gd�m1Ï&���+
� [5,6]. Ü©�Z1´�õcIS	Æö'5�ï
Ä�K, Ü©�Z1Ø=�±X���Z-11å
�p��5Úp�Ý�`:, ��U~�Ñ��
Ø|Ï��K� [7]. µ^1åÚÜ©�Züö(Ü
Ò´Ü©�Zµ^1å, nÜ
�ö�A:. 8c,

éuÜ©�Zµ^1åDÑ�ïÄ, �õæ^õ
È©?1ê�O���{ [8], éuÜ©�Zµ^1
å3DÑ¥1�/G�©Û, �vk��{'�)
Û�.Úî��nØïÄ, �©}Áí�Ü©�Z
µ^1å3DÑ¥��Ì�ÝÝ
��)ÛL�
ª, 3dÄ:þéÜ©�Zµ^1åDÑ¥�1�
/G?1©Û.

2 nØ©Û

éu3ÚOþ÷v²5�>^1åó, Ù
��Ì�ÝÝ
�±L�� [9]

W (ρ1,ρ2, ω) =

 〈E∗
x(ρ1, ω)Ex(ρ2, ω)〉 〈E∗

x(ρ1, ω)Ey(ρ2, ω)〉〈
E∗

y(ρ1, ω)Ex(ρ2, ω)
〉 〈

E∗
y(ρ1, ω)Ey(ρ2, ω)

〉


=

 Wxx(ρ1,ρ2, ω) Wxy(ρ1,ρ2, ω)

Wyx(ρ1,ρ2, ω) Wyy(ρ1,ρ2, ω)

 , (1)
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ρ �8I²¡þ:� ��I, ω �1ªÇ, eI x,
y éA�I¶ (eÓ), Ï~�¹e�ïÄé�´î
�¡þ�ü:, ��Ì�Ý3î�¡þäk�½©
ÙA5, T©ÙA5�XDÑålUC, =��
Ì�ÝÝ
äkDÂ5. éu��pd���.1
åó, ²¡þ��Ì�ÝÝ
�£ã� [10,11]

Wij(r1, r2, z = 0)

=
EiEjBij

(σiσj)l
exp

[
−

(
r2
1

σ2
i

+
r2
2

σ2
j

)]
(x′

1 − iy′
1)

l(x′
2 + iy′

2)
l

× exp

[
−r2

1 + r2
2 − 2x′

1x
′
2 − 2y′

1y
′
2

δ2
ij

]
,

(i = x, y; j = x, y), (2)

Ù¥ r2
1 = x2′

1 + y
′2
1 , r2

2 = x2′

2 + y2′

2 , Ei �>|��
Ì, r �²¡þ:��I, ëê σ Ú1�º���
��', δ L�î�¡þ|��Z�Ý, Ïf Bij k
Xe5� [12]:

Bij = 1, (i = j),

Bij = B∗
ji, |Bij | 6 1(i 6= j).

(3)

3C¶Cq^�e, DÑ�ãål�, î�¡ (±
eP�*ÿ²¡) ��Ì�ÝÝ
�üC÷v±
eúª [13]:

Wij(ρ1,ρ2, z)

=
(

k

2πz

)2 ∫∫
z=0

Wij(r1, r2, z = 0)

× exp
{
−ik[(ρ1 − r1)2 − (ρ2 − r2)2]

2z

}
×dr1dr2. (4)

� � B í �, P α2
ij =

1
σ2

i

+
1
δ2
ij

+
ik
2k

, β2
ij =

1
σ2

j

+
1
δ2
ij

− ik
2z

, ò (2) ª�\ (4) ª, �±��'

u x′
1, y

′
1, x

′
2, y

′
2 �oÈ©. Äké x′

1, y
′
1 ?1È

©,�é x′
2, y

′
2 ?1È©.

Wij(ρ1,ρ2, z) = Cij0

∫∫
z=0

f(x′
2, y

′
2)

× exp
[
−β2

ij(x
2′

2 + y2′

2 )

−i
k(x2x

′
2 + y2y

′
2)

z

]
×(x′

2 + iy′
2)

ldx′
2dy′

2, (5)

Ù¥

f(x′
2, y

′
2) =

∫∫
exp

[
−α2

ij(x
2′

1 + y2′

1 )

+

(
ikx1

z
+

2x′
2

δ2
ij

)
x′

1

+

(
iky1

z
+

2y′
2

δ2
ij

)
y′
1

]
×(x′

1 − iy′
1)

ldx′
1dy′

1,

Cij0 = EiEjBij

(
k

2πz

)2 (
1

σiσj

)l

× exp
[−ik

2z (ρ2
1 − ρ2

2)
]
.

(6)

²L�gÈ©$��¦�é x′
1, y

′
1 ?1È©�

(J

f(x′
2, y

′
2) =

π

2lα2l+2
ij

exp

[
−k2(x2

1 + y2
1)

4z2α2
ij

]

× exp

(
x2′

2 + y2′

2

α2
ijδ

4
ij

+
ik(x1x

′
2 + y1y

′
2)

4zα2
ijδ

2
ij

)

×

(
2
δ2
ij

(x′
2 − iy′

2) +
ikx1 + ky1

z

)l

. (7)

ò (7) ª�\ (5) ª, k

Wij(ρ1,ρ2, z) = Cij

∫∫
z=0

exp
[
− γ2

ij(x
2′

2 + y2′

2 )

+px′
2 + qy′

2

]

×

[
2 (x′

2 − iy′
2)

δ2
ij

+
ikx1 + ky1

z

]l

× (x′
2 + iy′

2)
l dx′

2dy′
2, (8)

Ù¥ëê

Cij = EiEjBij
π

2lα2l+2
ij

(
k

2πz

)2 (
1

σiσj

)l

× exp
[
−ik
2z

(ρ2
1 − ρ2

2)
]

exp

[
−k2(x2

1 + y2
1)

4z2α2
ij

]
,

γ2
ij = β2

ij − 1/α2
ijδ

4
ij , (9)

p =
ik
z

(
x1

α2
ijδ

2
ij

− x2

)
,

q =
ik
z

(
y1

α2
ijδ

2
ij

− y2

)
.

ò (8) ª²LügÈ©�±��

Wij(ρ1,ρ2, z) = Cij exp

[
p2 + q2

4γ2
ij

]
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×
l∑

n=0

(Cn
l )2

(
2
δ2
ij

)n (
πn!

γ2n+2
ij

)

×

[
p − iq
δ2
ijγ

2
ij

+
ikx1 + ky1

z

]l−n

×

[
p + iq
2γ2

ij

]l−n

. (10)

� ρ1 = ρ2, |^úª

I(ρ, z = z0) = TrW (ρ,ρ, z = z0), (11)

��DÑ�ãål�*ÿ²¡þ�1r©Ù

I(ρ, z = z0) =
∑

i=x,y

z2lE2
i

k2lσ2l
i al+1

i

exp
(
−2ρ2

aiσ2
i

)

×
l∑

n=0

(Cn
l )2

n!4n

δ2n
ii

×
[(

1 +
4z2

k2σ4
i

)
k2

aiz2
ρ2

]l−n

, (12)

Ù¥ ai = 1+
4z2

k2σ2
i

(
1
σ2

i

+
2
δ2
ii

)
, d (12) ª��, Ã

Øëê σ, δ ���XÛ, 1r��» ρ �¼ê, *ÿ
²¡þ�1�¥y�é¡�A:. =¦3 Ex 6= Ey,
σx 6= σy, δxx 6= δyy ��¹e�´Xd, Ø¬Ñyý
�1���¹. ±c�ïÄöÏLO�Ü©�Zµ
^1åDÑ���Ì�ÝÝ
�DÑ�ê�), ò
oÈ©=z��È©, �´Ã¡�¦Ú�L
�ª, ê�O�¥O�þ���, ØBu?1½5
©Û. �'�ó, (12) ª�{z, Bu?1©ÛÚ
O�?n.

3 1�/G�DÂål�üC5Æ

�
ïÄ1�/G�DÂål�Cz5Æ, ·
�|^ (12) ª?1
�[�ê�O�. Äk·�À
� x, y ��þ1��å��»ØÓ, Ù¦ëê�Ó,
äNëê©O�: Å�� 632.8 nm, Ex = Ey = 1,
σx = 0.4 mm, σy = 0.6 mm, δx = δy=0.25mm, ÿÀ
>Öê� 1. ã 1 �Ñ
l 0.3 m � 1.2 m �DÑL
§¥î�¡þ1r�©Ù�¹.

ã 1 Ü©�Zµ^1åDÑ1�üC (l = 1, Ex = Ey = 1, σx = 0.4 mm, σy = 0.6 mm, δx = δy = 0.25 mm)

dã 1 �±wÑ, DÑ� 0.3 m �, ¥%:�
1rk�½�O\, �¿���:, 1�E,��
�/, l 0.3 m DÑ� 0.5 m �L§¥, ¥%:��
é1rÅìàyÑ5, 1�d�%�¢%üC, 3
l 0.5 m � 0.8 m �DÑ¥üC�Cqpd1�
�/G, 0.8 m � 1.2 m �DÑL§¥, 1�ÅìÐ
°, �±Cqpd.. ã 1 ¥ x, y ��þ=å��
»ØÓ, 3DÑL§¥1���Ñ�±���A

:. ·�3 x, y ��þ Ex, Ey ØÓ±9�Z�Ý
ØÓ (Å�!å��»�Ó) ��¹e, ?1ê�O
�, Xã 2 ¤«.

ã 2 ¥, �, x, y ��þ>|�Ì±9�Z�
ÝØÓ, �3DÑL§¥E,�±���/G, Ø
¬Ñyý�/1���¹, �XDÑål�O�,
1��¬d��/�aqpd.LÞ, �´1��
Ð°�ÝÉëê�K��ã 1 ¥k¤�O.
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ã 2 Ü©�Zµ^1åDÑ1�üC (l = 1, Ex = 1, Ey = 1.2, σx = 0.5 mm, σy = 0.5 mm, δx = 0.5 mm, δy = 0.6 mm)

ã 3 Ü©�Zµ^1åDÑ1�üC (l = 2, Ex = Ey = 1, σx = 0.4 mm, σy = 0.6 mm, δx = δy = 0.25 mm)

�
ïÄÿÀ>Öê±9�Z�ÝéÜ©�
Zµ^1å3DÑ¥1�/G�K�, ·�üÕU
CÿÀ>Öê (ã 3) ±9�Z�Ý (ã 4), ?1

XeO�, Úã 1 �(J?1é'. ã 3 ¥ÿÀ>
Öê� 2, Ù¦ëê�ã 1 �Ó.

é'ã 3 �ã 1 �±wÑ, ÿÀ>Öê���,
1å3DÑL§¥¥%:�¬Åìd�%C�¢
%, �3DÑ�Óål��¹e, ÿÀ>Öê��
�1å¥%:�1r�é�$, DÑ� 0.8 m ?, ÿ
À>Öê� 1 �µ^1å®²üC�Cqpd.,
ÿÀ>Öê� 2 �µ^1å�¥%�vk²w
àå, 3 1.2 m ?âüC�Cqpd.. dd��,
3Ù¦ëê�Ó��¹e, ÿÀ>Öê��, üC

�Cqpd.1��é�ú, ùÚ¢S�¹�Î:
ÿÀ>Öê��, 1¥%�� (ç) «��Ò�
�, ¥%=C�¢%¿¤�1r4���üC�Ý
Ø9ÿÀ>Öê���1å.

,��¡, ·�=O\ x, y ��þ��Z�
Ý δx = δy = 0.8 mm, Ù¦ëê�ã 1 �Ó, O�(
JXã 4 ¤«.

ã 4 ¥�Z�Ý´ã 1 ¥�Z�Ý�n�õ,
DÑ� 2 m ?1å¥%�Cu¢%�G�, �k�
�²w�]/, DÑ� 10 m ?�, ¥%�1râ¤
�4�� (ã¥k���²º, ´Ï�1r���
~�, é'Ý'�$, ¥% �3�*þØ´àå
���). éìã 1 Úã 4 ��, 3Ù¦ëê�Ó�
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�¹e, 1�Z�Ý��, üC�pd.1�¤
IDÑål��. ù´Ï�: �Z5�Ð, ²¡þ
�:13*ÿ²¡þ¥%?�ZU\, ���\
x³, ÏdI����DÑål, î�¡þ¥%�
1�âUC¤¢%. ©z [14] ¥ïÄ�Ü©�Z
�l�1å3�í¥DÑ
Aúp¥%�C�¢

%, ¤I�DÑål��, Ì�´Ï� [14] ¥²¡
þ�1åëêÚ�Z�Ý����, d	�l�1
å|û��Uå'pd1å�r. 34��¹e,
XJ δxx, δyy ª�uÃ¡�, 1C����Z
µ^1å, ÃØDÑõ��ål, 1�¥%E,�
�%.

ã 4 Ü©�Zµ^1åDÑ1�üC (l = 1, Ex = Ey = 1, σx = 0.4 mm, σy = 0.6 mm, δx = δy = 0.8 mm)

4 üC�pd1�¤IDÑål©Û

dc¡�?Ø��, Ü©�Zµ^1å3D
Ñ¥, 1�¥%�1r¬Åìày, DÑ��½å
l?, ¥%:�1r¤�Tî�¡þ4��, 1�
üC�pd., ·�òù�DÑål¡�üCå
l. duüCål�©Û�9�²¡þµ^1å
3 x, y ü���þ� �©þ, L�ª'�P�,
�
{z©ÛL§, ·�b�²¡þÜ©�Zµ
^1å3 x �� �, = Ey = 0. d��±�Kë
êeI, (12) ªC�

I(ρ, z = z0) =
z2lE2

k2lσ2lal+1
exp

(
−2ρ2

aσ2

)
×

l∑
n=0

(Cn
l )2

n!4n

δ2n

[
bρ2

]l−n
, (13)

Ù¥

a = 1 +
4z2

k2σ2

(
1
σ2

+
2
δ2

)
,

b =
(

1 +
4z2

k2σ4

)
k2

az2
,

�
©Û*ÿ²¡þ1r�Cz, I�ïÄ (13) ª

�4��¹, (13) ªé ρ ¦���

dI(ρ, z = z0)
dρ

=
z2lE2

k2lσ2lal+1
exp

(
−2ρ2

aσ2

)(
−4ρ

ab2

)
×

{
4ll2l!
δ2l

b2lρ2l +
l−1∑
n=0

(Cn
l )2

× (l − n)n!4n

2(n + 1)δ2n
bl−1−n

×
[
8 − n + 1

l − n
abδ2

]
ρ2(l−1−n)

}
,

(14)

(14) ª�":Ò´ (13) ª�4�:, · (14) ª�u
", z{��±��(

−4ρ

ab2

)
×

{
4ll2l!
δ2l

b2lρ2l +
l−1∑
n=0

(Cn
l )2

× (l − n)n!4n

2(n + 1)δ2n
bl−1−n

×
[
8 − n + 1

l − n

(
k2σ2δ2

z2
0

+
4δ2

σ2

)]
ρ2(l−1−n)

}
= 0. (15)

ÃØDÑål��áXÛ, (15) ªk�� ρ = 0 �
), ù`²: 3?ÛDÑål?*ÿ²¡þ, ¥%:
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Ñ´��1r�4�:, Ø� ρ = 0 ù��*�)
	, Ù{�)deªû½:

4ll2l!
δ2l

b2lρ2l +
l−1∑
n=0

(Cn
l )2

(l − n)n!4n

2(n + 1)δ2n
bl−1−n

×
[
8 − n + 1

l − n

(
k2σ2δ2

z2
0

+
4δ2

σ2

)]
ρ2(l−1−n)

= 0. (16)

(16) ª � � > ´ ' u ρ � ó ê g õ � ª, �
p g � X ê � �, Ù { $ g � X ê � Î Ò �
û u ë ê 8 − n + 1/l − n

(
k2σ2δ2/z2

0 + 4δ2/σ2
)

(n = 0, 1, · · · , n − 1), = 8 � n + 1/l − n(
k2σ2δ2/z2

0 + 4δ2/σ2
)

(n = 0, 1, · · · , n − 1) ��
�'X. N´wÑ, �DÑål�á� (z0 é�
�), 8 < (n + 1/l − n)

(
k2σ2δ2/z2

0 + 4δ2/σ2
)

(n =
0, 1, · · · , n − 1) é¤k� n Ñ¤á, = (16) ª�>
�õ�ª¥Ø
�pg�Xê, Ù{Xê�Ü�K,
d«�/e, (16) ª3 (0, +∞) þk��¢ê); �
DÑål (z0) O��, ëê

(
k2σ2δ2/z2

0 + 4δ2/σ2
)

��m©~�, (16) ª¥$g��Xêm©Ñy�
ê, �
©Û$g��Xê�äNÎÒ, ·�5¿
�� n1 6 n2 �, XeØ�ª¤á:

n1 + 1
l − n1

(
k2σ2δ2

z2
0

+
4δ2

σ2

)
6 n2 + 1

l − n2

(
k2σ2δ2

z2
0

+
4δ2

σ2

)
. (17)

u´ 8 − [(n1 + 1)/(l − n1)]
(
k2σ2δ2/z2

0 + 4δ2/σ2
)

> 8− [(n2 + 1)/(l − n2)]
(
k2σ2δ2/z2

0 + 4δ2/σ2
)
, ù

¿�X: �DÑålÅìO��, (16) ª�>õ�
ª�¼ê�Xê¥, ÄkdKê=C��ê�, A
T´=gu�pg� (ρ2(l−1)) �Xê, �XDÑå
l�?�ÚO�, $g��Xê�ÅìdKê=C
��ê, ��DÑ��½ål?, (16) ª�>õ�
ª�¼ê�Xê�Ü��ê. dõ�ª�§��
�Xê�'X·���, 3 ρ0 �Xê (=~ê�)
=C��ê�c, (16) ª3 (0, +∞) þk��¢ê
); �3 ρ0 �Xê=C��ê±�, (16) ª3 (0,
+∞) þÃ¢ê).

nÜ±þ©Û, ·��±�ÑXe(Ø: 3
DÑål�á�, (15) ªkü�), Ù¥��)
� ρ = 0, =d�*ÿ²¡þ1réuëê ρ �3
ü�4� �, (Üµ^1å�¢S�¹, �±�
ä: d� ρ = 0 éA1r�4��, ,��)éA
1r�4��, 1����/; �XDÑål�O
�, ù��¹¬�±ØC, �DÑål?�ÚO�,
¦� (16) ª�>õ�ª�¼ê�Xê�Ü��ê
�, (15) ª�k��¢ê) (ρ = 0), =d�*ÿ²
¡þ1réuëê ρ ��3��4� � (¥%),
d (15) ª�±wÑ, d� ρ = 0 éA1r�4��,
1��pd..

ò±þnØ©Û�*ÿ²¡þ�1�/Gé
ì, Ò�±�ÑÜ©�Zµ^1å�XDÑål�
O�, 1�d��/üC�pd.�5Æ. ,��
¡, d±þ©Û, ·���±�Ñ: üC�pd.1
�¤I�DÑål (P� zc) deªû½:(

k2σ2δ2

z2
c

+
4δ2

σ2

)
l = 8. (18)

±þnØ©Û´3ü �µ^1å�^�eí�
�, XJ�Äü���þ� ��¹, í�L§¥
L�ªC���P�, Ó�¬��µ^1å1��
üC5Æ, ù�:3c¡�ê�O�¥®²k�y,
�´üCål91�Ð°��¹k¤ØÓ.

5 ( Ø

d��Ì�ÝÝ
�DÑ, í�
Ü©�Zµ
^1åDÑ�, *ÿ²¡þ1r�)ÛL�ª. ï
Äuy, Ü©�Zµ^1å�XDÑål�O\,
1�¬Åìd��/=C�aqpd.. Äk, |
^1r�)Û)úª, 3ØÓëê��¹e?1ê
�O�, y¢
T(Ø, ,�3��!ü ���
¹e, ÏL4�nØ©Ûy²
Ü©�Zµ^1å
ù�A:. T(Øéu©ÛÜ©�Zµ^1å3D
Ñ¥�1�üC¬Jø��5ïÆ.

[1] Chen K, Zhang H R, Lü B D 2010 Acta Phys. Sin. 59 246 (in
Chinese) [§�, Üöd, ½z� 2010 ÔnÆ� 59 246]

[2] Li Y Y, Chen Z Y, Liu H, Pu J X 2010 Acta Phys. Sin. 59 1740
(in Chinese) [o��, �f�, 4�, ÆU< 2010 ÔnÆ� 59
1740]

[3] Xie Q S, Zhao D M 2008 Opt. Commun. 281 7

[4] Georgi M, Dragomir N N, Alexander D 2009 Phys. Rev. A 80
053828

[5] Babiker M, Bennett C R, Andrews D L, Davila Romero L C 2002
Phys. Rev. Lett. 89 143601

174201-6



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 17 (2012) 174201

[6] Lu X H, Huang H Q, Zhao C L, Wang J F, Chen H 2008 Laser &
Optoelectronics Progress 45 50 (in Chinese) [ºà�, �¦�, ë
«û, �ò¸, �Ú 2008 -1�1>fÆ?Ð 45 50]

[7] Rao L Z, Pu J X 2004 J. Opt. Soc. Am. A 24 2242
[8] Chen Z Y, Pu J X 2008 Phys. Lett. A 372 2734
[9] Wolf E 2003 Phys. Lett. A 312 263

[10] Roychowdhury H, Korotkova O 2005 Opt. Commun. 249 379

[11] Pu J X, Korotkova O, Wolf E 2006 Opt. Lett. 31 2097

[12] Korotkova O, Salem M, Wolf E 2004 Opt. Lett. 29 11735

[13] Korotkova O, Wolf E 2005 Opt. Lett. 30 198

[14] Chen B S, Chen Z Y, Pu J X 2008 Opt. Laser Technol. 28 820

Analysis of the facula of partially coherent vortex
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Abstract

The propagation law of the cross spectrum density is employed to derive the analytical expression of the elements of the cross

spectrum density matrix in the observation plane for partially coherent vortex beam after propagation under the condition of paraxial

approximation. Based on the derived result, the intensity distribution in the observation plane is analyzed. It is shown that different from

the completely coherent vortex beam, the partially coherent votex beam has an intensity of the center-point in the observation plane,

which gradually becomes prominent after propagation, and the intensity distribution in the observation plane tends to the distribution

of Gaussian-like type with the increase of propagation length. The evolution of intensity distribution depends on the topological charge

and correlation length of the source beam. On the condition that other parameters of the source beam are invariable, the beam will

evolve fast if the topological charge is small and the correlation length is short. Finally, for the first-order partially coherent vortex

beam, the detail of the evolution of the beam shape is investigated by studying the extremum of the intensity in the observation plane.

And the theoretical proof is presented for the rule of the evolution of the beam.
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