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�©±��þ!��Ä:, ÏLV\k�êþ��§ë��EÑ
��k�Uþ�åe��m�ä, �þ?¿
!: i � j �m�3�^�§ë��VÇ÷v pij ∝ d−α

ij (α > 0), Ù¥ dij �!: i � j �m���ål, ¿�¤k
�§ë��ÝoÚÉ�oUþ Λ = cN(c > 0) ��å, N ��ä!:oê. ÏLïÄT�m�äþ��ÅirL
§, �3�`��ê α0 ¦��²¯K�²þÄ��m�á. ?�ÚïÄuy, ²þÄ��m��ä5� N �m�
3X�Æ'X, �X�ä5� N ÚoUþ Λ �O\, �`��ê α0 üNO\, ¿ªC�`� 1.5.

'�c: �m�ä, �Åir, Uþ�å, ²þÄ��m

PACS: 89.75.Hc, 89.75.Fb

1 Ú ó

Cc5, E,�ä®²3êÆ!Ôn!)Ô!
+n!O�Å�Ãõ+�SÚå
��ïÄ9�.

Ø
�ä��­.A5!ÃIÝA5��É'5
��ä(�5��	,�äþ�ÄåÆ1��´�
�ïÄ9: [1−3]. Ù¥, �ÅirÒ´ÃõÄåÆ
L§¥�Ä�, Ó��´ïÄ{¤��aÈ��«,

��±5�¯õÆö2�ïÄ [4−9].

E,�äþ��Åir´�±�ä!:�1
N, Uì�½VÇl�äþ?�!:=£���
kë��Ù¦!:�G�=£L§. �þïÄ(
JL², �äþ��ÅirØ��¥%5 (random

walk centrality)[4]!�ä²þål [10]!)¤äê
8 [11] ��äg�(�5�k', 
���äþ$
Ñ [12]!�Ê [13−15]!;¾DÂ [16]!üÑÀJ [17]

�Ù¦ÄåÆL§��3��'X.

8c, ��ïÄ�äþ�Åir�1N�äÌ
�ºX
�Å�!5K�!ÃIÝ�!©/½�
©/�!ä/(�!±9�
<ó�E�g�q

�ä [18−20]. ��5¿�´, ù
�äÑÌ�Xú
u�ä�ÿÀ(�. �,ù��{zU
ééõE
,XÚ?1k�©Û, ,
����m�/nål
¤�Ø��Ñ�Ï��,�ä��m(�Ò�U¬
é��XÚå��~­��K�. Þ~5ù, g,
.¥2��3�<S'X�ä, É+�ä,  ²�
ä, >å�ä, Internet�ä, Ê��ä, c´�ä�
ÒÏ�É��m/n �Ï��K�
äk²w
��m(�. 3ùa�äþ, z�!:Ñkg��
k��m �, 
�Ù�m(�  é�ä�A�
ÚõUkØ��À��^.

8c, E,�äþ��ÅirïÄSNÌ��
): �ä�(�A5é�Åir�K�; |^�ä
þ�Åir&¢�ä(�A5, ¿)ûÃXy©
�ì(�!`z8I|¢!&¢��´»�¯K;

��)?Ø�äþ�ÅirL§�Ä�½���
m!Ä�½�£�m�¯K: =l�½�ä!: i

Ä�½��!: j ¤I���m, ½öl�ä!
: iÄg�£!: i I���m. 
3Ãõk'�
Åir�ïÄ¯K¥, �²¯K¹ä�L5�É
�2�'5 [20]. ¤¢�²¯KÒ´ò�ä¥�,
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�!:��áÂ:, �ÄlÙ¦!:Ñu±�Åi
r��ª��ù��²¤I�²þ�m, ¿�3d
Ä:þ?Ø�ä(�5��²þÄ��m (MFPT)

�'X [21−24].

�©ò±�m�ä�1N, ?ØÚ\�m/
n �Ï����äþ��ÅirL§. ?�Ú,

·��ò?Ø�m(�5�é�äþ��Åi
rL§�K�. �
{z, ·�±��þ!��
��ï�m�ä�Ä:. b½T��þ!�þ�
?¿!: i Ñ�Ù�mü���ål� 1 ��Ø
!:�m�3á§ë�. 3dÄ:þ, ·�±V
Ç pij ∝ d−α

ij (α > 0) 3!: i � j �mV\�§
ë�, Ù¥ dij �!: i Ú j �m�����ål.

ØJwÑ, �!: i Ú j �m���ål��, @o
§��m�3�^�§ë��VÇò��, =�þ
�!:�m�3�§ë��VÇÉ�m/n �
Ï��K�. 3¢S�¹¥, �§ë��O\Ï~
¿�XUþ��Ñ. ±Uï/c�ä�~, V\�
^#�/c�´ò¿�Xã��¤�, 
Ï~�k
k��]7ý�. �
��Ü¢S, �©�Ú\

oUþ�å, =3T���þV\��§ë��Ý
oÚ÷v Λ = c · N ���, Ù¥ N �!:oê,

c > 0�~ê. ÏL?ØT��k�Uþ�åe�
�m�äþ��ÅirL§,·�uy�3���
`��m(�5�ëê α0 ¦�T�m�äþ��
²¯K²þÄ��m�á. ?�Ú,·�ïÄ
�
ä5� N ±9oUþ�å Λ éT�`��ê α0

�K�.

2 �m�ä�.��`��ê

2.1 ïïïááá������UUUþþþ���åååeee������mmm���äää

·�l!:oê� N ���þ!�Ñu, ò
�!:U��ë�^S^g?Ò 1, 2, · · · , N , T
���þ�?¿!: i ��mü���!:�m
Ñ�3��ål� 1 �á§ë�. ,	, ·�±V
Ç pij ∝ d−α

ij ��Æ�ª3!: i �!: j �mV
\�§ë�, Ù¥ dij �!: i Ú j �����å
l, α´��ê,©¥� 0 6 α 6 3. �½oUþ�
å Λ,·�ò±oâz��{ïá��kUþ�å
e����m�ä [25]. äNÚ½Xe:

1) ò����¤k N �!:©O�Ù�C�

ü��Ø!:ïáá§ë�, ¿ÀJoâz�ä�
ëêW �;

2) �Å�VÇÀJ��!: i, ±VÇ P (r) =

β · r−α �)ål r(2 6 r 6 Nmax), Ù¥ β �8�
zÏf, ÷v

∑Nmax
r=2 P (r) = 1;

3) éu!: i,�{!:òUìoâzëêW

©¤
Nmax

W
�Ü© (Nmax ´oâzc����å

l), Ù¥1 m Ü©
(

1 6 m 6 Nmax

W

)
�¹oâz

c�T!:��ål� (m−1)W +1, (m−1)W +

2, · · · ,mW �¤k!:;

4) eål r á\ i !:oâz��1 m Ü©,

K�VÇ/l i !:�1 m Ü©¥�ÅÀJ��
!: j, e i Ú j �mvkë�, K3ùü�!:�
mïá�^�§ë�, �Ä�Uþ�Ñ�'u!:
���ål,·�b½T�§ë�¦oUþ�Ñ r;

5) ­EÚ½ 2) � 4), ��oUþ Λ Ñ¦.

ã 1 �Ñ
��k�Uþ�åe��m�ä
�«¿ã. du��þ!�!:�é¡5, �þ¤
k!:´Ó��, �V\�§ë��, 3VÇ¿Â
e, �þ�!:E,Ó�.

ã 1 �ä«¿ã

ã 2 Ã5ir!�²:«¿ã
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2.2 ���AAAkkkâââ���[[[

�Ä3ÏLcãÚ½�ï��m�äþ?1
Ã5�Åir, =l?¿!:Ñu, ±�VÇir
�Ù�Ø!:¥���!:. ±ã 2�~, e3,
����Åirö?u!: k � �, @oe��
�ò©O±

1
4

�VÇir�Ù�Ø!: a, k − 1,

k + 1 9 b, Ù¥ a � b �!: k ��§ë��Ø
!:. ?�Ú,·�ò!: 1����²:, �	l
�äþÙ¦!:���²!: 1 �²þÄ��m.

·���3�½ëê c �^�e, �X��ê α Ø
äO\, �§ë���Ý��, Ñy�VÇ��, d
u�3oUþ�å, Ïd�§ë��êþò¬O\.

�
ïÄ�§ë��êþÚ�ÝXÛK�T�m
�äþ��ÅirL§,·�Äk?1
�AkÛ
ê��[. ��ä5�� N = 200, c = 1�, �[
(Jw«, ���m�äþk�²��Åir�²
þÄ��m��ä¥V\�§ë����ê α �
3Xã 3 ¤«�'X, ã¥z��:´é 106 ��
ä��þ©O?1 5 g�Åir�²þ(J. �±
uy�3���`���ê α0 3 1 NC¦��ä
þÙ¦!:��²!:�²þÄ��m�á.

ã 3 �ä5��N = 200��²þÄ��m

2.3 ²²²þþþÄÄÄ������mmm���êêêÆÆÆ¦¦¦)))

¯¢þ, �½�ä���Ý
, �±¦^Ý

O��ªé�²¯K?1nØ©Û. ½Â�ä�
��Ý
� A, Ó� Tij ��Åiröl�äþ
!: i Äg��!: j ¤I��m. du�ä!
:�Ó�5, ·��IO�±,�!:��²!
:, Ù¦¤k!:Äg��T�²!:¤I�m.

35�� N ��ä¥, Ø�±!: 1 ��²:,

- {Ti1}, i ∈ {1, 2, 3, · · · , N} L«l i !:Äg�
£�²!: 1 ¤I�m.

�â��)nØÚ�ÅL§nØ, ·��±
�� {Ti1} ´÷v�§ xi =

∑
k 6=1,k∈Ω

pikxk + 1,

i ∈ Ω = {1, 2, 3, · · · , N} ���), Ù¥ pik ´!
: i ²L�Úir��!: k �VÇ,´=£VÇ
Ý
 P̃ = diag{A1}−1A �1 i 11 k ���. X
Jò!: 1 w��²:, �§�{z�Xe/ª:

Ti1 =
∑

k∈Ω0

pikTk1 + 1, i ∈ Ω0 = {2, 3, · · · , N}.

e P T =


T21

...

TN1

, P =


p22 · · · p2N

...
. . .

...

pN2 · · · pNN

,

1 =


1
...

1


N−1

, �� T = PT + 1.

Ø J u y, P ´= £ V Ç Ý 
 P̃ � K 1 1

11 1 �����Ý
. ?�Ú�±�� T =

(IN−1 − P )−11, T �1 m 1���L m + 1 !:
Äg�£�²!: 1 ��m, T �þ�=�·�?
Ø��²¯K�²þÄ��m.

2.4 êêê������[[[

Ä u þãn Ø ©Û, � � U 
 � � cã�
ï � ��k � U þ �åe � � m�ä � G �
= £ Ý 
, Ò � ± ¦ ) � ²¯K � ° ( ( J.

� Ä � T G � = £ Ý 
 � E , 5, ·�¦^ O
�Å?1
�A�ê�©Û. ã 4 ©O�Ñ


ã 4 �Akâ�[(J�ÄunØ©Û�ê��[(J
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�ä5� N = 200, c = 1�, �ânØ©Ûúªê
�)Ñ��²¯K�²þÄ��m±9��¦^
�AkÛ�[�{����²¯K�²þÄ��
m, Ù¥ê�)´3Ó�ëê^�eé 4 × 105 �
�Å�ä�²þ�. ØJwÑ, ÄunØ©Û�ê
��[(JÚ��¦^�AkÛ�{����[
(JU
éÐ/¬Ü, 
��'u��¦^�Ak
Û�{, ÄunØ©Û�ê��[(J�\1w!
O(, �Ñ��á.

3 �ä� m ( � é ² þ Ä � � m
�K�

3.1 ���äää555���ééé²²²þþþÄÄÄ������mmm���KKK���

�
?Ø�ä�m(�é�²¯K�²þÄ
��m�K�, ÄucãnØ©Û(J, ·��
[
ØÓ�ä5� N e��²¯K. � α = 1

� c = 1, �[(JXã 5 ¤«, ØJuy, ��ä
5� N ÅìO��, ²þÄ��m MFPT ��ä
5� N ¥�ÆO��ª.

ã 5 ²þÄ��m��ä5��Véê�I­�

� c = 1 �, ·��	
Ù¦�ä(���
ê α e, ²þÄ��m MFPT ��ä5� N �m
�'X, (Juy�ä5� N l 50 Cz� 1000

�, ²þÄ��m MFPT ��ä5� N üö�m
Ñ�3éÐ��Ç'X, Ø�- β L«Ù��ê,

=- MFPT ∝ Nβ(β > 0). �	�äëê α Ú��
ê β �m�'X,·���
Xã 6 ¤«(J. l
ã¥ØJwÑ, �ëê α l 0 Cz� 3�, ��ê β

� α �O\k~�O, 3 α = 1.5 �NC����
�. ù�(JL²,α = 1.5 �, ²þÄ��m��
ä5�O\��Ç�ú. �âd(J,·��±Ü
níÿ, ��ä5� N v
��,¦�²þÄ��

m MFPT ������`��ê α0 �U3 1.5 �
m. ù�íØ�e¡é�ä5�é�`��ê�?
Ø�Î.

ã 6 �ä��ê α �²þÄ��m��ê β �m�'X

3.2 oooUUUþþþ���åååééé²²²þþþÄÄÄ������mmm���KKK���

du·��ï��m�äÉ�oUþ Λ ��
å, 3�½��ê α ��¹e, O\oUþ�åò
¬¦����ä¥��§ë�êþO\, ?
¬K
��A�G�=£Ý
, l
K��²¯K�²þ
Ä��m. duoUþ�å÷v Λ = cN , ��½�
ä5� N = 200�, UCëê c ÒU
UC���
ä�oUþ. Xã 6 ¤«��[(Jw«, �½�
�ê α = 1, � c O\�, �²¯K�Äg���m
ò¬~�.

ã 7 �ä5�� N = 200�²þÄ��m�oUþ�å�
'X

4 �ä�m(�é�`��ê�K�

4.1 ���äää555���ééé���`̀̀������êêê���KKK���

�m�ä�Ä
�ä!:��m/n �Ï
��K�, Ï
�X�ä�m(�5��UC, �
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äþ��ÅirL§��U¬u)­�UC. w,,

�X�ä5��O\,·��ï��m�ä(�¬
u)�A�Cz. �
�\�\ïÄ�ä5�é�
m�äþ��²¯K�K�,·�?�Ú?Ø
�
ä5� N é�²¯K��`��ê α0 �K�. Ä
uc©�nØ©Û(J,·��[
ØÓ�ä5�
e��²¯K�²þÄ��m. �
�Ð/*	,

·�é�[(J�êâ?1
�½�êÆ?n, �
3�3Czª³, �Ø5��A. äN�{´: �
ä5�� N �, ���ê α l 0 Cz� 3 � (m
� 0.1), éuz��ê α·�Ñò����²þÄ
��m, ?
�±O�Ù²þ�.·�ò�©�²
þÄ��m^T²þ�­#IÝ (Ø±T²þ�),

Ò�±��ã 8 ¥éAuT�ä5� N ��^­
�. ØÓ5�e­#IÝ��äN�[(JXã 8

¤«, �X N �O�, �`��ê α0 ò¬O\, ¿
�k­½3,�AÏ��ª³. (Üc©·�¤?
Ø��ä��ê α �²þÄ��m��ê β �m
�'X,·��±íÿ��ä5� N v
��, �
`��ê α0 �U­½3 1.5 NC.

ã 8 �ä5� N ��`��ê α0 �'X

4.2 oooUUUþþþ���åååééé���`̀̀������êêê���KKK���

�
?ØoUþ�å�Ué�²¯K�K�,

·���[
ØÓoUþ�åe�²¯K�²þ
Ä��m. Ó�/,·�éØÓoUþ�å=ëê c

e��²¯K²þÄ��m�êâ�?1
c©
¤ã�?n. äN�[(Jë�ã 9, ��½�ä5
�� N = 200�, �XoUþ�åO\, �`��
ê α0 ��AO\, ¿��ªu­½.

ã 9 oUþ�å��`��ê α0 �'X

5 ( Ø

�©Äkïá
��k�Uþ�åe��m
�ä, ¿3d���m�äþ?Ø
�ÅirL§
¥��²¯K.·�uy�3���`���ê α0

¦�T�m�äþ��²¯K²þÄ��m�á.

Ó�,·��l�ä5�±9oUþ�åü��Ý
©O?Ø
�m�ä(�éT�`��ê α0 �K
�. ïÄ(Jw«, �²¯K�²þÄ��m MFPT

��ä5� N �m÷v�Ç'X, Ø�b�Ù�
�ê� β. ÏLïÄ�ä��ê α �T��ê β �
m�'X,·�íä��ä5� N v
���ÿ,

¦�²þÄ��m MFPT �������`��
ê α0 �ª�U­½3 1.5 NC.·��ó���¡
´L
�äþ��ÅL§�ïÄSN, ,��¡�
\�
é�m�ä�@£. 3ù�ïÄ��þ��
ïÄ�¯K�kéõ, ~X°(¦)·�uy��
`��ê α0!p��m�äþ��Å1r�¯K.

·�I�?1��\/ïÄ, ±Ï�Ð/n)�m
�äþ��ÅirL§.
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Random walks on spatial networks∗
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Abstract

In this paper, we construct a cost constrained spatial network by adding long-range connections to the one-dimensional circle.

The probability for a long-range connection between nodes i and j is pij ∝ d−α
ij (α > 0), where dij is the lattice distance and the

total length of the long-range connections is set to be Λ = cN(c > 0), where c is a positive constant and N is the network size.

According to the simulation and numeric results, we find an optimal power-law exponent α0 such that the mean first-passage time is

shortest. Furthermore, the shortest mean first-passage time has the power law relationships with the network size N . With the increase

of network size N and the total cost Λ, the optimal power-law exponent α0 increases monotonically and approaches 1.5.

Keywords: spatial networks, random walks, total energy constraint, mean first-passage time

PACS: 89.75.Hc, 89.75.Fb
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