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1 Ú ó

S���Vg�Ð�)uéºL¥EÍ�C
y��ïÄ [1], ?A^�ïÄ��5XÚ��
Äk.5¯Kþ5. éu�½�XÚ, ÙS���
½Â�¤kk.)�áÚ��8Ü, S����¡
~�^5)ºó§(���ÄéÐ©^��¯a
5. ddIS	Æâ.�ïÄ+�Ðm
éS�
�¯K�2�ïÄ. Soliman[2] �Ä
±Ï-ye
ügdÝEÍ$Ä�§�S���¡¯K, uyü
$-y�Ì½O�{ZU
³�S���©/�
¡, lJpEÍÊ1�S�AÇ. �[�ÚD�
u [3] A^�\�Ý�{ê��[�Å°Le�î
~$Ä�§, uyEÍÊ13�Å��L'3�Å
Ä�L¥�´�C. Long � [4] ïÄXÚëêéE
Íî~XÚS���K�, uyºL-y�Ì�O
�¬��XÚ�S���¡. 3é>åXÚ�ïÄ
¥, Marcos � [5] |^ SMIB XÚïÄ
>Ø�$

y� (voltage collapse), uy�Ñ\�Å�õÇ��
�½��, XÚ�S��¬Ñy>.�Å (boundary

crisis) y�. Lewis � [6] ÏLê��[uy�m¢
�U
Úå>åXÚS���ÿÀ/�u)½5
UC. Ür� [7] ïÄ
üÅÃ¡�1� (SMIB) >
åXÚ�S��É©/�¡�y�, ?é�¢�
"éXÚS������^?1
&¢. 3�Å
>XÚ (MEMS) �ïÄ+�, Fadi � [8] ÏL¢�
� Monte-Carlo {ê��ýïÄ MEMS ��ì3
�6>°Äe�S���¡y�, l)º�6>
ªÇ��¤Úå� MEMS ��ìáÜ (pull-in) y
�; éu³�Ty��Ñy, Lenci Ú Rega[9]!Fadi

Ú Mohammad[10] þJÑ
�¢�"���{.

±þ�+�éS�����±�Ä���Ì,

XO�{Z [2−5], �k4�ïÄ [7−10] æ^
�¢
�"��, �'u�Ä��, �¢�"��ù«Ì
Ä���{�(¹, Ù¥�"OÃÚ�¢þÑ´�
±ÕáN!Ú���Ônëê, kX�2,��O
ÚN!�m. du�¢XÚ¥XÚ�Ð©^��m
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´Ã���, õêïÄduvk�Ñ�¢XÚ"
��±c�Ð©G�, Ïdê��[¤£ã� “S
��” �´�¢XÚS��3"���ÝK�¡.

©z [11] ¥éu�¢É�XÚ�S��JÑ
²
(�½Â, 3dÄ:þ)öéu Holmes-Duffing X
Ú [12] Ú Helmholtz XÚ [13] S���¡y���
�ïÄ¥þuy, 3�½��"OÃÚ�¢þe,

�¢ £�"U
éS����¡å�ûÐ��
��^. éu|^�¢�"��S���¡, ~^
�´�¢ £�" [6,8−13], 4�æ^�¢�Ý
�" [7,11]. ©z [11] ÏLê��ý�¢�"é�
aügdÝëê-yXÚS�����uy, �
¢�Ý�"�U
³�S����¡, Ó�, �'
�¢ £�"ÚG��", �¢�Ý�"���
ëêN!����. Ïd�©F"Ò|^�¢�Ý
�"5����5XÚS���¡�¡�?�Ú
&¢.

� © ± � a ü ± Ï - y Holmes-Duffing X
Ú [14−16] �~, ïÄXÚëêÚå�XÚS���
¡y�, ±9�¢�Ý�"éXÚS���¡��
��^. (�SüXe: 1�!A^ Melnikov ¼ê
{�Ñ�¢XÚÚÃ��XÚ�S���©
^
�; 1n!|^ê��[ïÄ�¢þéXÚS��
>.Úº��K�5Æ, ¿�y1�!�nØýÿ;

���!�Ñ(Ø�?Ø.

2 S��>.©/�^�

�©�ÄXeXÚ

ẍ + εδẋ − x + x3 = εf cos(ωt), (1)

Ù¥, δ L«{ZXê, ε ´�ëê, 0 < ε ¿ 1, f

Ú ω ©OL«ü±Ï-y�ªÇÚ�Ì. XÚ (1)

���V³²Ú¥�fXÚ, U
£ã��¶�1
Ö�u1�î.Ö1�{|î.ù�Ä����
ÄåÆ�A. 3±Ï-ye, ù��Ä¬Ly�E
,�ÄåÆ1�, XÛ%áÚfÚõ�$Ä. é
XÚ (1) �\�5�¢�Ý�", ��XeXÚ

ẋ = y,

ẏ = x − x3 − εδy + εf cos(ωt)

+εA(y(t − τ) − y),

(2)

Ù ¥ τ � � m ¢ � þ, A L « � " O Ã X ê.

� τ = 0 �, XÚ (2) ¤�XÚ (1).

XÚ (1) �Ã6ÄÃ�¢XÚ��¤: ẋ = y,

ẏ = x − x3,
(3)

� Hamilton XÚ, �§ (3) �²ï:k 3 �: S(0, 0),

C1(−1, 0) Ú C2(1, 0). duXÚ (3) ��5zÝ

�

A =

 0 1

1 − 3x2 0

 , (4)

3 ² ï : S(0, 0) ? A � � § � ) λ = ±1,

Ï d T ² ï : ´ Q :;  3 ² ï : C1(−1, 0)

Ú C2(1, 0), A��§þküéXJ�, Ïd²ï
: C1(−1, 0) Ú C2(1, 0) �¥%. Ã6ÄXÚ (3)

� Hamiltonþ�

H(x, y) =
1
2
y2 − 1

2
x2 +

1
4
x4, (5)

Ïd, äkLQ: S(0, 0) ü^Ó�;�

x0
±(t) = ±

√
2 sech t,

y0
±(t) = ∓

√
2 sech t tanh t, (6)

�ÏdXÚ (4) �Ó�;��

Ψ = {(0, 0)} ∪ {x0
±(t) = ±

√
2 sech(t + t0),

y0
±(t) = ∓

√
2 sech(t + t0) tanh(t + t0)|t ∈ R}, (7)

Xã 1 ¤«. � µ > 0 �, Ã-yXÚ (1) �
k� 3 �²ï:¥ (−1, 0) Ú (1, 0) þ½, (0, 0)

Ø½. =²ï: (0, 0) E�VQ:, ²ï
: (−1, 0) Ú (1, 0) K¤�V®:, K�Ó�;�
©�¤ü^½6/ÚØ½6/ [17,18], Xã 2

¤«. ò-yÚ{Zw¤�Ä�, KXÚ (1) �A
� Melnikov ¼ê�

M(t0) = ε

∫ +∞

−∞
y±
0 (t)(−δy±

0 (t)

+ f cos(ω(t + t0)))dt

= −4
3
εδ ∓

√
2εfπω sech

πω

2
sin(ωt0), (8)

@o�

f > f0 =
2
√

2δ

3πω sech
(

πω

2

) , (9)

K�3 t0 ¦� M(t0) = 0 � M ′(t0) 6= 0, ùÒ¿
�X½�6/�Ø½�6/òî���, Ñy
Ó�©
, ÏdXÚ (1) �S��>.¬Ñy©/.
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(9) ª¥� f0 =�XÚ (1) S��>.©/�-y
�Ì���. �

δ >
3
√

2π

4
ωf sech

πω

2
, (10)

XÚ (1) �½6/3 Poincare �¡þØ¬î��
�, ÏdS��>.©/�±��³�. d (10) ª
Ú (11) ª��, O�XÚ�-y�Ì¬ÚåXÚ�
S���¡, �O�XÚ�{ZXê%�±��S
����¡.

↩ 
x

y

C1 C2
S

ã 1 �²¡þ�Ó�;�

Wu

Ws

Ws
Wu

↩
 x

y

S

ã 2 ½6/�Ø½6/

éu�¢�Ý�"��XÚ (2), 3�¢�"
�ØUC�Ã-yXÚ (1) �²ï:½5�cJ
e, E�ò�"��¤6Ä�, $^ Melnikov ¼ê
{ýÿS��©/�^�. Ïd$^ Melnikov ¼
ê{�cJ´XÚ (2) ¥�¢þ���7L�u
Ã-yXÚ (2) �²ï:1�g½5����
.�. Ã-yXÚ (2) �²ï: (−1, 0) Ú (1, 0) u
) Hopf ©
�7�^��−ω2 + 2 = εAω sin(ωτ),

εδω = εAω cos(ωτ) − εAω.
(11)

du δ > 0, ε > 0, A > 0 Ú ω > 0, þªÃ¢�.

Ïd, ²ï: (−1, 0) Ú (1, 0) �½5Ø��¢þ
UC. Ón, ²ï: (0, 0) �Ø¬u)½5�
�. Ïd3��¢����S, XÚ�n�²ï:
þØ¬u)½5��. ù�, �±ò�¢�"�
w¤´6Ä�. XÚ (2) �Ã6ÄXÚÚ²LQ:
�Ó�;��Ã�¢��XÚ (1) �Ó, ©O� (3)

Ú (4) ª. ò{Z�!	-y�±9�¢�"�þ
�¤6Ä�, KXÚ (2) � Melnikov ¼ê�

M(t0) =ε

∫ +∞

−∞
y±
0 (t)(−δy±

0 (t)

+ f cos(ω(t + t0))

+ A(y±
0 (t − τ) − y±

0 (t)))dt

= − 4
3
εδ − 4

3
εA − 4εA csch τ(τ

− 2 coth τ + 2τ csch2 τ)

∓
√

2εfπω sech
πω

2
sinωt0, (12)

dué τ > 0 ©ªk

csch τ(τ − 2 coth τ + 2τ csch2 τ) > −1
3
. (13)

Ïd

− 4
3
εδ − 4

3
εA − 4εA csch τ(τ

− 2 coth τ + 2τ csch2 τ) 6 0. (14)

-

P (τ) =
2δ

3A
+

2
3
−

√
2π

2A
fω sech

πω

2

+ 2 csch τ(τ − 2 coth τ + 2τ csch2 τ), (15)

� P (τ) > 0 �, (12) ª¥ M(t0) Ø�3{ü":,

ÏdXÚ�S��>.©/�±����. �½X
Ú (1) Ú (2) �ëê��:

ε = 0.1, δ = 0.1, ω = 0.5, A = 2 (16)

KØÓ-y�Ìe¼ê P (τ) ��¢�Cz�¹X
ã 3 ¤«. �âã 3, � f = 0.6 � τ = 0 �, S�
�©/. ��¢l 0 O�� 0.732324, XÚ (2) �S
��E,©/; �� τ > 0.732324 �, XÚS��
>.1wØ©/. éu f = 1.2, � τ = 0 �, S�
�>.©/; ��¢þ u 0 � 1.19293 �m, S�
�E,©/; � τ > 1.19293 �, XÚS��>.Ø
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©/. éuS��>.ÿÀ/���¢þ�Cz,

·�ò3e�!¥ÏLê��ý5ïÄ.

P

f/

f/.

f/.

τ

0 1 2 3 4 5 6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

ã 3 ØÓ-y�Ì��e¼ê P (τ) ��¢�Czã

3 S���ÿÀ/�üC

d u 3 � ¢ � " � � X Ú (2) 3 " � � ±
c v k & Ò � £ � X Ú, � ± � ½ Ð © ^ �
� x(t) = x0, y(t) = y0 (t = 0) Ú x(t) = y(t) =

0(−τ 6 t < 0). Ïd, XÚS��A� u t = 0

��G�²¡ x(0) − y(0) þ�¤kk.)áÚ�
�8Ü. 3©z [16] ¥, XÚÃ6�S�����
m���k.«�, =d�6ÄXÚ (3) �½6
/�Ø½6/�¤�«�5½Â. 3XÚÉ6Ä
�^�, eldk.«�SÜÐ©:Ñu�;�3
üz,�½��m�<ºÑdk.«�, ò��(
��»�. �Bu��¢XÚ� Melnikov ¼ê�{
¤��(J?1'�, �!À���k.«� D:

D ={(x(t), y(t))| −
√

2 6 x(t) 6
√

2,

− 2 6 y(t) 6 2}, (17)

T«��¹
XÚ (1) Ú (2) �¤kÛ:Úü^Ó
�;�. � t = 0 �, �©3 −1.5 6 x(0) 6 1.5,

−0.8 6 y(0) 6 0.8 ù � � � Ð © ² ¡ S $
^ Runge-Kutta {Ú:N��{5�yS��, Ù
¥Ð©:��ê� 480 × 240. =3Ð©¶ x(0)

��ò [−1.5, 1.5] y©� 479 �°, dd�) 480

^²1u y(0) ¶���; 3éA� y(0) ��
ò [−0.8, 0.8] y©� 239 �°, �) 240 ^�A�
��; ²1 x(0) ¶Ú²1u y(0) ¶�����, ò
�) 480 × 240 ��:, ù
�:Ò´XÚ)�Ð

©�. duïÄ�´XÚ��ÏÄåÆ1�, K�
XÚ�A3 10000 �ëê-y±ÏSXJE�<
ºÑk.«� D, K@�d)´S�k.�, ÄK
K@�ØS�. 3S��ã/¥, çÚ«�éAk
.)�áÚ�, =S��, �x«�KéA<º
)�áÚ�.

±eïÄXÚ (2) �ëê��X (16) ª, -
y�Ì f �ØÓ��, S��>.��¢�Cz5
Æ. ã 4 Úã 5 ©OéA f = 0.6 Ú f = 1.2 �, X
Ú (2) �S���ÿÀ/���¢þCz�üC
ã. Xã 4 ¤«, éuÃ�¢�"����¹e (�
ã 4(a)), S��þ��mØ¥%é¡�©/(�;

�X�¢þ�O�, S���mØ¥%é¡�(�
º��5��, ¦+��¢þl 0 O�� 0.7 � (�
ã 4(a)—4(d)), S��>.E,©/; d�, ��¢
þ?�ÚO� (�ã 4(e) Ú 4(f)), S��>.C�
1wØ©/, ù�ã 4(a)—4(d) k��«O, ��
c¡aq�´, S���müÜ©(�º�O�,

Ó��5��C. ù�1�Ü©ã 3 ¥|^�¢X
Ú Melnikov ¼ê{���¦�S��>.Ø©/
�>.� τ = 0.732324 �~ÎÜ. aq�y��
Ñy3ã 5 ¥. lã 5 �wÑ, ��¢þl 0 O�
� 1.1 � (�ã 5(a)— 5(d)), S��>.E,©/;

d�, ��¢þ?�ÚO� (�ã 5(e) Ú 5(f)), S�
�>.C�1wØ©/, ù�1�Ü©|^�¢
XÚ Melnikov ¼ê{���¦�S��>.Ø©
/�ëê^� τ = 1.19293 �Ä���. dù
ê
�(J��, ��"OÃXê�u"�, S���
º�¬�X�¢þ�O�O�, Ó�>.�¬�
5�1w. Ïd�±wÑ, �¢�Ý�"^u��
XÚ (1) �S����¡ék�.

4 ( Ø

�©?ØÉ½ Holmes-Duffing XÚ�S��
��¡�¹9�¢�Ý�"éXÚS�����
�JÚÅn. �â�Û6Ä�{, �©©Û
XÚ
�Ó�;©
, O�
Ù;��§, ÏL�E Mel-

nikov ¼ê�Ñ
�XÚÚ�¢�Ý�"��XÚ
�)S���¡y��7�^�. ^ Melnikov ¼ê
����¢É�XÚ�S��©/K�, �S��
�{���XÚ�K�'��C, `²
3�¢�
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�5XÚ¥$^ Melnikov ¼ê{ýÿS��©/
K��k�5Ú�15. ïÄuy, 3±Ï-ye,

�±Ï-y�Ìv
��, Holmes-Duffing XÚ�
S��¬Ñy©/>., ù¿�XXÚ�S��É
��¡. éTXÚÚ\�¢�Ý�", @o3�
"OÃ�u"��¹e, ÏLN!�¢þ����

±��XÚ�S���¡y�: S���º�¬�
X�¢þ�O�O�, ��¢þO���½§Ý,

�5É��¡�S��>.¬C�1wØ©/,

=ÏLO��¢þU
JpS��>.©/�K
�, l��S���©/�¡. ïÄ(JL²�
¢�Ý�"´��XÚ�S���¡�k�üÑ.
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ã 4 f = 0.6 �XÚ (2) �S����¢þ�üCã (a) τ = 0; (b) τ = 0.25; (c)τ = 0.5; (d) τ = 0.7; (e) τ = 0.8; (f)τ = 1.0

3|^
 Melnikov ¼ê{5ýÿ�¢�"�
�XÚS��>.©/�^��, 7L÷v�¢þ
���ØÚåXÚÄåÆ1��½5UC. u´3
$^�¢�"����5XÚS���¡��ÿ,

7L�ïÄ�¢þ�N!¤�5�XÚ�½5
Cz. éõ�ügdÝ��5XÚ�\�¢ £
�"uy, ���¢þ�L
Ã-yXÚ�²ï:
½5����.�, �¢�"XÚ�ÄåÆ1�
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u)
½5UC, ÒéJýÿ�"éuXÚS��
����^ [11−13]; $�u��¢þ���½§Ý,

XÚ�S���¡§Ý�¬�X�¢þ�O�
\ì [11]. �©¥, 3�¢�Ý�"���e,

Holmes-Duffing XÚ¿Ø�3²ï:½5���
�¢�.�. ùÒ¿�X, �¢�Ý�"eXÚ�
S���¡¬��¢þ�O��5��, Ó�S

���º��X�¢þüN4O. Ïd��¢ £
�"�', �¢�Ý�"����üÏ���, �
"OÃÚ�¢þkX�2,��OÚN!�m, ù
��´�¢�Ý�"�`��?. 3Ñy�Å6
Ä��¹e, �	�¢�Ý�"éu��5XÚS
���¡����°�5K¤�·�e�Úó�
�8I.
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ã 5 f = 1.2 �XÚ (2) �S����¢þ�üCã (a) τ = 0; (b) τ = 0.5; (c) τ = 0.8; (d) τ = 1.1; (e) τ = 1.3; (f)τ = 1.5
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Abstract

A forced Holmes-Duffing system is considered in this paper. A delayed velocity feedback is opplied to the system. The erosion of

safe basin, caused by the periodic excitation, and the effects of delayed velocity feedback on the controlling of the fractal eroded safe

basin are investigated. The conditions of fractal erosion of the basin boundary are obtained by the Melnikov method. Then considering

the time delay as a variable parameter, the evolutions of safe basin with time delay are presented numerically by the 4th Runge-Kutta

and the point-to-point mapping method. It is found that the increase of time delay can enhance the threshold of the fractal erosion of

the basin boundary under a weak and positive feedback gain so as to reduce the basin erosion. These imply that the delayed velocity

feedback can control the basin erosion of the system effectively.
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