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1 Ú ó

�í¥�Ë�DÑL§�)�íáÂ!Ñ�
Ú9Ë��L§ [1−4]. §3Uííÿê��[!
¥(�a�ü�]�Óz¥åX�~­���
^ [5−15]. Ë�DÑL§Ï~d�¹�©È©�Ë
�DÑ�§5£ã. =¦3²¡²1�b�^�e,
Ë�DÑ�§�´éJ?1°(¦). éu�aA
^5`, Ï~æ^ügÑ�Cq¼�V���'�
1ÆþÝ�m�'X. ù«'X�¥(&ÿ�üí
M�1ÆþÝC½
Ä: [16]. 
¢S�í´�þ
!�, §�1ÆA5��pÝu)R�Cz. ¢S
?n¥, Ï~r�þ!�í©¤õ�þ!��?1
ê�O� [16]. ã²�ÚH_ [3] @�ù«<�©�
O�¬E¤�í¤©©Ù�ØëY5, ¿��3ù
�.¡?�í1Æ5��ØëY, l
�ª�U¬

Ñy�4�y�. �©|^ìCÈ©nØ, 3ØI
�R�©���¹e, ÄuügÑ�Cq, JÑ

�«O��þ��í�V���'�#�{, ¿é
T�{¼��)ÛL�ª�°Ý?1
�y.

2 nØ©Û

²¡²1�í�Ë�DÑ�Ä�Iþ�§�
±��Xe/ª:[16]

µ
dI(τ, µ, φ)

dτ
= −I(τ, µ, φ) + J(τ, µ, φ). (1)

��ÄügÑ��¹e, 
¼ê J �

J(τ, µ, φ) =
$(τ)
4π

F0 exp
(
− τ

µ0

)
× P (τ, µ, φ,−µ0, φ0), (2)

Ù¥ µ �Ñ�Ë�Uº��{u (�þ��, �e
�K)[16], µ0 ���\�Ë�Uº��{u, φ �
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Ñ�Ë�� �, φ0 ���� �, τ ��í1Æ
þÝ, I �Ë�rÝ, $ �ügÑ��ìÇ, P �ü
gÑ��¼ê, F0 �/	��Ë�Ïþ. Kd (1)
ªÚ (2) ª�±éN´�Ñ�í�º�þ�Ë�
rÝ� [16]

I(0, µ, φ) =I(τ∗, µ, φ) exp
(
− τ∗

µ

)
+

F0

4πµ

∫ τ∗

0

ω(t) exp
(
− τ

µ0

)
P (τ)

× exp
(
− τ

µ

)
dτ, (3)

Ù¥ τ∗ ����í��1ÆþÝ. �
{z (3) ª,
·�b½

x = 1/µ0 + 1/µ, (4)

f1(τ) = ω(τ)P (τ), (5)

h(τ∗) =
∫ τ∗

0

f1(τ) exp(−xτ)dτ. (6)

r�§ (4)—(6) �\ (3) ª, �

I(0, µ, φ) =I(τ∗, µ, φ) exp
(
− τ∗

µ

)
+

F0

4πµ
h(τ∗). (7)

�âìCÈ©nØ [17] ��

∫ τ∗

0

f1(τ) exp(−xτ)dt

= − 1
x

f1(τ) exp(−xτ)
∣∣∣∣τ∗
0

+
1
x

∫ τ∗

0

f2(τ) exp(−xτ)dτ∫ τ∗

0

f2(τ) exp(−xτ)dt

= − 1
x

f2(τ) exp(−xτ)
∣∣∣∣τ∗
0

+
1
x

∫ τ∗

0

f3(τ) exp(−xτ)dτ

· · ·∫ τ∗

0

fn(τ) exp(−xτ)dt

= − 1
x

fn(τ) exp(−xτ)
∣∣∣∣τ∗
0

+
1
x

∫ τ∗

0

fn+1(τ) exp(−xτ)dτ

· · ·

(8)

Ù¥, fn(τ) = f1(τ)(n−1), f1(τ)(n−1) L« f1(τ)
� n − 1 ��ê. d (6) Ú (8) ª��

h(τ∗) = −
N∑

n=1

1
xn

f1(τ)(n−1) exp(−xτ)
∣∣∣∣τ∗
0

+ O

(
1

xN+1

)
. (9)

du x ∈ [2,+∞), Ïd N �Cq�Ñ�p�

�þ� O
( 1

2N+1

)
. d (9) Ú (7) ª��, 3 N �C

q��í�º�þË�rÝ�

I(0, µ, φ) =I(τ∗, µ, φ) exp
(
− τ∗

µ

)
+

F0

4πµ

N∑
n=1

{
1
xn

[f1(τ)(n−1)|τ=0

− f1(τ)(n−1)|τ=τ∗ exp(−τ∗x)]
}

. (10)

� Ä � � ç N L ¡, K � þ � � r
Ý I(τ∗, µ, φ) = 0. dþª��V���'�

R(µ, φ;µ0, φ0)

=
1

4µµ0

N∑
n=1

1
(1/µ0 + 1/µ)n

× {[ω(τ)P (τ)](n−1)|τ=0

− [ω(τ)P (τ)](n−1)|τ=τ∗

× exp[−τ∗(1/µ0 + 1/µ)]}. (11)

cÙéu���� τ∗, ��

R(µ, φ;µ0, φ0)

=
1

4µµ0

N∑
n=1

1
(1/µ0 + 1/µ)n

× {[ω(τ)P (τ)](n−1)|τ=0

− [ω(τ)P (τ)](n−1)|τ=τ∗

× [1 − τ∗(1/µ0 + 1/µ)]}. (12)

V���'�1ÆþÝ�'XC½
¥(&
ÿ�üíM�1ÆþÝ�Ä:. 'uþ��í�V
���'®d©z [16] �Ñ, 
·�ùp�Ñ�´
�þ��í�V���'. dd·��±wÑ: é
u�þ��í, �í�ºÚ�í�.��¼ê!ü
gÑ��ìÇ9§�é1ÆþÝ� n ��êéV
���'ÑkK�, ��í�º�1ÆA5¤å�
�^��. Ïd, T)Û)kÏu·�©ÛË�D
ÑL§¥ù
­�A�.
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3 °Ý�y

·�À^��k°()Û)�A~5©Û#
�{ÚDÚ�©��{�m��O. �Ä��1Æ
þÝ τ1 = 1 ��í, Ù.ÜÚºÜÑvkû�\�
1. ·���Ä©fÑ�, =�¼êÀ^a|�¼
ê P (τ, µ, φ, µ′, φ′) =

3
4
{1 + [µµ′ + (1− µ2)1/2(1−

µ
′2)1/2 cos(φ′ − φ)]2}. ÙügÑ��ìÇ ω(τ) �

1ÆþÝU exp(−τ) Cz. 3¢S�í¥, ·�
��Ã{��¼��þ!1ÆA5�Cz¼ê,
X ω(τ) = exp(−τ). b½1ÆþÝzm� 0.01 é ω

æ��g. �âæ��� ω ?1 3 gõ�ª[Ü
�� ωappr(τ) = 0.30883τ2 − 0.93096τ + 0.99466.
�
��Ù/w«Cq)ÚDÚþ!©�¦)
( J � m � � O, 3 D Ú � © � � { ¥ · � ©
Or§�¤��!n�!���1ÆþÝþ!
f�?n. z��f��ügÑ��ìÇ^T
f��²þügÑ��ìÇ5L«. ��þ!
f��ügÑ��ìÇ� ω̄1

1 = 0.6373. n�þ
!f��ügÑ��ìÇ©O� ω̄3

1 = 0.8520,
ω̄3

2 = 0.6105, ω̄3
3 = 0.4374. ��þ!f��ügÑ

��ìÇ©O� ω̄10
1 = 0.95171, ω̄10

2 = 0.86114,
ω̄10

3 = 0.77919, ω̄10
4 = 0.70504, ω̄10

5 = 0.63795,
ω̄10

6 = 0.57724, ω̄10
7 = 0.52231, ω̄10

8 = 0.6105,
ω̄10

9 = 0.4374, ω̄10
10 = 0.4374.

d�§ (3) Jø°()�

Iexact(0, µ, φ) =
F0

4π

µ0

µ + µ0 + µ0µ

×
[
1 − exp

(
−

(
1 +

1
µ0

+
1
µ

))]
× P (µ, φ,−µ0, φ0). (13)

´�V���'�

Rexact(µ, φ;µ0, φ0)

=
1

4(µ + µ0 + µ0µ)

[
1 − exp

(
−

(
1 +

1
µ0

+
1
µ

))]
P (µ, φ,−µ0, φ0). (14)

|^[Ü��� ωappr(τ) (Ü (11) ª�V�
��'Cq)�

Rappr(µ, φ;µ0, φ0)

=
P (µ, φ,−µ0, φ0)

4(µ + µ0)

{
0.9947 − 0.3725

× exp
[
−

(
1
µ0

+
1
µ

)]
+

1
1/µ0 + 1/µ

×
[
− 0.9310 + 0.3133 exp

[
−

(
1
µ0

+
1
µ

)]]
+

1
(1/µ0 + 1/µ)2

[
0.6177

− 0.6177 exp
[
−

(
1
µ0

+
1
µ

)]]}
. (15)

du ωappr(τ) ´�gõ�ª[Ü, n�9Ù
±þ�êÑ�", �þªæ^n�Cq?1O�.
UìDÚ�©��{r§�¤��þ!f�?n
d (7) ª´�:

Rmean1(µ, φ;µ0, φ0)

=
ω̄1

1

4(µ + µ0)
{1 − exp[−(1/µ0 + 1/µ)]}

× P (µ, φ,−µ0, φ0). (16)

r§�¤n�þ!f�?n, d (7) ª´�:

Rmean3(µ, φ;µ0, φ0)

=
P (µ, φ,−µ0, φ0)

4(µ + µ0)
{ω̄3

1 [1

− exp(−1/3(1µ0 + 1/µ))]

+ ω̄3
2 [exp(−1/3(1/µ0 + 1/µ))

− exp(−2/3(1/µ0 + 1/µ))]

+ ω̄3
3 [exp(−2/3(1/µ0 + 1/µ))

− exp(−(1/µ0 + 1/µ))]}.

(17)

r§�¤��þ!f�?n, d (7) ª´�:

Rmean10(µ, φ;µ0, φ0)

=
P (µ, φ,−µ0, φ0)

4(µ + µ0)
{ω̄10

1 [1 − exp(−0.1(1/µ0

+ 1/µ))] + ω̄10
3 [exp(−0.2(1/µ0 + 1/µ))

− exp(−0.3(1/µ0 + 1/µ))]

+ ω̄10
4 [exp(−0.3(1/µ0 + 1/µ))

− exp(−0.4(1/µ0 + 1/µ))]

+ ω̄10
5 [exp(−0.4(1/µ0 + 1/µ))

− exp(−0.5(1/µ0 + 1/µ))]

+ ω̄10
6 [exp(−0.5(1/µ0 + 1/µ))

− exp(−0.6(1/µ0 + 1/µ))]

+ ω̄10
7 [exp(−0.6(1/µ0 + 1/µ))

− exp(−0.7(1/µ0 + 1/µ))]

+ ω̄10
8 [exp(−0.7(1/µ0 + 1/µ))

− exp(−0.8(1/µ0 + 1/µ))]

+ ω̄10
9 [exp(−0.8(1/µ0 + 1/µ))
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− exp(−0.9(1/µ0 + 1/µ))]

+ ω̄10
10 [exp(−0.9(1/µ0 + 1/µ))

− exp(−(1/µ0 + 1/µ))]}. (18)

V���'¼ê��éØ��

Err =
Ra − Rexact

Rexact
× 100%,

Ù ¥ Ra L « � ´ Rappr, Rmean1, Rmean3

Ú Rmean10

��.

ã 1 �Ñ
Cq)O���V���'�é
Ø�z©'� µ0 Ú µ �Cz�¹. ã 2— 4 ©O
�Ñ
UìDÚ©��{, r§�¤��!n�!
��þ!�?n�, O����V���'��é
Ø�z©'� µ0 Ú µ �Cz�¹.

lã 1 �±wÑ, Cq)O�����éØ�
�~�, Ù¥���éØ�3 0.4%�m. lã 2—
4 �±wÑ, dDÚ©��{O�����éØ�
�~�. �Xf�ê8�O\, O�����éØ
�Åì~�. XJ·�ò,�í��¤��þ!f
�?n, @o���V���'�éØ�p� 35%.
e�¤n�þ!f�?n, ���V���'�é
Ø��k¤ü$, �E� 12%. �^n�þ!f�
O���V���'�E,§ÝÚ�©�ÑCq
)�E,§Ý��, �Ù°Ý%��ØXCq).
=¦·�rT��í©¤��þ!f�?n, Ù
���éØ�EÎk 3%, Ù°ÝE,ØXCq).
l (18) ª�±wÑ, ©��f�¤�)�/ªLu
�¡. XJ�Jp°Ý, Ò7L2O\f��ê8.
Xd, Ø=¤�)�/ªò��E,, 
�\�

O�þ.

ã 1 Cq)O���V���'�éØ�� µ0 Ú µ Cz

� � �� � �� � ��� ���� ��� � � 	
 � �
 � ��� ���� � � �� � �� � �� ! � � "# $ %& ' ( ) * +, - . / 0 12 3 3 4 5 6 7
8 9 : 8 9 ; 8 9 < 8 9 =8 9 :8 9 ;8 9 <8 9 => 9 8? @ A

ã 2 �¤��þ!f�?n�O���V���'�é
Ø�� µ0 Ú µ Cz

� � �� � �� � ��� ���� ��� � 	
 �� 
���� � �� �� ��� � �� �� ���  !" #$ %& ' ' ( ) * +
, - . , - / , - 0 , - 1, - ., - /, - 0, - 12 - ,

34 5
ã 3 �¤n�þ!f�?n�O���V���'�é
Ø�� µ0 Ú µ Cz

� �� �� ��� �� �� � �� �	 
�� �� 
 � � �� � � �� � � ��� � � � � �  ! " # $%& ' ( ) * + ,- . / 01 2 2 3 4 5 6
7 8 9 7 8 : 7 8 ; 7 8 <7 8 97 8 :7 8 ;7 8 <= 8 7

>? @
ã 4 �¤��þ!f�?n�O���V���'�é
Ø�� µ0 Ú µ Cz

du�©�Ä�a|�¼ê P (µ, φ,−µ0, φ0)
Ø�1ÆþÝCz, Ïd3O�V���'�é
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Ø � �, � ¼ ê � ® ² � � �. 
 Ã { ? Ø �
é Ø � � φ Ú φ0 � C z � ¹. X J � Ä � ¼
ê P (µ, φ,−µ0, φ0) �1ÆþÝ�Cz, @o3�
��¹eéJ¦Ù°(), l
Ã{?ØCq)�
°Ý. Ïd�©�?Ø�éØ��X φ Ú φ0 �C
z�¹.

4 ( Ø

�©|^ìCÈ©nØ, 3ØI�<�R�©

���¹e, ÄuügÑ�Cq, JÑ
�«O�
�þ��í�V���'�#�{. (JL²: #
�{ÚDÚ©��{�', Ø=U¼�)ÛL�ª,

�k�~p�°Ý. duT�{´��)Û�{,
�kÏu·�©ÛË�DÑL§��
­�A�.
�©�)ÛL�ª´3ügÑ�Cqe��, Ì�
·^u1ÆþÝ'����¹. 
XÛ|^�6½
o6Cq, O��þ��í3��1ÆþÝe��
�Ç¼ê�)ÛL�ª, E´��]Ô.
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Abstract

In satellite remote sensing, the relationship between bidirectional reflectance and optical depth is the foundation of the retrieval

of the aerosols’ optical depth. According to asymptotic integral theory, a new approach to dealing with bidirectional reflectance of

atmospheric without artificial stratification in the single-scattering approximation. The results show that the accuracy of analytical

solution obtained by the new method is high. We formulate the analytical bidirectional reflectance with the vertical continuity of the

inherent optical properties. Moreover, analytical solution is relatively easy to explain some of most import features for radiative transfer

process.
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