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1 Ú ó

mu°(Úp�¦) Schrödinger �§�ê�
�{´y�B�ì�ï�Ú`z�­�8I [1], 

©Û�Ü©B�ì�A5��\:´(½ì�(
��Uþ���ÚUþ���. ~X, ��>fD
ÑÌ��ûu�>���î����, ù�:Ú�
²ï��¼ê;��' [1], 3�*>fDÑ¥�«
k��y�, X���B�A [2]!Fano �� [3] �
�, ù
y��ûuA���-y±9ØÓA��
�m�ÍÜ. Ïd, �«O(k��O�A��Ú
A�ªÇ��{3ì�Ôn��O¥åXÞv�
­��^. d	, A��ÚA�ªÇ�J��÷v
þf CAD ï��ó�I¦. FDTD �{ —– ��
k��©{, ´¦)¹� Schrödinger �§�~^�

�{�� [4,5], �Ù":´Ã{�Ñ3��m�ý
¥�)�ÚÑØ�.

� þ � Ô n y � � Ï L � m ü C " C �
� Hamilton �©�§£ã [6−8]. "�{ÏL¦
^ØÓ��m�©�{�±
 Hamilton XÚ��
m�Û"(�. �þ¢�®y²"�{3 Hamilton

XÚê�O�¥�`³, T`³3��m�ý¥�
�wÍ. n�"�{®²¤õ^u¦) Schrödinger

�§: éu¹� Schrödinger �§, �«�{´òÙ
EÅ¼ê©¤¢êÜ©ÚJêÜ© [9−11], ,�«
�{´òÙ Hamilton XÚ©¤ÄU�fÚ³U�
f [11,12]. 
éu­� Schrödinger �§, XJ¦^
�´2Â�I (EÅ¼ê) Ú2Â�Ý (EÅ¼ê�
�m�ê), @o, ��±¦^"�{ [13,14]. d	, "
�{½�^u¦)��5 Schrödinger �§ [15,16].
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) Schrödinger � § � p � " FDTD � { —–

SFDTD(3, 4) {, XÚ/?Ø
 SFDTD {�­½
59ê�ÚÑ5.

2 Schrödinger �§�lÑ"µe

2.1 Schrödinger ���§§§���ÄÄÄ���///ªªª

¹� Schrödinger �§L�ªXe:

i~
∂ψ (r, t)

∂t
= − ~2

2m∗∇
2ψ (r, t) + V (r) ψ (r, t) ,

(1)

Ù¥, ψ �Å¼ê, r Ú t ©O�Tâf3þfXÚ

¥� �Ú�m, m∗ �âf��þ, − ~2

2m∗∇
2 �

TXÚÄU�f, V (r) �­�³U, − ~2

2m∗∇
2 + V

� Hamiltonian �f. �
;�¦^Eê, òÅ¼
ê ψ (r, t) ©�¢êÜ©ÚJêÜ©, =

ψ (r, t) = ψR (r, t) + iψI (r, t) . (2)

ò (2) ª�\ (1) ª, ·��±��Xeéó�
�ª:

~
∂ψR (r, t)

∂t

= − ~2

2m∗

[
∂2ψI (r, t)

∂x2
+

∂2ψI (r, t)
∂y2

+
∂2ψI (r, t)

∂z2

]
+ V (r) ψI (r, t) , (3)

~
∂ψI (r, t)

∂t

=
~2

2m∗

[
∂2ψR (r, t)

∂x2
+

∂2ψR (r, t)
∂y2

+
∂2ψR (r, t)

∂z2

]
− V (r) ψR (r, t) . (4)

Å¼ê�¢êÜ©ÚJêÜ©31 n ��mÚ�
lÑL�ª�

ψR(r, t) ≈ψn
R(i, j, k)

=ψR(i∆x, j∆y, k∆z, n∆t), (5)

ψI(r, t) ≈ψn
I (i, j, k)

=ψI(i∆x, j∆y, k∆z, n∆t), (6)

Ù¥, ∆x, ∆y Ú ∆z ©O� x, y, z ������m
Ú, ∆t ��mÚ, i, j, k ��êIÒ. ���m�ê
�±ÏL��°Ý�wª¥%�©lÑ. |^Ó 
�©lÑ (3) ªÚ (4) ª¥��� Laplace �f, Ø

Óu Maxwell �§¥� Yee �� [17,18]. ²lÑ�,

Å¼ê¢ÜÚJÜ�S�L�ª�

ψn+1
R (i, j, k)

=ψn
R (i, j, k) − ∆t

(∆x)2
~

2m∗

[
ψ

n+1/2
I (i + 1, j, k)

− 2Ψ
n+1/2
I (i, j, k) + ψ

n+1/2
I (i − 1, j, k)

]
− ∆t

(∆y)2
~

2m∗

[
ψ

n+1/2
I (i, j + 1, k)

− 2Ψ
n+1/2
I (i, j, k) + ψ

n+1/2
I (i, j − 1, k)

]
− ∆t

(∆z)2
~

2m∗

[
ψ

n+1/2
I (i, j, k + 1)

− 2Ψ
n+1/2
I (i, j, k) + ψ

n+1/2
I (i, j, k − 1)

]
+

V (i, j, k)∆t

~
× Ψ

n+1/2
I (i, j, k) , (7)

ψ
n+1/2
I (i, j, k)

=ψ
n−1/2
I (i, j, k) +

∆t

(∆x)2
~

2m∗

[
ψn

R (i + 1, j, k)

− 2Ψn
R (i, j, k) + ψn

R (i − 1, j, k)
]

+
∆t

(∆y)2
~

2m∗

[
ψn

R (i, j + 1, k)

− 2Ψn
R (i, j, k) + ψn

R (i, j − 1, k)
]

+
∆t

(∆z)2
~

2m∗

[
ψn

R (i, j, k + 1) − 2Ψn
R (i, j, k)

+ ψn
R (i, j, k − 1)

]
− V (i, j, k)∆t

~
× Ψn

R (i, j, k) . (8)

2.2 Schrödinger ���§§§���ppp���"""���{{{

?�:Å¼ê31 n ��mÚ1 l ?Ú?�
lÑL�ª

ψ(i, j, k) = ψn+l/m (i∆x, j∆y, k∆z, (n + τl)∆t) ,

(9)

ùp, z��mÚI� m ?�mÚ?, �1 l ?Ú
?éA��mOþ� τl∆t.

·�^ q �Ó �©lÑ�m���ê(
∂2ψn+l/m

∂δ2

)
h

=
q/2∑

r=−q/2

Wrψ
n+l/m (h + r)

+ O
(
∆q+1

δ

)
, (10)

ùp, δ = x, y, z, h = i, j, k, Wr ��m�©Xê,

Wr ���XL 1 ¤«.
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�â (3) ªÚ (4) ª, Schrödinger �§�U�¤
XeÝ
/ª:

∂

∂t

ψR

ψI

 = L

ψR

ψI

 = (A + B)

ψR

ψI

 , (11)

A =

0 K

0 0

 , B =

 0 0

−K 0

 , (12)

K = − ~
2m∗

(
∂

∂x2
+

∂

∂y2
+

∂

∂z2

)
+

V

~
, (13)

Ù¥, � v > 2 �, Av = 0 � Bv = 0. éN´y²,

(11) ª¥� L �fäk�é¡5, 
� Schrödinger

�§l 0 ��� t ���)Û)´ exp(tL), ���
��f. �Ò´`, Schrödinger �§��mÚ?�
�þ^=
8�z�Å¼ê, ¿��{/�±
þ
fXÚ�UþÅð. ·�ÏL¦^ m ? p �"È
©5Cq (11) ª��müzÝ
 exp(∆t(A + B)),

=

exp(∆t(A + B))

=
m∏

l=1

exp(dl∆tB) exp(cl∆tA) + O(∆p+1
t )

=
m∏

l=1

(1 + dl∆tB)(1 + cl∆tA) + O(∆p+1
t ), (14)

ùp, cl Ú dl �"�f, p �Cq�ê.

L 1 q �¥%�©Xê (Yee ��)

�ê (q) W−2 W−1 W0 W1 W2

2 1 −2 1

4 −1/12 4/3 −5/2 4/3 −1/12

~ � " � f ÷ v � m � _ ½ ö é ¡ ^
� [9,19,20]. �©¥, ÀJ m = 3, p = 3, ·��
EÑnÚn��wª"�{ [19], = SFDTD(3, 4) �
{. T�{�±�y Schrödinger �§UþÅð5,

vkÌÝØ�. Å¼ê¢êÜ©�S�úªXe:

ψ
n+l/m
R (i, j, k)

=ψ
n+(l−1)/m
R (i, j, k) +

V (i, j, k)∆t

~
Ψ

n+l/m
I (i, j, k)

− αx1

[
ψ

n+l/m
I (i + 1, j, k) − 2ψ

n+l/m
I (i, j, k)

+ ψ
n+l/m
I (i − 1, j, k)

]
− αx2

[
ψ

n+l/m
I (i + 2, j, k) − 2ψ

n+l/m
I (i, j, k)

+ ψ
n+l/m
I (i − 2j, k)

]

− αy1

[
ψ

n+l/m
I (i, j + 1, k) − 2ψ

n+l/m
I (i, j, k)

+ ψ
n+l/m
I (i, j − 1, k)

]
− αy2

[
ψ

n+l/m
I (i, j + 2, k) − 2ψ

n+l/m
I (i, j, k)

+ ψ
n+l/m
I (i, j − 2, k)

]
− αz1

[
ψ

n+l/m
I (i, j, k + 1) − 2ψ

n+l/m
I (i, j, k)

+ ψ
n+l/m
I (i, j, k − 1)

]
− αz2

[
ψ

n+l/m
I (i, j, k + 2) − 2ψ

n+l/m
I (i, j, k)

+ ψ
n+l/m
I (i, j, k − 2)

]
, (15)

αx1 =
4
3
clSx, αy1 =

4
3
clSy, αz1 =

4
3
clSz, (16)

αx2 =
−1
12

clSx, αy2 =
−1
12

clSy, αz2 =
−1
12

clSz,

(17)

Sx =
~

2m∗
∆t

∆2
x

, Sy =
~

2m∗
∆t

∆2
y

, Sz =
~

2m∗
∆t

∆2
z

.

(18)

3 ê�­½5ÚÚÑ5©Û

3.1 êêê���­­­½½½555©©©ÛÛÛ

�â¾ · ì�ù­½5^�, b�Å¼ê�²
¡Å, �L«�

ψ(x, y, z, t) = A0 exp
(
−j0(i∆xkx+j∆yky+k∆zkz)

)
,

kx =k0 sin θ cos ϕ, ky = k0 sin θ sinϕ,

kz =k0 cos θ, (19)

Ù¥ k0 =
p

~
�Åê, p �ÄU, θ, ϕ �¥¡�. ù

p, ·�¦^ q �Ó �©lÑ���m�ê, =

∂2ψ

∂z2
≈

q/2∑
r=−q/2

Wr
ψ (i, j, k + r)

∆2
z

=
q/2∑

r=−q/2

Wr
exp(−j0rkz∆z)

∆2
z

ψ(i, j, k)

=ηzψ, (20)

Ù¥

ηz =
q/2∑

r=−q/2

Wr
exp(−j0rkz∆z)

∆2
z

.
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·�b��� Schrödinger �§Ù³U� 0, K

∂

∂t

ψR

ψI

 =

 0 − ~
2m∗

∂2

∂z2

~
2m∗

∂2

∂z2
0


ψR

ψI

 .

(21)

éA��m�©/ª�

∂

∂t

ψR

ψI

 =

 0 − ~
2m∗ ηz

~
2m∗ ηz 0


ψR

ψI

 . (22)

² p � " È © �, X Ú � m ü z Ý 
 � l Ñ /
ª Ld �

Ld =

l11 l12

l21 l22


=

m∏
l=1

 1 0
~

2m∗ ηzdl∆t 1

 1 − ~
2m∗ ηzcl∆t

0 1

 . (23)

Ý
A�� λ éA�A��§�

λ2 − tr(Ld)λ + det(Ld) = 0, (24)

Ù¥, tr(Ld) Ú det(Ld) ©O�Ý
�,Ú1�ª.

�Ä�lÑÝ
´1�ª�� 1 �"Ý
, A��
§�{z�

λ2 − tr(Ld)λ + 1 = 0, (25)

Ù)�, λ1,2 =
tr(Ld) ± j0

√
4 − tr(Ld)2

2
. ­½5

^��¦ |λ1,2| = 1, ¤±�� |tr(Ld)| 6 2 =�.

ò (23) ª�g�¦, ·�¦Ñ

tr(Ld) =2 +
m∑

l=1

(−1)lgl

((
~

2m∗

)2

∆2
t η

2
z

)l

, (26)

gl =
∑

16i16j1<i26j2<···
<il6jl6m

ci1dj1ci2dj2 · · ·cil
djl

+
∑

16i1<j16i2<j26···
6il<jl6m

di1cj1di2cj2 · · ·dil
cjl

. (27)

± þ � ( J � ? � Ú í 2 � n � " ³
U Schrödinger �§�ê�­½5, =

tr(Ld) =2 +
m∑

l=1

(−1)lgl

[(
~

2m∗

)2

× ∆2
t (ηx + ηy + ηz)2

]l

, (28)

Ïd, �±�� √
~

m∗
∆t

∆2
δ

6 CFL, (29)

Ù ¥, CFL � ­ ½ Ý ~ ê. L 2 � Ñ 
 D
Ú � FDTD(2, 2) {, p � FDTD(2, 4) { ±
9 SFDTD(3, 4) {���­½Ý. Ù¥, SFDTD(3,

4) {¦^Xeé¡"�f:

c1 = 0.26833010, c2 = −0.18799162,

c3 = 0.91966152, dl = cm−l+1 (1 6 l 6 m).

L 2 �«�{���­½Ý'�, d = 1, 2, 3, L«�ê

�{ CFL

FDTD(2,2) 1/
√

d

FDTD(2,4) 0.8660/
√

d

SFDTD(3,4) 1.3019/
√

d

©ÛL 2, ��mæ^p�Ó �©�ª�, p
�"È©�Jp�{­½Ý.

3.2 êêê���ÚÚÚÑÑÑ555©©©ÛÛÛ

Maxwell � § ¥, g d � m 1 f � Ú Ñ 5
'X�

ω = c|k0|, (30)

Ù¥, c �1�, k0 = (kx, ky, kz) �ÌÝ� k0 �Å
¥. ØÓugd1f��I/n�ÚÑ'X, gd
>f�ÚÑ'X´���Ô¡, =

ω =
(

~
2m∗

)
|k0|2. (31)

a' Maxwell �§, ·��±½Â Schrödinger

�§��Ý v0 =
(

~
2m∗

)
, Ïd (31) ª�±U�¤

ω = v0|k0|2. (32)

�â²¡ÅÐmÚ"�{�UþÅðA5, gd>
f�ÚÑ'X�±�¤

ω∆t = a cos
[
tr

(
Ld

)
/2

]
, (33)

��Ý��éØ��

η = 20 log10

∣∣∣∣vp − v0

v0

∣∣∣∣ , (34)

Ù¥, vp =
ω

k2
0

, ω �±�â (33) ªO�.
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η
/
d
B
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SFDTD(3,4)

ã 1 ��ÝØ���m©EÇ�Cz
(

ùp, ²¡Å

\�� θ = 0◦, ϕ = 0◦, ­½5~ê Sδ =
∆t

∆x2

~
2m∗ =

0.125
)

0 40 80 120 160
-55
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-45

-40

-35

-30

-25

ϕ/(O)

FDTD(2,2)

FDTD(2,4)

SFDTD(3,4)η
/
d
B

ã 2 � � Ý Ø � � ¥ ¡ � ϕ � C z
(

ù p, \ �
� θ = 30◦, �m©EÇ PPW = 7, ­½5~ê Sδ =
∆t

∆x2

~
2m∗ = 0.125

)

�½­½5~ê Sδ =
∆t

∆δ2

~
2m∗ = 0.125. ã 1

�Ñ
��ÝØ���m©EÇ�Cz. ùp,

²¡Å\��Ý θ = 0◦, φ = 0◦. �X, ·�À
J�Ó��m©EÇ, ã 2 �Ñ
��ÝØ�
�DÂ�Ý φ �Cz. ùp, \��Ý θ = 30◦,

� m © E Ç PPW = 7. � â ã 1 Ú ã 2, · �
�±wÑ:SFDTD(3,4) {Ú FDTD(2,4) {'DÚ
� FDTD(2,2) {äk�`��ê�ÚÑ5. �A/,

3Ó��°Ý^�e, p�Ó �©�±¦^�o
���, Ïd!�
 CPU O��mÚ�;�m. ,

, Ú$�"�f�', p�"�fØU~�ê�
ÚÑ, ù�:Ú Maxwell �§�Ø�Ó, k�?�
ÚïÄ.

4 ê�(J9?Ø

4.1 ������þþþfff²²²

b�O�«� D = [0, Lx] × [0, Ly] = [0, 29] ×

[0, 29], ∆δ = 1, Sδ =
∆t

∆z2

~
2m

= 0.1, S � Ú
ê Nmax = 40000, >.^���ý�ê�©{.

A�UþXeª¤«:

Enx,ny =
~2π2

2m

(
n2

x

L2
x

+
n2

y

L2
y

)
, (35)

Ù¥, (nx, ny) L«A��ê. L 3 �Ñ
�«�
{éA�ªÇ�ê�(J, �«�{éA�� ψ3,3

��ý(JXã 3 ¤«. dO�(J��, éu
��þf²��ý, p�"�{ SFDTD(3,4) {
' FDTD(2,4) {±9 FDTD(2,2) {�\O(.

L 3 �«�{�ý(J'� —– ��þf²�A�ªÇ

FDTD(2,2) FDTD(2,4) SFDTD(3,4) )Û)
ω1,1 254 267 272 272

ω1,2 662 670 679 679

ω2,2 1072 1080 1088 1088

ω1,3 1366 1380 1388 1388

ã 4 �Ñ
�«�{éA�� ψ2,2 �ýØ�
� L2 �ê. p�"�{ SFDTD(3,4) Âñ5�Ð.

4.2 ������fff

éu����f��ý, b½³U V (x, y) =
1
2
k(x2 + y2), Ù¦ëêÚ��âf�Ó. Å¼ê�

L�ªÚéA�A�UþXeª:

ψ(x, y, t) =

√
1

π2nxnx!2nyny!
× e−iEnx,ny t

× e−
x2
2 e−

y2
2 Hnx(x)Hny(y), (36)

Enx,ny =(nx + ny + 1) ~ω. (37)

L 4 �Ñ
n«�{é��fA�ªÇ�
�ý(J. éuE,�³U©Ù�¹, p�"�
{ SFDTD(3, 4) �O(, U
÷vþfì���ý
�¦.

L 4 �«�{�ý(J'� —– ����f�A�ªÇ

FDTD(2,2) FDTD(2,4) SFDTD(3,4) )Û)
ω1,1 352 363 360 360

ω1,2 773 788 785 785

ω2,2 1210 1218 1189 1189
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analytical result

ã 3 ��þf²�A�� (EÅ¼ê�¢êÜ©) (nx = 3, ny = 3)

Dx

lo
g

1
0
(L

2
)
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2  
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ã 4 éA�� ψ2,2 �«�{��ý(JÚ)Û)m�
Ø� L2 �ê

5 ( Ø

p�" FDTD(3, 4) �{, ´�«�mo�°
Ý, �mn�°Ý, UþÅð, �^�­½��{.

��¡, T�{¦^�mp�Ó �©Ú�ý�ê
>.^��¼�p�°Ý. ,��¡, T�{(Ü
"�f, �·^u��m�ý. 3�©¥, ·�ïÄ

 SFDTD(3, 4) �{�ê�­½5ÚÚÑ5, ¿ò
T�{^u¦)Å½��§�A��¯K. ê��
ý(Jy²
 SFDTD(3, 4) �{3°Ý!Âñ5�
�¡�`³. Ïd, T�{3þfì��ý¥òk
�2,�A^cµ.
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Abstract

Using three-order symplectic integrators and fourth-order collocated spatial differences, a high-order symplectic finite-difference

time-domain (SFDTD(3, 4)) scheme is proposed to solve the time-dependent Schrödinger equation. First, high-order symplectic

framework for discretizing the Schrödinger equation is described. The numerical stability and dispersion analyses are provided for

the FDTD(2, 2), FDTD(2, 4) and SFDTD(3, 4) schemes. The results are demonstrated in terms of theoretical analyses and numerical

simulations. The spatial high-order collocated difference reduces the stability that can be improved by the high-order symplectic

integrators. The SFDTD(3, 4) scheme and FDTD(2, 4) approach show better numerical dispersion than the traditional FDTD(2, 2)

method. The simulation results of a two-dimensional quantum well and harmonic oscillator strongly confirm the advantages of the

SFDTD(3, 4) scheme over the traditional FDTD(2, 2) method and other high-order approaches. The explicit SFDTD(3, 4) scheme,

which is high-order-accurate and energy-conserving, is well suited for long-term simulation.

Keywords: symplectic integrator, high-order collocated difference, Schrödinger equation, numerical stability and
dispersion
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